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ABSTRACT 

The fast growth of additive manufacturing (AM) has aided the design and manufacturing process 

of complex structures with customized mechanical properties for use in various engineering sectors. 

Design for additive manufacturing (DfAM) is a top priority research topic, particularly for lattice-

structured shapes such as honeycombs (HCs). Adding hierarchical structures can enhance the mechanical 

properties of HCs but complicate the design, needing advanced AM technologies for production. In this 

study, optimal Ti6Al4V(ELI) hierarchical honeycomb (HC) lattice designs were numerically modelled, 

numerically crushed, and additively manufactured and were then investigated with regard to their 

mechanical properties for each method. At the onset of the study, a stress-strain curve was developed to 

better represent cellular and lattice design deformation mechanisms and analytical models were also 

developed to characterize natural cellular structures and lattice design behaviour. 

The study reviewed open-access literature on analytical models for polygon-based lattice 

structures, grading them based on mechanical properties such as strength, stiffness, and deformation. Four 

polygonal hollow cells were graded in decreasing transverse stiffness order: circular, hexagonal, triangular, 

and square. These cells were configured into Ti6Al4V(ELI) lattice designs and numerically modelled in 

compression scenarios for planar in-plane uniaxial loading in the ABAQUS package. The hexagonal 

polygon was subjected to out-of-plane and in-plane uniaxial compression loads to compare the bending 

and buckling behaviour of finite element (FE) models to analytical models. The triangular polygon had the 

greatest load-bearing capacity and stiffness of all polygons modelled. The hexagonal model generated 

deformations due to compression, similar to those reported in literature. The critical buckling loads for 

analytical HC models were found to be below the yield stress for (1-, 1.125-, and 1.25-mm wall thicknesses) 

and above the yield stress for all FE HC models. The effective stiffness of HC models increased with 

increasing (t/L) ratio. 

Ti6Al4V(ELI) hierarchical HC models with hexagonal, circular, and triangular polygons at their 

vertices were also analyzed in this work through ABAQUS software. The models were compared to regular 

HC models for out-of-plane loads in uniaxial compression tests. The hierarchical HC model with hexagonal 

substructures ranked higher in terms of load-bearing capacity and stiffness for loads applied in the in-plane 

x-direction. For loading in the in-plane y-direction, the model with circular substructures ranked highest. 

The highest load-bearing capacity and stiffness were observed for in-plane loading in the x-direction. 

Deflections were smaller for loading in the two in-plane directions than in the out-of-plane direction. In-

plane loading at the vertices led to high stress concentrations at the loading points. Loading the models 

directly at the apex regions led to the highest stress and deflection magnitudes. Hierarchical HCs with 

lower sharp geometric changes minimized stress concentrations. 

Quasi-static numerically crushed hierarchical HCs were investigated regarding the impact of their 

topologies on deformation response modes and energy absorption characteristics in ABAQUS. The 

findings showed that bending deformation dominated under x-directional load while bending and 

buckling loads influenced deformation response modes under y-directional load. The material at the 

vertices of these structures failed first for both loading directions. The buckling of the vertically positioned 

cell walls caused instability under the y-directional load, causing the structure to rotate along the z-axis 

instead of being crushed along the y-axis. Some deformed cells showed the Poisson's ratio phenomenon, 

and the load-displacement curve for loading the regular HC in the x-axis showed a low oscillatory 

response. 

The study also presented an alternative method for generating effective iterations at the vertices 

and edges in planar HCs of Ti6Al4V(ELI) through the Altair-Optistruct modelling package. Mesh 

convergence tests were conducted on planar unit hexagonal cells, followed by topology and shape 

optimization and numerical analysis. The findings were compared with the numerical analysis before 

topology optimization. Acceptable predictions were obtained for the planar numerical models, with 
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material reductions of 30% and 8% for the planar unit hexagon cell and HC model, respectively. The 

maximum stresses in these numerical models after shape optimization were reduced by 58% and 4%, 

respectively.  

Previous works have investigated HC structures, but the hierarchical design presented here offers 

significant improvements in load-bearing capacity and energy-absorption, as demonstrated through quasi-

static crushing tests. Vertex-based hierarchical HCs were created and tested for surface quality and 

crushing behaviour in quasi-static scenarios. At the onset, zero-, first-, and second-order hierarchical 

Ti6Al4V(ELI) HCs were designed and produced using direct metal laser sintering (DMLS) technology. 

These Ti6Al4V(ELI) specimens were then quasi-statically crushed with an MTS CriterionTM, Model 43 

universal testing machine to assess the mechanical behaviour regarding the HC topologies with various 

levels of hierarchy. The experimental results were compared with finite element predictions from 

ABAQUS, showing strong correlation in the mechanisms of deformation, stress distribution, and modes of 

failure, thereby validating the numerical models. This validation confirmed the accuracy of the topology 

and shape optimisation numerical models used thus, ensuring that the optimised designs are both 

mechanically robust and manufacturable. Surface roughness in hierarchical HCs increased with the 

hierarchy level of the structure. Hierarchical HCs exhibited primary deformation through beam bending, 

with pronounced buckling under y-direction loading. Post-peak load drops, observed in an oscillatory 

manner, were attributed to vertex fractures following initial bending or buckling deformation. The collapse 

under compressive loads followed a progression from bending and/or buckling to Poisson's ratio-driven 

lateral expansion, concluding with sliding along inclined and horizontal lines for x- and y-direction loading, 

respectively. Crushing occurred sequentially, beginning with the lowest hierarchy order and progressing 

upwards. Zero-order HCs demonstrated the lowest failure loads, with first-order HCs showing an increase 

and second-order HCs exhibiting the highest failure loads. The mechanical performance of the hierarchical 

honeycomb (HC) structures was assessed through quasi-static compression testing along multiple 

orientations. Zero-, first-, and second-order hierarchical HCs exhibited progressively increasing peak 

failure loads, indicating enhanced load-bearing capacity with the introduction of multiscale geometry. 

Specifically, zero-order HCs showed an average peak failure load of approximately 19.75 kN and 21.25 kN 

for x- and y-direction, respectively. While first-order HCs reached 23.25 kN and 25.25 kN for x- and y-

direction, respectively. Second-order HCs reached 25.50 kN and 27.50 kN for x- and y-direction, 

respectively. These values were derived from load-displacement curves obtained in both the x- and y-

directions. The improvement in failure loads with increasing hierarchy highlighted the mechanical benefits 

of hierarchical structuring, particularly the role of vertex-based geometry in distributing stress and 

delaying collapse-mechanisms. As the level of hierarchy increased, the variation in failure loads between 

the x and y loading directions decreased. This reduction made it difficult to rank the first- and second-order 

hierarchical HCs based on their response to loads applied along these two different loading directions. 

However, the overall trend observed in this work, confirmed that higher-order hierarchical designs 

contributed positively to structural integrity. Notable differences in load peaks were observed in zero-order 

specimens, particularly between x1 and x2, with the latter showing lower peaks, likely due to failure along 

an inclined line, possibly caused by flaws or poor sintering at cell wall separation points. This study 

introduces novel mechanisms of deformation in hierarchical HC designs and provides critical insights into 

their mechanical behaviour under various loading conditions. These findings reveal how hierarchical 

structuring not only improves peak failure loads but also introduces controlled, progressive collapse 

mechanisms that enhance energy dissipation and structural resilience under multi-directional loading. 

Therefore, the optimised hierarchical HCs are anticipated to enhance the performance of structural 

components across the biomedical, automotive, and aerospace industries by significantly improving their 

load-bearing capacity, and strength-to-weight ratio. 
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1. CHAPTER ONE: INTRODUCTION 

 1.1. Summary 

 In this chapter, research work on cellular materials, providing a clear association 

between naturally and synthetically built  cellular structures, is presented systematically. 

This is achieved by first introducing material on organic cellular parts, then lattice parts,  

and lastly, the primary focus of this research project, which is  hierarchical lattice parts. 

Throughout the chapter, the manner in which organic cellular structures mimic natural 

structures is underscored. In addition, modelling techniques and manufacturing 

technologies utilized to enhance the mechanical properties of hierarchical lattice systems 

are also examined.   

 1.2. Cellular structures 

 Biomimicry of cellular structures is a perpetually evolving concept in the fields of 

science and technology.  Such structures are built through an interconnected network of 

porous structures with solid struts that form ribs or cell walls [1]. There is a broader group 

of biological tissues that comprise cellular designs, including bone, wood, and glass sponge 

skeletons. These tissues are predominantly found in animals, plants, and the water kingdom 

and are often grouped into open, closed, and honeycomb (HC) cellular designs [2]. Open 

cellular designs are built using solid edges comprising voids in between, shown in Figure 

1-1(a) [3]. Conversely, closed cellular designs are replicas of open cellular designs with 

added solid faces that render the cells enclosed, as illustrated in Figure 1-1(b) [3]. For the 

past three decades, significant research has been directed at cellular designs. This is because 

of their broad applicability in engineering, in addition to outstanding mechanical 

characteristics of stiffness, fracture toughness, strength, and low density that promise good 

load-bearing capacities with low weights [4-5].  

 
(a)      (b) 

Figure 1-1. (a) Open cell structures; (b) closed cell structures [3] 

 Honeycomb cellular designs are described for both two-dimensional (2D or planar) 

and three-dimensional (3D) geometries [6]. Cellular designs also occur as foams, a group of 

cellular designs built from polyhedral cells . Polyhedral cells are packed to fill a space, and 

these cells are differentiated by interconnected pathways of controlled hollow-like or 

enclosed cell structures. Additionally, polyhedral cells exhibit perforated holes with 

anisotropic cell walls in nature [1]. Numerous studies [1-9] have shown HC designs to be 

accepted as the most efficient in terms of load-bearing capacity. This is because HC designs 
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absorb high-strain energies while maintaining acceptable flexural stiffness when high-stress 

loads are applied to them.  The 3D HC configuration results from packing polygon cells in 

a continuous pattern, that fills a plane without gaps or overlapping at the walls. A good 

example of a HC design that normally occurs in nature, is  the beehive, whose approximate 

design is that of hexagonal cells ,  illustrated in Figure 1-2 [2-3]. The HC configuration could, 

however, be applied to all designs that have a prismatic property, including structures with 

circular, rectangular, triangular another types of polygon cells [1, 10].  

 

Figure 1-2. The beehive prismatic configuration of an HC design [2] 

1.3. Lattice structures  

 Mimicking the physical characteristics of organic cellular designs gives rise to 

synthetic structures with good mechanical properties  [2, 4-5], which are generally referred 

to as lattice structures.  Lattice structures are porous, topologically arranged materials of 

one or more periodic cells. These periodic cells are defined by the dimensions and the 

connectivity of their rigidly joined struts [2, 11-12]. Lattice structures have gained broad 

interest due to their use to develop lightweight structures with good mechanical properties. 

Their mechanical properties, such as stiffness, energy absorption, fracture toughness, 

strength, thermal insulation, and more , are a marvel that researchers continue to explore 

for use in biomedical,  aerospace, automotive , defence and infrastructural applications        

[2, 4] [5, 11-12].   

 In biomedical and engineering fields, two groups of polygon lattice designs are often 

used for structural applications. The HC design is just one example of prismatic 

structures, and the dodecahedral platonic solid design  is also just one instance of  

polyhedral structures that are commonly adopted [2, 13]. The dodecahedral structure is 

formed when platonic solids are made of twelve regular pentagon faces that are all 

congruent and have vertices meet ing the same number of edges as every other vertex  and 

are packed together to fill a domain [3].  
A good number of studies [1-2, 4-6, 8-9, 11-14] have successfully demonstrated that 

the mechanical properties of lattice designs are heightened through analysis and 

optimization of their geometrical parameters, including the shape of cells (size and internal 

matrices), aspect ratio of struts, connectivity of cell edges, relative density of the whole 

structure, and rates of loading.  
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1.3.1 Hierarchical lattice structures 

 Lattice structures mimic good mechanical properties observed in natural designs by 

drawing inspiration from cellular structures, which are hierarchically structured [2, 15]. 

Nature has succeeded in hierarchical structuring at macro, micro, and nano scales  with ease. 

This is due to a dynamic process of growth present in growing organisms. Th e phenomenon 

has inspired mimicking of cellular designs in nature, using synthetic materials to build 

novel structures in automotive, aerospace, defence, biomedical,  and infrastructural 

industries [2, 15-19]. This process is termed biomimicry, which involves the emulation of 

natural cellular designs to develop bioinspired lattice structures with similar macroscopic 

geometries, illustrated in Figure 1-3 [5]. However, most experimental studies [1-2, 4-5, 11-

13] mimic macroscopic geometry but do not consider their m icro and nanoscale 

complexities.  

 

 

Figure 1-3. Bioinspired hierarchical HC designs for energy absorption applications [5] 

Advanced technologies such as AM have been used effectively to fabricate parts at the 

macro and micro scales but suffer a shortcoming in mimicking cellular designs at nanoscale 

[2, 5, 9,  12]. Though fabricated cellular structures have achieved various continuous size 

levels of hierarchy, only a limited number of levels of hierarchy can be achieved, depending 

on the cell topology (connectivity) and geometries ( sizes of cells and dimensions). At 

present, the achievable hierarchical levels include the zero-order, a continuous solid; first-

order of hierarchy, whereby substructuring is introduced on a regular cellular structure; 

and the second order of hierarchy [1-2, 15, 20]. Lattice structures are extended to 

hierarchical lattice structures by mimicking the macroscopic geometry of structure s. This,  

(A) (B) 

(C) 
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however, disregards the microscopic complexities of the structures. Numerous studies [1-

2, 4-5, 11-12, 20-22] have illustrated extensive use of cellular designs, particularly 

hierarchical HCs in aerospace and automotive industries. This research project focuses on 

HC designs with hierarchical structuring at the vertices.  

1.4. Topology optimization 

 Topology optimization (TO) is described as a material model solution through which 

the optimal connectivity of structural members can be determined, in chorus, with 

the removal of ineffective elements and resizing the cross-section for optimal designs [23], 

[24]. In the case of  natural cellular designs, the optimization strategy is more successive 

and is controlled by evolutionary mechanisms as opposed to the synthetic process of 

removing ineffective elements. Successive optimization is carried out strategically through 

modelling and re-modelling the structure, all together achieving smooth geometries at 

termination points. The specific structural optimization depends on the application of a 

specific cellular design [1]. Similarly, cutting-edge technologies which rely on TO software 

algorithms have become the face of innovation for improving hierarchical lattice designs 

[24]. Through optimization of regular lattice designs, extending the process to hierarchical 

designs by introducing substructures that develop new connectivity, cell size and shape, 

and dimensions has become easier. Furthermore, the TO strategy reduces redundant 

fabrication material and geometrical imperfections when producing lightweight lattice 

designs with enhanced mechanical properties  [25]. 

  Validation techniques such as analytical and numerical modelling are interposed 

with TO strategies, whereby discretisation of the optimal lattice designs occurs in the latter 

one of the first two processes  [26]. Mathematical models whose analytical solutions are 

time-consuming and tedious are often built into available commercial numerical modelling 

packages to speed up computation by reducing complexities in simulations [2].  The 

development of adequate and accurately calibrated numerical models for validating 

findings against pre-existing data and analytical and experimental results aid this process 

[27]. 

1.5. Shape optimization 

A shape optimization (SO) strategy is often used in conjunction with TO on designs 

such as cellular parts. Though TO is good for lightweighting, it does result in a decrease in 

the stiffness of structures [28-30]. This is because the boundaries of the shapes that are 

obtained after TO are typically rough and have sharp changes in geometry [31]. SO allows 

a structure's shape to be further optimized after TO by controlling the boundaries of its 

geometry [29, 31]. These changes of shape are applied to a structure ’s boundary to reduce 

stresses in high-stress areas.  In chorus with the implementation of SO, an automated 

numerical analysis is conducted to confirm the changes in stress and strain after  the 

structure is optimized [31]. When generating iterations for topologies, combined TO and SO 

can be more effective in structural optimization as they contribute to lightweighting and 

improved stiffness of cellular parts at the same time [31], [32].  

1.6. Additive manufacturing 

 Conventional manufacturing techniques, such as casting, milling, and forging, are 

tedious, time-consuming, and challenging in fabricating periodic lattice structures with 

complex geometrical configurations and are typically used to produce a limited number of 

geometries [2, 4, 11]. On the contrary, AM technologies for fabricating lattice structures are 

ideal for complex geometries and higher orders of hierarchy [11, 22].  A common AM 
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fabrication method for metals and metal alloys known as d irect metal laser sintering (DMLS)  

or selective laser melting (SLM), a subset of laser powder bed fusion (LPBF), is often used 

to fabricate lattice structures with intricate shapes [33]. The DMLS method is a layer-wise 

manufacturing technique [34].  

 The advancement of AM technologies also depends on the availability of suitable 

materials. Considerable research on the production of parts by way of DMLS or SLM has 

been carried out on the Ti6Al4V alloy [11, 33-34]. The Ti6Al4V material is an alpha-beta-

type alloy with four basic microstructures. These include the lamellar, equiaxed, martensite 

and bimodal microstructures. The microstructures of the Ti6Al4V alloy can be changed from 

one phase to the other depending on composition, thermomechanical and heat -treatment 

processes used to achieve preferred mechanical properties. The Ti6Al4V material's 

adaptability to mechanical stress, advanced manufacturing methods, dynamic and corrosive 

environments, and high-temperature applications renders it beneficial for broader 

applications in engineering and biomedical industries  [35]. Some of the keyways Ti6Al4V 

is adaptable include its biocompatibility, good mechanical characteristics, corrosion 

resistance, customization with AM, heat treatability, and resistance to fatigue.  Mechanical 

applications that require physically lightweighted hierarchical lattice designs include load-

bearing implants and prostheses, parts and prototypes for the automotive and aerospace 

industry, marine components and structures, gas turbines, firearm silencers and more .  

These structures prioritize the good mechanical properties of the alloy, which include 

stiffness, energy absorption, strength, fracture toughness and corrosion resilience  [35-36]. 

1.7. Problem statement 

 Lattice designs are widely used for lightweight load-bearing structures with minimal 

material usage in engineering and biomedical applications. Currently, their geometries 

impose limitations on the order of hierarchy that can be introduced at the joints of these 

structures. The geometries of lattice designs are characterized by sharp angles at the 

intersections of the cell walls and ribs , also referred to as joints. These sharp geometrical 

angles subject the vertices to high-stress concentrations during loading.  

 Moreover, lattice structures are known to be compliant and weak in the out -of-plane 

direction. The highest deformations of these structures are expected to occur away from the 

joints of the ribs because of bending and/or combined loading. Therefore, the highest 

bending and/or direct stresses due to out-of-plane and in-plane loads will occur on the outer 

surfaces of ribs and at the joints of these structures, respectively. The increase of direct 

compressive loads beyond a critical value leads to buckling and collapse o f ribs away from 

the vertices. The challenge in the design of lattice designs is thus to determine, for different 

cell geometries, the limiting loads with respect to stress concentrations and deflections.  

 The topologies of cells and the size of lattice cells and ribs limit the order of 

hierarchy that can be introduced at the vertices. Neglecting the first constraint leads to 

disjointed connectivity of the ribs at the vertices and imperfect tessellation. Such lattice 

designs will thus have even more points of stress concentration at which failure may 

initiate. This calls for careful selection of the topology cells and dimensioning of the cells.  

The increasing complexity and size of lattice structures demand the use of TO software to 

optimize the dimensions and shape of their members . Furthermore, the computational 

requirements to determine the magnitude and distribution of stresses and deformations for 

a multiplicity of load types become indomitable and require the use of numerical modelling 

software.  
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1.8. Motivation of the research 

Hierarchical HCs, defined by nested geometries across multiple length scales, would be expected 

to exhibit superior mechanical behaviour compared to monolithic or single-scale cellular architectures. 

Their distinct advantages, such as high specific strength, enhanced energy dissipation, and tailorable 

stiffness, make them highly attractive for advanced engineering applications where weight-constraints and 

mechanical robustness must be balanced. Leveraging AM, particularly DMLS, enables the realisation of 

these complex multiscale geometries with a high degree of precision and functional customisation. This 

investigation focuses on understanding how geometric hierarchy, enabled by AM, influences the 

mechanical behaviour of HCs, particularly in terms of strength-optimisation, energy-absorption, and 

weight-efficiency. Such insights are critical for engineering systems operating under extreme loading 

conditions, including those in biomedical, aerospace, and automotive contexts. In biomedical applications, 

hierarchical HCs present a promising pathway for developing bone scaffolds and adaptive implants that 

require both structural integrity and biomechanical compatibility. In aerospace and automotive sectors, 

their integration can lead to next-generation lightweight panels and energy-absorbing components, 

contributing to improved performance and safety without sacrificing structural resilience. Recent progress 

in AM has removed previous constraints on design and fabrication, making it possible to explore new 

frontiers in material-structure-process-integration. By systematically analysing the mechanisms of 

deformation, modes of failure, and topological influences on performance, this study contributes to the 

formulation of design principles that link bioinspired concepts with practical implementations in 

multifunctional, lightweight, and load-bearing systems. 

1.9. Research aim 

 The aim of the present study is to develop an optimal hierarchical HC lattice design 

with the highest possible order of hierarchy.  

1.10. Research objectives 

• To study different polygon types for lattice designs and grade them in terms of efficiency 

with reference to the mechanical properties of strength, stiffness, toughness, and 

deformation.  

• To determine amongst several shapes the ones with the most efficient joint hierarchy.  

• To investigate the limiting order of hierarchy that can be introduced at the joints and 

clearly identify the parameters that cause these limitations.  

• To develop, using topology- and shape-optimization software, optimal design lattice 

cell shapes and sizes of selected lattice structures.  

• To carry out FE analysis of the topologically optimized, identified most efficient lattice 

designs using available commercial numerical modelling packages.  

• To validate the results of numerical modelling using DMLS Ti6Al4V(ELI) hierarchical 

HC structures based on their mechanical properties of strength, stiffness, toughness, 

and deformation.  

• To identify the mechanisms of failure predominant in the modelled hierarchical HC 

designs. 

1.11. Dissertation outline 

The flow of the study presented in this dissertation is illustrated in Figure 1-4.  
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Figure 1-4. Research flow diagram 

1.12. Benefits of this research  

 The outcomes of this study are expected to provide researchers in manufacturing 

industries with readily available solutions of optimized Ti6Al4V(ELI) hierarchical lattice 

designs with the most efficient load-bearing capacity and minimal usage of material. The 

low usage of material compared to the case for solid structures is expected to reduce the 

cost of manufacturing and, by this, release funds for investment elsewhere. Additionally, 

LATTICE STRUCTURES 

1. Analytical modelling of cellular structures and polygon-based lattice structures 

2. Selection of the best polygon-based lattice structure 

3. Numerical modelling of various polygon-based lattice structures 

4. Comparative study of various joint hierarchy shapes via finite element analysis (FEA) 

5. Determination of limiting order of hierarchy possible 

Analysis of the Experimental Results 

1. Identification and study of the mechanisms of failure predominant in the built 

hierarchical honeycomb structures 

BACKGROUND STUDY 

1. Cellular structures 

2. Lattice structures 

3. Hierarchical lattice structures 

BACKGROUND STUDY 

1. Topology and shape 

optimization 

2. Additive manufacturing 

Topology and Shape Optimization of the 

Planar Hexagonal-Based Hollow Structures 

Numerical Modelling of the Topology- and Shape-Optimized 

Planar Hexagonal-Based Hollow Structures 

Building of DMLS Ti6Al4V(ELI) of the Hierarchical 

Honeycomb Structures 

Mechanical Testing of the Built DMLS Ti6Al4V(ELI) Hierarchical 

Honeycomb Structures  
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the study specifies limits of the orders of hierarchies that can be achieved for  hierarchical 

lattice designs and, with this, the limiting efficiency of the lattices in carrying the imposed 

load.  

1.13. Delimitations of the study  

 The research will only focus on topology and shape optimization of a planar unit 

hexagonal cell and HC structure.  The topology and shape optimizations will be limited to 

the edges and vertices of the ribs of a planar unit hexagonal cell and HC structure, as well 

as the determination of the maximum possible order of hierarchy for the lattice structures. 

1.14. Summary 

 Hierarchical HC designs have gained traction in most mechanical applications in the 

aerospace and automotive industries. Many of the industries in these two sectors use ultra-

lightweight hierarchical lattice designs with good mechanical properties.  The challenge 

presently is how the hierarchical order in lattice designs can be extended and to what degree 

this can be done.  
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2. CHAPTER TWO: LITERATURE REVIEW ON CELLULAR AND LATTICE 

STRUCTURES  
Part of the contents of this chapter has been submitted for publication or has been published in peer-reviewed journals, 

as follows: 

1. Chibinyani, M.I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. (2023). A review of the types and tessellation 

of lattice structures, their effectiveness and limitations in mimicking natural cellular structures. MATEC Web of 

Conferences 388, 06008. EDP Sciences. doi.org/10.1051/matecconf/202338806008 

2. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. (2024). Lattice structures built with different 

polygon hollow shapes: A review on their analytical modelling and engineering applications. Applied 

Sciences, 14(4), 1582. doi.org/10.3390/app14041582 

3. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. Natural cellular structures in engineering designs 

built via additive manufacturing, Submitted to Materials Technology: Advanced Performance Materials. 

4. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. Deformation behaviour, limitations in design, 

applications, and additive manufacturing of hierarchical honeycombs, Submitted to Manufacturing Review 

2.1. Summary 

This chapter begins by evaluating various types of natural cellular structures, exploring their 

occurrence and physical characteristics. It then transitions to an examination of modern lattice structures, 

focusing on their tessellation patterns, area/volume coverage, and material usage. The applications of 

lattice structures are highlighted, along with an analysis of the mechanical properties of cellular, lattice, 

and hierarchical structures to identify the predominant deformation mechanisms. Analytical models 

describing the deformation behaviour of these structures are reviewed and further refined to enhance 

understanding. Additionally, the chapter investigates the effectiveness and limitations of lattice structures 

in replicating organic cellular structures, as well as the challenges of incorporating hierarchical 

configurations into lattice designs. The discussion concludes by outlining future directions for advancing 

lattice design in the context of AM. 

2.2. Introduction 

Cellular structures have garnered significant interest in the engineering and 

manufacturing fields because of their unique capability of combining lightweight design 

while maintaining good load-bearing capacity [1]. This property renders cellular structure s 

useful for a wide range of engineering applications in the aerospace, automotive and 

biomedical industries [1, 2]. Cellular structures present in numerous examples of biological 

materials such as bone, wood, and glass sponge skeleton s are hierarchically structured, 

which means they have configurations or arrangements at multiple scales, including macro, 

micro, and nano [3]. This hierarchical arrangement results in their good mechanical 

properties, lightweight designs, and overall effectiveness in their ap plications [3-5]. The 

strength, stiffness, and fracture toughness of cellular structures are the result of built 

networks of solid struts that form ribs and cell walls [1, 3, 5].  These cells may occur in open, 

closed, or polygon cell -based designs, which have a significant effect on the structure's 

overall mechanical behaviour [3].  

Lattice structures and their hierarchical structures are bioinspired, as they are designed 

by mimicking cellular structures found in nature [6]. Unfortunately, due to constraints in 

capturing the exact intricacies of the natural structural design, lattice structures are 

incapable of entirely reproducing the complexities of naturally growing cellular structures 

[7]. Furthermore, modern manufacturing tools like AM have limitations in terms of the 

minimum printable size of parts and part resolution that AM machines can effectively 
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produce [8]. Further research is required to establish the effectiveness and limitations of 

lattice structures in mimicking natural cellular architecture.  

Lattice structures are generated via tessellation. Based on how efficiently their material 

is arranged over a design space, these structures can have a high load -bearing capability 

[9]. The mechanical properties of such structures are determined by relating their 

configuration to the connecting edges and vertices of the unit cells. Lattice structures 

generated from different types of configurations do not have the same mechanical 

properties [10]. The lattice structures currently available in the literature include polygon-

based, strut-based, skeletal and sheet triply periodic minimal surface (TPMS) -based 

structures [11]. Advanced manufacturing technologies such as AM are coupled with 

tessellation to fabricate lattice structures with good mechanical properties and low usage 

of material [12].  Presently, the different types of lattice structures with good load -bearing 

capacities have not been ranked clearly in terms of area/volume  coverage and material usage 

[11, 13]. Volume coverage here refers to the total vol ume within which polygons are fitted, 

whereas material usage refers to the actual material of the polygon struts in the fitted space. 

Therefore, it is necessary to undertake studies to relate the mechanical properties of lattice 

structures to their greater  area/volume coverage and usage of material.  Additionally, 

hierarchical structuring is often adopted to improve the mechanical properties of lattice 

parts such as HCs [6, 12]. This approach calls for embedding smaller unit cell shapes into 

larger structures, resulting in a multiscale structure. There are , however, gaps in the 

literature regarding the highest order of hierarchy that is physically attainable for 

hierarchical HCs built ,  irrespective of the different polygons used that need attention. 

Addressing these gaps is crucial for advancing the design and application of lattice 

structures.  

2.3. Cellular structures  

2.3.1 Types of cellular structures in nature 

Three types of cellular structures are often observed in the designs of organic materials: open, 

closed, and polygonal cellular structures. Figure 2-1 shows a schematic classifying the three types of cellular 

structures typically observed in biological tissues.  

 

Figure 2-1. Different types of cellular designs in nature 

Open cellular structures are built using solid edges with voids in between, whereas 

closed cellular structures have solid faces that enclose the cells. The third type of cellular 

structure comprises polygon cells arranged in both two- and three-dimensional geometric 

designs to fill a design space. Cellular structures , in nature, are characterized by coherent 

pathways of hollow-like or enclosed cell structures with perforated pores and anisotropic 
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cell walls. Figure 2-2 shows a few biological tissues with the aforementioned types of 

cellular structures [4, 14-15]. 

                    

 

 

Figure 2-2. Groups of cellular designs, namely, (a) an open cellular structure used to build a glass sponge skeleton, (b) 

a closed cellular structure used to build a tibia bone, and (c) a polygon cell-based structure used to build 

honeycomb cell walls in wood [4, 14-15] 

2.3.2 Occurrence of cellular designs in nature  
In nature, the geometries of cellular structures are hierarchically structured. The hierarchical 

arrangement of biological tissues such as the glass sponge skeleton, bone, and wood is structured at the 

macro, micro, and nano scales [3, 14]. The hierarchically structured tissues have superior mechanical 

properties as a result of the organism's subsequent structural optimization [15]. This is a growth strategy 

that ensures that the structure has responsive load-bearing capacities to changing stimuli, which in turn 

allows biological tissues to adapt [16]. 

Glass sponge skeleton tissues have seven hierarchical levels that range in size from nanometres to 

centimetres, namely (a) laminated spicules (micrometres to centimetres), (b) axial filaments (nanometres to 

micrometres), and (c) silica particles and protein interlayers (nanometres to micrometres) [3, 14, 17]. The 

various levels of hierarchy all contribute to the structure of skeletal composites in nature. Figure 2-3 shows 

the skeletal composite of spicules in siliceous sponges comprised of cylindrical lattice cage-like structures 

with lateral openings [14]. 

Cancellous 

Cortical 

(a) (b) 

(c) 
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Figure 2-3. A skeletal composite of spicules in siliceous sponges built using cylindrical lattice cage-like structures, 

represented as (a) an organic and non-periodic form and (b) a systematically modelled and periodic form [14] 

The cylindrical lattice-like cage structure is supported by grids built from vertically, horizontally, and 

diagonally ordered struts, which function as bonded spicules, as represented in Figure 2-3 [14]. Figure 2-

3(b) shows a red arrow indicating the intersecting grid for vertically and horizontally structured struts. The 

yellow arrow indicates the direction of a diagonally structured strut.  

Bone tissues are typically grouped together into three categories: plate-like bones (such as the skull), 

short bones (such as the vertebra), and long bones (such as the femur) [14, 18]. The tissue in question adopts 

different morphologies depending on the application, as seen in the final forms presented in Figure 2-4  [3]. 

 

Figure 2-4. Numerous morphologies of bone tissue depending on their application [3] 

Bone tissues are hierarchically structured at the macro, micro, and nano scales. Depending on the 

application, two sub-scales at the micro and nano levels can also be present [3]. Figure 2-5 shows the 

relationship drawn between connecting component phases of hierarchically configured bone structures at 

different scales [18]. 

(a) (b) 
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Figure 2-5. Different hierarchical orders of structuring material for numerous scales of a bone structure [18] 

Wood tissues have four hierarchical levels, ranging from the greatest to the smallest scale. These 

levels comprise the macroscopic structure, cellular structure, fibrillary structure, and molecular structure, 

as depicted in Figure 2-6 [14]. 

 

Figure 2-6. Numerous hierarchical levels of structuring material for a variety of scales of a wood structure [14] 

The occurrence of cellular structures highlights the concept of function-driven design, in which the 

structure and arrangement of material correspond to its application. Different biological tissues and 

materials have a variety of cellular architectures that are optimized for specific functions, including load 

bearing, flexibility, or filtration. Additionally, biological materials can adapt to changes in external stimuli 

as a result of the dynamic process of evolution and hierarchical structuring of cellular structures. This 

adaptability is crucial for the longevity and growth of various organisms. In a comparable manner in 
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engineering, having the ability to produce materials that can adapt to changing conditions, such as lattice 

structures, can be advantageous in numerous types of applications. 

2.4. Lattice structures 

2.4.1 Types of lattice structures 

 Lattice structures are bioinspired designs (built by mimicking natural cellular structures), 3D structures 

built up of a series of interconnecting beams, struts, or triply periodic minimal surfaces (TPMSs) [19]. They 

are typically used to build lightweight [20] and robust structures [19-20] in engineering applications. Figure 

2-7 depicts four types of lattice structures that are typically studied in engineering fields, including 

polygon-based, strut-based, skeleton-based, and sheet TPMS-based structures [11, 21]. 

 

 

 

 

 

Figure 2-7. Four types of lattice structures in engineering applications [11, 21] 

 Polygon-based lattice structures are generated by arranging unit polygon cells in a design space. 

Polygon cells are the basic building blocks of this type of lattice structure. These polygons can be triangles, 

squares, hexagons, or any other regular polygon shape [21]. Strut-based lattice structures are built using 

struts to generate 3D structures [14]. Strut-based lattice structures include the body-centred cubic, rhombic 

dodecahedron and truncated cuboctahedron [11, 22]. Skeletal TPMS-based lattice structures are another 

particular type of lattice structure that is built via the geometry of TPMS. They are 3D minimal surfaces 

that have translational symmetry, which means their pattern can be repeated in all three directions 

indefinitely. The minimal surfaces have physical properties of minimal area or curvature [11, 22-23]. These 

lattice structures are composed of a network of joined surfaces that adhere to mathematical descriptions of 

the geometries of TPMSs. The surfaces in these structures connect with one another at nodes or joints to 

create a design that is repeated throughout the structure [24]. The TPMS-gyroid, diamond, Schwarz 

(a) Polygon-based lattice structures 

Hexagonal Squared/Rectangular Triangular Circular 

(b) Strut-based lattice structures 

(c) Skeletal TPMS-based lattice structures 

(d) Sheet TPMS-based lattice structures 
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primitive, and neovious models are some of the commonly used lightweight skeletal TPMS-based lattice 

structures in design. The same procedure for building skeletal TPMS-based lattice structures is used for 

sheet TPMS-based lattice structures, with the sole difference being that sheets or panels are used instead of 

surfaces similar to struts or beams [25]. 

2.4.2 Evaluation of tessellation in lattice structures 

 Lattice structures are designed and created primarily using tessellation techniques. The design process 

for lattice structures begins with determining the best unit cell and method for tessellation [20, 26]. Lattice 

structures used in numerous engineering applications, which have larger area/volume coverage, adopt 

different geometries than those of smaller area/volume coverage to generate parts with particular 

mechanical and lightweight properties [11, 13, 20, 26-27]. The lattice structures are generated by repeating 

a unit cell in a specific geometric pattern. The design of lattice structures, therefore, includes both the design 

of unit cells and configurations [26]. 

 Methods for designing unit cells. The smallest part, which builds up and describes the entire lattice 

structure, is referred to as a unit cell [26]. Currently, there are three established methods for designing unit 

cells, including (1) a planar-based approach, where a unit cell is built up as a 2D polygon shape by reducing 

the third dimension to almost zero [21]; (2) a primitive-based approach, where the unit cell is made up of 

particular geometric primitives [28]; and (3) an implicit surface-based approach, where the surface of the 

unit cell is defined by mathematical equations [20, 26]. When combined with the method of latticing or TO, 

these methods for designing unit cells are advantageous in terms of the efficiency of designing structures 

built using unit cells [9]. The terms tessellation, repeating unit cell, and configuration are used 

interchangeably to refer to the process of joining small, regular unit cell shapes together without gaps or 

overlaps to entirely fill the design space.  

 A planar-based technique is an easy one that uses planar geometry (2D Euclidean geometry) to 

determine the internal and external geometry of a polygonal unit cell. As shown in Figure 2-8, for a 

hexagon, the unit hexagonal cell is created by identifying the straight lines that connect the corners of a 

hexagon in a 2D space [21]. 

 

                     

 

Figure 2-8. Schematics of a planar-based method for creating hexagonal polygon unit cells [21] 

 First, the procedure in Figure 2-8(a) is followed for both the outer and inner hexagons to produce the 

planar unit hexagonal cell in Figure 2-8(b). The planar unit hexagon cell is then extruded in the third 

dimension to achieve the solid geometry shown in Figure 2-8(c). This approach is most preferable for 

generating polygon-based unit cells [6, 21, 26]. 

 The primitive-based method works on Boolean operations of basic shapes, as shown in Figure 2-9 [26].  

Extrusion 

(a) (b) (c) 
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Figure 2-9. Designing unit cells using a primitive-based method [26] 

 The unit cubic cell in Figure 2-9(b) is generated by the procedure of Boolean subtraction shown in 

Figure 2-9(a). This method makes use of a cube as the base geometry and a concentric sphere as the 

subtractor. The unit truss-like cell shown in Figure 2-9(d) is generated by first performing a Boolean union 

of four diagonally structured cylinders before performing a Boolean intersection with a cube, as shown in 

Figure 2-9(c). This method is most preferred for generating strut-based unit cells [26]. 

 In the design of unit cells, the implicit surface-based method is also a successful strategy. This technique 

represents the surface of a unit cell in three dimensions using implicit equations. Equations in the form   

F(x, y, z) = 0 are used to define an array of points that are positioned on the surface as a function of three 

coordinates with an origin at point zero. For instance, Figure 2-10 shows a unit cell geometry and the 

equation which works with it. This approach is most useful for generating skeletal or sheet TPMS-based 

unit cells [20, 26, 28]. 

 

Figure 2-10. A skeletal TPMS-based unit cell type created by an implicit surface-based method [26] 

 Elsewhere, algorithms based on mathematical equations are used in TO to determine the most efficient 

distribution of material. This approach often uses lattice unit cells to introduce pores into a solid to 

determine the best usage of material. TO methods are currently considered the most efficient for 

restructuring material on already generated unit cell structures. This is because the approach takes account 

of the load paths, thus ensuring that the unit cell has good mechanical properties [9-10, 29]. 

 Design configuration (tessellation) methods. The procedure of repeating unit cells in two or three 

dimensions is known as design configuring or tessellation. Numerous reviews [26, 28, 30] have so far 

highlighted the following methods for tessellating lattice structures from a design and structural 

perspective: (1) regular or direct tessellation, in which the unit cells are translated repeatedly [30], and (2) 

conformal tessellation, in which the cell units are repeatedly packed in a way conforming to a specific 

surface geometry [26]. The configuration of designs is often complemented by structural optimizations to 

optimize the distribution of material. Latticing and TO are two methods that are used to optimise not only 

the distribution of material within a unit cell but also the materials within a spatial replication of the unit 
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cell across the entire design space [31]. These methods have been used extensively in the fields of 

engineering for building lightweight parts with good mechanical properties [9, 20]. 

 In most studies [6, 19, 21, 32-34], unit cells are built as rectangular/square and cubic geometric models 

for ease of use. Then, by periodically repeating the unit cells in two or three dimensions (along the x, y, and 

z-axis), lattice structures can be created directly. In Figure 2-11(a, b), lattice structures made of 2 x 2 (2D), 

and 2 x 2 x 2 (3D) unit cells [26], respectively, are depicted using this approach by translating the unit cell 

twice along each of the coordinate axes. 

                    

 

Figure 2-11. Diagrams for direct patterning in both (a) two- and (b) three dimensions [26] 

 Conformal structuring directs the total number of unit cells to conform to the shape of a design space, 

such as the dome-like lattice structures shown in Figure 2-12(a, b) [35]. 
 

 

Figure 2-12. The (a) direct structuring method as opposed to the (b) conforming structuring method [35] 

 Direct structuring uses extra Boolean operations, as opposed to conformal structuring, which preserves 

the structural integrity of the unit cell and is considered a better approach to stiffening or strengthening 

structures [20, 26]. This is because it allows for the uniform distribution of loads throughout the entire 

structure. Nguyen et al. [35] developed a two-step procedure for creating a conformal lattice structure from 

a given surface of a part. In this procedure, a 3D conformal hexahedral mesh must first be computed to fit 

the unit cell. In the second step, the unit cells are populated to fill the hexahedral space occupied by the 

mesh elements from the previous step. 

Latticing and TO are two independent methodologies used in engineering and design to optimize 

the structure of a component for specified performance. Latticing involves creating a lattice structure from 

an existing solid geometry to reduce weight. In contrast, TO begins with an empty design space and 

redistributes material to optimize a component's performance depending on specific constraints [33-38]. 

Latticing and TO methods can be applied to the already designed configurations of unit cells for best 

efficiency in the use of material, as has been done by several researchers [26, 36-38]. A lattice structure was 

developed by Alzahrani et al. [39], using information on the density derived from TO performed using 

ABAQUS FEA software, as shown in Figure 2-13. 

Planar 

unit cell 

x 

y 

(a) (b) 
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Figure 2-13. A strut-based lattice structure generated from density data [38] 

 The configurations arrived at through direct structuring are most preferred for the tessellation of lattice 

structures, as the approach preserves the structural stability of parts made of unit cells. Additionally, 

methods of combined latticing and TO offer the advantage of determining how to distribute the material 

in a design space in the most efficient way. This is because the latter tool, TO, can determine the load path 

of a structure before assigning an objective to reduce strain energies and response to where material should 

be lowered [30, 33, 35]. A combination of these methods should, therefore, be considered when designing 

lattice structures in order to improve the building procedure and achieve better mechanical properties. 

 Generative design approaches such as TO are advantageous, particularly when they apply to lattice 

structures. These tools can improve the manufacturability of such lightweight structures whilst accounting 

for the manufacturing constraints imposed by the complexities of designed shapes of lattice structures. 

They also help generate material-efficient designs that can be tailored according to particular performance-

driven requirements [9, 37]. When integrated with advanced manufacturing approaches, generative 

designs are driving innovation in numerous types of industries, from aerospace and automotive to 

architecture and biomedical [9]. In addition, the use of generative design with TO can significantly reduce 

the time and costs that are typically related to conventional experimentation design methods [9, 37]. 

 Design considerations for lattice structures. The mechanical properties of lattice structures generated 

via tessellation are affected by the design that arranges how the material is distributed, the degree of 

porosity inherent in the structures and the material used. To create parts with good mechanical properties 

that are unique to the chosen engineering application, careful consideration of these factors is necessary. 

 Existing literature [10-11, 21, 20, 26, 28, 38-50] shows that only explanations regarding the mechanical 

behaviour of specific types of lattice structures have been given separately based on their edges and 

the connectivity of their vertices and the chosen unit cell. It is recommended that the size, shape, and 

connectivity of the polygons be customized to tailor the mechanical properties of their related lattice 

structure to different applications.  

 Tessellation allows for the creation of numerous cell topologies of structures. However, differences in 

the area covered and how much material is used within a specific design space influence the mechanical 

properties of such structures with different cell topologies. Figure 2-14 shows the area covered by four 

different polygon-based lattice structures, including the triangular, squared, hexagonal, and circular, 

within the same design space [51]. 
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Figure 2-14. The relationship between four different cell polygons within the same design space [51] 

The mechanical properties of the structures built with the polygons shown in this figure can be 

determined via tessellation in reference to the deduced relationships between the connecting edges and 

vertices of cells, similar to what was done in references [10, 44, 52-53]. As a result, structures built from 

different types of polygonal arrangements will have different mechanical properties. Figure 2-15 shows 

how different planar polygons tessellated on the same design space create different numbers of polygons, 

area coverage, and use of materials for a given wall thickness [51]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2-15. Planar tessellated structures with (a) triangular, (b) squared, (c) circular, and (d) hexagonal cells [51] 

From Figure 2-15, it is deduced that the squares, triangular, hexagonal, and circular polygons have area 

coverages of 100%, 99.78%, 93.93%, and 78.54%, respectively, ignoring the very small incomplete polygon 

forms in Figures (2-15a and 2-15d). The incomplete polygons in Figures (2-15b and 2-15c), on the contrary, 

are considered because they cover a significantly observable fraction of the design space. As noted earlier 

in this chapter, area coverage here refers to the area within which polygons are fitted. The percentage figures 

for material used relative to the area of the whole design space for the same polygons, in the same order, 
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are 15.28%, 20.81%, 10.32%, and 7.85%, respectively. The amount of material used for each polygon type 

was calculated using a wall thickness of the polygon structures of 1 mm. 

It is clear from the foregoing figures that the square polygon is undoubtedly the preferred shape in 

terms of area coverage when tessellated in a design space. This is because structures with greater area 

coverage tend to have better mechanical properties compared to those with smaller area coverage [13]. This 

demands care when designing structures with porosity so that they cover large enough areas to ensure good 

mechanical responses. Due to its minimal material requirements, the circular polygon will likely be the one 

with the lowest production costs. However, the hexagonal polygon is the most preferable when compared 

to the other polygons since it has a material requirement that is substantially lower than the square polygon 

while covering a slightly smaller area. 

When the results obtained from determining the area covered and how much material is used are 

combined, they facilitate the ranking of different types of lattice structures in terms of mechanical properties 

and manufacturing costs. The following recommendation is made to determine the efficient design of lattice 

structures with the lowest production costs. In addition to the methodology for ranking the four types of 

lattice structures based on their different sizes, shapes, and connectivity of the polygons, the effect of area 

coverage and usage of material on the mechanical properties and production costs of lattice structures 

should be taken into consideration. 

Though the auxetic type of lattice structures are outside the envisaged scope of this chapter, it is noted 

that their design principles are particularly important to comprehend because these structures exhibit a 

unique and counterintuitive mechanical property known as a negative Poisson's ratio. The design concepts 

for auxetic lattice structures involve altering the arrangement of unit cells to attain negative Poisson's ratios 

[54-56]. Therefore, the design of auxetic lattice structures requires a thorough review of unit cell shape, 

stretching mechanisms, orientation, scaling, material properties, boundary conditions, manufacturing 

methods, and validation procedures [56]. The negative Poisson’s ratio of auxetic lattice structures 

distinguishes them from other structures, resulting in them being useful in several engineering applications, 

as outlined in references [55, 57]. 

2.4.3 Hierarchical lattice structures 

Hierarchical structuring is often adopted to improve the mechanical properties of lattice parts such as 

HCs. This approach calls for embedding smaller unit cell shapes into larger structures, resulting in a 

multiscale structure, as shown in Figure 2-16 [58]. 
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Figure 2-16. (a-b) vertex-based hierarchical polygonal structures, (c) vertex-based hierarchical re-entrant HCs, (d) cell-

wall-based hierarchical triangle honeycomb (HC), (e) cell-wall-based hierarchical using tetra-chiral and hexa-

chiral HCs, (f) cell-wall-based hierarchical re-entrant HCs, (g) fractal-based hierarchical hexa-chiral HC, (h) 

fractal-based hierarchical circular polygon structures, and (i-j) spiderweb-based hierarchical hexa-chiral HCs 

[58] 

 

© Central University of Technology, Free State



 

24 | P a g e  
 

The four hierarchical design approaches mentioned in the previous figure, namely the vertex-based, 

cell-wall-based, fractal-based, and spiderweb-based observed are inspired by nature, where hierarchical 

structures are prevalent in numerous biological materials, as previously shown in Figure 2-2 of this chapter. 
Hierarchical HC designs can be enhanced with regard to their mechanical properties, such as strength, 

stiffness, and toughness, by incorporating different sizes of hollow structures. This is achieved by efficiently 

designing to distribute loads across different levels of the structures [21, 59-63]. Hierarchical HCs can 

achieve high strength with minimal material usage via optimization of their configuration at multiple 

levels, resulting in them being ideal for lightweight yet robust applications. This is crucial in applications 

requiring impact resistance, such as the development of crashworthy materials for automotive and/or 

aerospace applications [21, 62]. Material properties could be engineered with different levels of hierarchical 

structuring as well. The external surface of the macrostructures, for instance, could be engineered to 

provide overall strength, whilst the meso-structures and microstructures could be designed to improve 

flexural ability or energy absorption [62]. Hierarchical structures also aid in the reduction of sensitivity to 

bend-dominated deformation. Different levels within a hierarchical structure add to bending force 

resistance, resulting in the entire structure being more resistant to such deformation [21, 59, 61-62]. The 

choice of polygonal unit cell shape introduced at the vertices or walls of the parent structure influences the 

effectiveness of the entire structure under imposed loads. There are gaps in the literature with regard to 

the highest order of hierarchy that is physically attainable for hierarchical HCs built, irrespective of the 

different polygons used.  

 

2.5.  Applications of lattice structures in engineering 
Incorporating biological cellular designs in engineering applications is an innovative and 

interesting method that has been inspired by the complexities as well as the efficiency of biological 

structures [5, 13]. Nature has evolved over billions of years, resulting in intricate cellular structures that 

optimize a variety of behaviours, including stiffness, strength, toughness, and flexibility, as well as self-

repair and adaptability [7, 27, 36]. Engineers can create more sustainable, efficient, and adaptive 

structures by mimicking cellular designs in nature [22-23]. 

Additive manufacturing of bioinspired cellular designs. Conventional manufacturing methods, 

including casting, forging, and milling are challenging to use on complex designs for bioinspired cellular 

structures. This is due to the intricacies of the internal structures and geometrical arrangements exhibited 

in bioinspired designs being difficult to mimic using these methods of manufacturing [55-57]. This is so 

except for a special group of alloys known as "gasars," particularly lotos-like gasars [64]. Gasars exhibit 

distinctive characteristics that allow for more accurate replication of intricate structures, potentially 

overcoming some of the limits imposed by current manufacturing techniques in developing bioinspired 

designs. High precision casting, low viscosity, thermal stability, fine grain structure, customizable 

characteristics, compatibility with additives, and corrosion resistance are some of their distinguishing 

characteristics [71]. Alternative manufacturing technologies that are more suited to bioinspired cellular 

parts have been investigated to solve these limitations. Among these advanced procedures is AM, often 

known as 3D printing, which is advantageous for its ability to build complex designs of bioinspired cellular 

structures with high precision and customization [31, 35, 55-57]. This method builds structures layer by 

layer and, in doing so, aids in fabricating complicated designs which mimic natural cellular structures [55]. 

The combination of AM and bioinspired designs has enormous potential in industries such as automotive, 

aerospace, and biomedical [31]. 

With optimal control over design parameters, highly customized structures are attainable via AM. 

Functional cellular parts in specific applications are obtained by mimicking complex cellular geometries 

observed in nature, such as vascular networks, honeycombs, and trabecular bone structures [13, 31]. These 

bioinspired cellular architectures often have a good strength-to-weight ratio, resulting in them being ideal 
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for building robust yet lightweight parts [13]. With the implementation of AM, lightweight materials with 

complex internal structures could be built, thus improving their mechanical properties [31]. Typical 

hierarchical structuring and multiple-scale repetitive structures observed in natural cellular structures can 

be replicated through AM. In turn, this improves the effectiveness and usefulness of engineered cellular 

materials [5, 13, 31, 55]. AM enables the rapid manufacture of prototypes of cellular parts. This ensures that 

mechanical tests can be carried out for multiple bioinspired designs before finalizing the product. This 

enables the acceleration of the development process and improvement of the overall efficiency of design 

iterations [31, 35, 66-67]. 

Application of bioinspired cellular designs in aerospace industries. Bioinspired cellular parts, 

including honeycombs and foams, have high strength-to-weight ratios [13]. In the aerospace sector, these 

structures are used to build lightweight structural parts, including wing panels, fuselage parts, and fairings. 

Their reduced weight improves fuel efficiency and the overall performance of aircraft and spacecraft [68]. 

Natural cellular designs are useful for parts with high absorption of strain energies to maintain the safety 

of passengers and crew during emergencies [5, 7, 13, 36]. Aerospace engineers and scientists are also 

improving crashworthiness and impact resistance by incorporating bioinspired cellular materials in critical 

regions, such as landing gear and cabin parts [69-70]. Natural cellular structures, including those observed 

in the leaves of plants, can alter the shape or respond to external stimuli [33]. Implementing similar 

principles to aircraft wings or other surfaces could result in adaptive and morphing structures that improve 

aerodynamics and control under different flying conditions [59]. In the case of spacecraft and re-entry 

vehicles, bioinspired cellular structures capable of resisting high temperatures are expected to be used as 

thermal protection materials, ensuring the safe entry of spacecraft into the Earth's atmosphere [31, 53]. 

Inspired by the principles used by natural flyers such as insects and birds, engineers are looking into 

bioinspired propulsion systems. For some aeronautical applications, biomimetic propellers and flapping 

wing designs could result in improved efficiency and manoeuvrability [33].  

Application of bioinspired cellular designs in automotive industries. Automobile manufacturers 

lower the overall weight of vehicles by integrating lightweight materials into automobile parts such as 

body panels, chassis, and interior parts, thus, in turn, improving fuel efficiency and lowering emissions 

[33]. Natural cellular architectures tend to be preferable regarding energy absorption applications [13]. 

Vehicles are engineered to better withstand the energies generated by impacts during crashes by 

incorporating bioinspired materials in critical regions such as bumpers and crumple zones [69-70]. 

Moreover, bioinspired cellular architectures with optimized thermal conductivity are used to improve 

overall thermal management and vehicle performance in automotive cooling systems, battery packs, and 

engine components [33]. Researchers are investigating bioinspired tyre tread designs inspired by natural 

surface patterns. These designs seek to improve traction, reduce rolling resistance, and improve overall 

tyre performance, all of which contribute to improved fuel efficiency [13, 33]. The ability to mimic the flow 

patterns inherent in nature, such as fish scales or bird feathers, results in more aerodynamically efficient 

vehicle designs [33]. More streamlined shapes reduce drag while improving fuel efficiency [72-73]. 

Bioinspired self-healing cellular materials are being researched for automotive applications. These 

materials are capable of self-repairing small cracks or damage, thus extending the life of automotive parts 

and lowering maintenance costs [73].  

Application of bioinspired cellular designs in biomedical industries. Bioinspired cellular parts such as 

scaffolds can be used as structural supports during tissue regeneration of damaged or wounded 

biological organs. These scaffolds mimic the natural extracellular matrix of biological materials, allowing 

cells to proliferate and differentiate into functional tissues [74]. Additionally, bioinspired structures could 

be used for vascularization, which allows nutrients and oxygen to reach developing tissue [31, 36]. These 

structures are also used as carriers for targeted drug delivery. They are capable of encapsulating drugs 

while controlling their release, replicating the behaviour of cells within the body that carry and release 

chemical substances as required [31]. Bioinspired materials, which mimic the cellular architecture found in 
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biological tissues, can be used for building biocompatible implants. These implants have the capability to 

integrate seamlessly with the tissues that surround them, thus lowering the possibility of rejection while 

improving patients' prospects for recovery [5, 13, 36].  

Figure 2-17 shows some current instances of bioinspired cellular designs used in numerous 

engineering industries [13, 27, 75]. 

              

 

           

 

              

 

Figure 2-17. Current applications of bioinspired cellular designs in the (a) aerospace [27, 75], (b) automotive [13, 27],  

and (c) biomedical industries [13, 27] 
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Incorporating bioinspired cellular structures into engineering applications covers numerous 

industries, driving innovation, efficiency, and sustainability in several fields. This multidisciplinary 

strategy uses nature's design concepts to tackle complicated technological problems and develop advanced 

and advantageous technologies. 

2.6. Mechanical properties of cellular and lattice structures  
Glass sponge skeletons, nacre, keratin, bone, and wood have all been carefully studied to mimic 

their remarkable mechanical properties in nature [15]. Numerous studies have focused on the most 

important factors of loading structures, including direction of loading, rate of loading, degree of 

mineralization, porosity, and hierarchical structuring for macro, micro, and nanoscales. To some extent, 

researchers have attained novelty and advances in fabricating energy absorption structures [15, 76-79].  

A bionic lattice structure mimicking the double slope-like reinforced structuring of a deep-sea 

sponge skeleton was suggested by Zhang et al. [80]. A bionic lattice built using a wall thickness value of       

t = 1.2 mm was observed to have better energy absorption capabilities compared to one with a value of          

t = 0.45 mm. Their specific absorption of energies (SEA), energy absorption (EA) and crushing mean force 

(Pm) increased by 216.5%, 745.0%, and 744.3%, respectively, with this increase in wall thickness. It is worth 

noting that the skeletons of glass sponges have hierarchical configurations that span various length scales, 

from nanometres to centimetres. Though the double-diagonal reinforced configuration is macroscopically 

replicated by the bionic lattice structure, as observed in references [79-80], the addition of hierarchical 

features is recommended here at even smaller scales to enhance the performance of the lattice design 

further. To achieve this, prospective research must focus on the use of biomimicry and advanced 

manufacturing technologies such as AM to design and manufacture multiscale hierarchical structures 

mimicking the skeleton of a deep-sea sponge. Yao et al. [81] constructed a hierarchical foamy multiple-

cellular square structure, modelled after the gradient distribution of various sizes of unit cells in organic 

structures, including bamboo and bone tissue. Their findings showed that the third-order biologically 

inspired hierarchical multiple cellular tube structure absorbs 173.7% more energy than the conventional 

square tube cellular structure. The hierarchical foamy multiple cellular square structure improves energy 

absorption, as determined by the findings of their research [81] and as reviewed by [79]. However, these 

studies do not fully comprehend the specific mechanisms underlying this enhancement. Therefore, further 

studies are required in terms of physical experiments and numerical modelling to develop a full 

comprehension of deformation behaviour, stress distribution, and energy dissipation mechanisms within 

the hierarchical structure, none of which have been discussed in their work.  

Wang et al. [82] developed a novel thin-walled multiple cellular tubed structure comprising 

customized face-centred cubic (MFCS) cross-sections, which were mimicked based on the physical 

properties of deep-sea sponge's skeleton. Through FE simulation and physical experiments, the 

compression response and the capacity to absorb the energies of the suggested structure were compared 

with those of the conventional multiple-celled tube structure. Their findings regarding the energy 

absorption characteristics of the suggested multiple-celled tube structure outperformed those of the strut-

lattices and plate-lattices that were used for comparison. The suggested MFCS multiple-celled tube design 

exhibited a specific energy absorption that is 37.13% greater than that of the third-order bioinspired 

hierarchical multiple cellular tube structure. This indicates that their suggested MFCS multiple cellular 

tube design enhances the prospect for energy absorption of multiple cellular tube structures, as was also 

reviewed in reference [79]. The parts were fabricated via AM technology, which allows for the direct 

integration of functional features and parts into the overall structure during printing. Further research 

work should focus on incorporating sensors, actuators, or various functional parts into the MFCS multiple 

cellular tube structure to allow adaptive or controllable behaviour in response to the changing external 

stimulus. 
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Natural cellular structures are hierarchically structured, with solid struts and unit cells building 

larger units. These units merge to produce even larger structures [20, 79]. The hierarchical design results in 

the repetition of unit cells and, in turn, provides multiple load paths. These multiple load paths ensure 

efficient distribution of stress in biological tissues, improving their overall mechanical strength. The unit 

cells of these structures are built using solid struts and walls, which in turn add to their load-bearing 

capacity [3, 7, 13, 20, 83-84]. The material properties of these struts, such as their strength and stiffness, are 

crucial factors in determining the corresponding mechanical strength of the cellular material [13]. 

Moreover, the connectivity of the cells also assists in how the load is distributed effectively across the 

structure [13, 20]. When subjected to external loads, the load is distributed among multiple cells and struts, 

minimizing stress concentration and increasing the overall structural strength of the tissue [85]. Cellular 

structures in biological materials can adapt and grow in response to mechanical loads. This dynamic 

growth mechanism allows tissues to change their cellular arrangement to optimize mechanical strength 

according to specific requirements for functionality [1, 3, 14, 16]. Their geometric configuration influences 

the mechanical stiffness of cellular structures. The geometric configuration has factors such as shape, size, 

and connectivity of cells that affect the stiffness of these structures [86]. Structures with larger cells or struts, 

for example, may have higher stiffness [1,3, 14]. Furthermore, the choice of material used for cellular 

structures has a significant effect on their mechanical stiffness as well [20]. In most studies [1, 3, 14, 18, 20, 

77-78], the stiffness of biological tissues is normally determined based on the modulus of elasticity of the 

solid struts and walls. To fully comprehend tissue stiffness and mechanical behaviour, other material 

characteristics such as density, viscoelasticity, and anisotropy can be accounted for. The interconnected 

cellular network of cellular structures ensures effective distribution of load and causes the structure to 

become rigid and stiff. This load-bearing capability is crucial for the structural integrity of tissue [1]. 

Higher values of mechanical strength have been reported [79, 87-89] in biological nacres and 

seashells, which are typically plastic, with intrinsic deformation occurring at the nanoscale and extrinsic 

behaviour of deformation occurring at the micrometre level. By mimicking the robust and durable nacre 

design, bioinspired materials, comprised of hard micro-scaled layers of mica as well as soft polyimide have 

been built to achieve more effective mechanical strength for prospective aerospace materials, particularly 

those used in the lower Earth orbit [79, 90]. For this lattice design, the nano-scaled mica functions like a 

brick that substantially improves mechanical properties to achieve values as high as tensile strength of 125 

MPa, surface hardness of 0.37 GPa, and elastic modulus of 2.2 GPa for nanocomposites, as well as the 

enhanced temperature and ultraviolet resistance, as reported by Soucek [90], and later reviewed by [79]. 

Though the foregoing work found improved mechanical characteristics in bioinspired materials that mimic 

nacre structures, there are gaps in comprehending the specific mechanisms that support the reported 

strength and durability. Prospective research must, therefore, concentrate on addressing nanoscale and 

microscale deformation mechanisms within materials, particularly the function of interfaces, defects, and 

stress distribution.  

The gradient-like feature that characterizes organic plants highlighted in [79, 91] has been adopted 

and mimicked in the design of bioinspired materials experiencing gradient microstructures, resulting in 

good mechanical properties or responsive behaviour. Frey et al. [92] generated smart response materials 

by incorporating biologically inspired chemical, structural, and mechanical gradients into delignified 

wood, mimicking the gradient-like structure and mechanical strength of natural wood. The value of 

stiffness for the delignified wood that these authors attained was 35 GPa and a high value of 270MPa for 

the strength compared to typical values of wood falling within the range 7-24 GPa and 7.2-48 MPa, 

respectively, as a result of the close connection between the hydrogen bonding and the mechanically 

interlocked fibres for good transfer of loads. Their work was centred around the enhancement of smart 

responding materials with bioinspired gradients, though there are possibilities to improve mechanical 

effectiveness and adaptability by optimizing design and manufacturing parameters. New studies should 
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include comprehensive studies into the influence of different gradient profiles, transitions, and interfaces 

on mechanical properties such as stiffness, strength, and other relevant parameters. 

Audibert et al. [93] generated the size, shape, and configurations of porosities from either avian or 

terrestrial mammal bone structures and used them for TO and bioinspired structural design. A 3D metal 

printing process was used for fabricating steel structures with a density of approximately 65%, which were 

inspired by organic bone designs. The terrestrial mammalian-inspired beam improved the failure load and 

stiffness to reduce flexure by 7.5% and 17%, respectively, as compared to the topologically optimized beam-

like design due to reduced pore size and stress field homogenization. Their study suggests that biological 

inspiration is relevant and applicable not just for material advancements but also for 3D printing, and it 

opens up new avenues for developing tough and strong mechanical lightweight structures. Given that the 

work employed 3D metal printing for building bone-inspired steel structures, scaling up production and 

manufacturing procedures for engineering applications could also pose challenges in consistency and 

quality control of parts, as well as requiring extensive use of post-processing and finishing. Extension of 

this work ought to investigate scalable manufacturing procedures, process optimization, and cost-effective 

methods of production to enable large-scale deployment of bioinspired structures across 

engineering fields. 

In its entirety, it is deduced that the mechanical strength and stiffness of organic cellular structures 

are influenced by their hierarchical configuration, solid struts, material properties, and adaptability to 

changing environments or physiological changes. These properties assist organic tissues in withstanding 

external loads, maintaining structural integrity, and efficiently undertaking their particular applications. 

The comprehension and mimicking of physical characteristics like the solid struts and hierarchical 

structuring in cellar structures hold significant promise for developing new materials and structures with 

improved mechanical characteristics as well as improving flexibility in design. Researchers can pave new 

routes for novel strategies aimed at improving strength, durability, and functionality across a wide range 

of engineering and medical uses by drawing on concepts from biological tissues. 

According to Gibson and Ashby [1], cellular structures have greater load-bearing capacity when 

they are loaded in the longitudinal direction than transverse directional loading. Cellular structures fail 

with ease in the transverse direction due to shearing and bending critical loads. This is because the highest 

mineralization rate of material in cellular structures is observed in the longitudinal direction [14, 16, 94]. 

Gibson and Ashby [1] observed that the axial direction has the highest yield stress compared to the radial 

and tangential directions for wood tissue. Figure 2-18 shows longitudinal and transverse stress vs strain 

curves of loaded structures [95]. 

 

Figure 2-18. Curve plot showing stress-strain dependence on the direction of loading [95] 

The mechanical behaviour of cellular structures is also influenced by the rate at which loads are 

applied [1, 94-95]. Cellular structures withstand rapidly applied loads far better than slowly applied loads. 

In this way, cellular structures stiffen and strengthen with increasing strain rates, as seen in Figure 2-19 [95]. 
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The increasing strain rate is represented by the red arrow in the figure. 

 

Figure 2-19. Curve plot showing stress-strain dependence on loading rate [95] 

Adharapurapu et al. [96] presented evidence that the strain rate is highest on the cortical bone 

because it has the densest material or lowest porosity compared to other bone parts and, as a result, has the 

greatest load-bearing capability. It was established in this work that cortical bone possesses structural 

material that enhances stiffness by 150 MPa compared to the trabecular bone with stiffness of 8 GPa but 

with lower strains (2%) to failure. When compared to cortical bone, the trabecular bone structure deflected 

from its original position without fracturing. The latter type of bone was shown to withstand lower loads 

(50 MPa) and lower strains (50% lower than the strains in the cortical bone) to failure. Simkin and Robin 

[97] studied the mechanical behaviour of all forms of bones under bending loads. It was found in this study 

that increasing bone formation improves load-bearing capacity. Ascenzi and Bonucci [98] studied the 

compressive behaviour of single osteons in a human femur. They observed that the mechanical properties 

of bones are stronger and stiffer in compression than in tension. It was further noted that the more 

mineralized the osteons in the bone became, the more rigid and more brittle they became. The cell walls 

were observed to contract and contact those of neighbouring cells, thus reducing the pore gaps and 

increasing the bone's compressive resistance. Tensile-loaded bone structures, on the contrary, were 

observed to exhibit lower values of stiffness than compression-loaded bone structures. The strained cell 

walls separated at the maximum tensile strains and, therefore, allowed cracks to form, thus leading to bone 

fracture. However, for the stresses prevailing at the initial stages of plastic deformation, the bone developed 

some tensile toughness [14]. This property allows organic structures such as the bone, keratin, and nacre to 

withstand numerous types of loads without immediately cracking and, in turn, aids in supporting and 

protecting tissues of the body [1, 3, 14, 18, 94]. Jeronimidis [99] proposed that the fibre pull-out process is 

primarily responsible for good fracture toughness as a result of the energy absorbed in the process for both 

bone and wood. The mechanics of fibre pull-out and fracture toughness in biological materials such as bone 

and wood are not well understood. Although energy absorbed during fibre pull-out is thought to 

contribute to fracture resistance, accurately quantifying and modelling this process at multiple levels is 

challenging due to variations in fibre orientation, bonding strength, and the complicated anisotropic 

structure of these materials. The next advances in fibre pull-out technologies can include the development 

of multiscale computer models and advanced imaging techniques, such as in-situ micro-CT or atomic force 

microscopy, which can visualize and quantify fibre pull-out processes in real time under various loading 

scenarios. These models can be combined with algorithms that use machine learning to predict fracture 

toughness based on material microstructure. This could result in the development of ultra-tough, 
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lightweight, and fracture-resistant materials for engineering and medical applications. Niebel et al. [100] 

used Al2O3 and polymethyl methacrylate (PMMA) parts that mimic brick-and-mortar lamellar structures 

observed in nacre, which were effectively improved to generate a synthetic ceramic composite by freeze 

casting. The toughness of the manufactured parts reached 300 times that of its conventional structures, 

indicating the effectiveness of the toughening mechanisms found in naturally occurring biological 

composites. As a result of such studies [79, 100], there has been a significant rise in interest in using natural 

cellular structure’s toughening mechanisms in manufactured parts that are resistant to damage. The 

combined use of Al2O3 and PMMA in freeze casting to mimic the nacre structure could, however, be 

constrained by the compatibility and processing of the materials. The next generation of work to be 

conducted in this area must, therefore, investigate alternative materials or processing techniques that 

provide better compatibility, homogeneity, and control over microstructure, resulting in better mechanical 

properties and performance.  

Libonati et al. [101] experimented with a structure inspired by organic bone in composites with 

fibre reinforcements to improve toughness and thus reduce fracture while maintaining a balance of stiffness 

and strength. Carbon fibres, an epoxy matrix, and glass fibres were used to replicate the lamellar, osteons, 

interstitial tissues and cement sheaths occurring in the osteonal, which is located in the secondary bone 

structure. Compared to laminated composites, the design that was inspired by organic bone demonstrated 

substantially improved mechanical characteristics with reference to tensile strength, modulus of elasticity, 

and fracture toughness, with tensile strength and fracture toughness improving by 26% and 86%, 

respectively, when contrasted against a previous structural design and other selected conventional 

laminated composites. The distinctive mechanical characteristics observed in organic bone structures have 

spurred the generation of polymer and polypeptide-based biomaterials [79]. Fibre-reinforced composites 

can pose challenges in terms of design complexity, manufacturing, and microstructure control when 

attempting to mimic the complex hierarchical structure of bone, including cement sheaths, interstitial 

tissues, lamellar, and osteons. To optimize the biomimetic design and comprehend the effect of various 

structural characteristics on mechanical properties, further work must include advanced computational 

modelling and simulation strategies. 

Cracks begin and spread longitudinally as a result of shear stresses, contributing to the pulling 

apart of each cell wall without them experiencing transverse loads through fracture. Crack propagation 

along the grains of cells is much easier compared to propagation perpendicular to the grains, and thus, 

there is higher resilience in the latter case. This is particularly so because weak interfaces slow cracks in the 

perpendicular direction. The anisotropic toughening property of wood is similar to that of organic bone 

structures and has similarities to that of nacre [4, 14]. This contributes to the cellular structures' high load-

bearing capacity [1, 4, 14]. Amini et al. [102] developed a strong glass with enhanced mechanical 

characteristics by mimicking the organic nacre structure. The glass comprised of SiO2 and modified PMMA 

with identical refractive indexes. The bioinspired design of the glass allowed for progressive fracture rather 

than catastrophic failure, increasing the work done to fracture and the toughness level in reducing fracture 

by 30% and 55%, respectively. The toughness level in reducing fracture of the biologically inspired glass 

was observed to be twice that predicted by the SiO2 tablet alignment. During the fracture phase, 

deformation and delamination followed the toughening mechanism observed for extrinsic deformation, in 

which the polymer material bound and bridged the tablets until full debonding or the development of 

microscopic voids [79, 102]. There are, however, limitations in the current understanding of the exact 

toughening mechanisms in effect associated with nacre-inspired glass. To clarify the contributions of 

delamination, deformation, and polymer bridging to overall toughness, future studies should entail 

comprehensive characterization using cutting-edge imaging and analytical methods. 

The foregoing material describes nature's remarkable ability in building efficient and functional 

cellular structures. Understanding the concepts behind these natural designs could provide valuable 

insights to engineers and material scientists to develop novel structures and materials with improved 
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mechanical properties. 

This study focuses particularly on the deformation behaviour of hierarchical lattice HCs, which 

deform as a function of complicated interactions of numerous aspects in their internal structures that are 

influenced by their distinct nature. Understanding how hierarchical HCs deform under different loading 

conditions is crucial for maximizing their performance in a variety of engineering applications. 

Hierarchical HCs are referred to as multiscale structures, which implies that they are built up of nested 

unit cells that come in different sizes [21, 58]. Their hierarchical structuring allows them to distribute loads 

while resisting deformation [64] efficiently. During deformation, smaller unit cells within larger ones often 

fail or deform first, whereas larger unit cells remain relatively intact. Such a deformation mechanism allows 

hierarchical HCs to redistribute loads that are imposed on them. The external forces applied to such 

structures are typically transferred from collapsed or deformed unit cells to neighbouring unit cells that 

are still intact [11, 13, 58, 63, 103-111]. This load redistribution strategy serves the primary objective of 

safeguarding against localized failure and preserving the structural integrity of the entire hollow structure 

[11, 13, 107-111].  

Ajdari et al. [112] created a hierarchical HC by substituting all three-edge joints of the regular 

hexagonal hollow build with smaller hexagons. Their work demonstrated that hierarchical HCs with one 

or two levels have a stiffer modulus of elasticity than regular HCs with the same relative density. The 

effects of thermal expansion, changes in temperature, and environmental factors such as humidity and 

corrosion on hierarchical HCs, however, are not examined in their work. The limitations identified in Ajdari 

and co-authors’ work, as now reviewed in this chapter, suggest that, though hierarchical HCs show 

promise in terms of stiffness and effectiveness in the use of materials, their practical use warrants further 

research. Comprehending the effects of thermal expansion, temperature variations, and external factors 

such as humidity and corrosion is significant for ensuring the accuracy and strength of these structures in 

different mechanical loading scenarios. To fully grasp the bounds of hierarchical HCs, extensive 

experimental testing, materials advancement, and the development of new manufacturing technologies are 

required. Sun et al. [113] built the anisotropic multifunctional hierarchical HC (AMHH) by substituting the 

solid cell walls of the basic anisotropic HC (OAH) with the same-weight isotropic substructures referred 

to as triangular or Kagome HCs. This structuring approach yields two types of AMHH structures. The 

study showed that triangular HC substructures can enhance the in-plane stiffness of AMHH by 1.5 to 100 

times, depending on the thickness-to-length ratio (t/l) of the oblique cell wall and the relative density of the 

OAH. However, the influence of boundary conditions and edge or vertex effects on the mechanical 

characteristics of these hierarchical structures has not been thoroughly reviewed not only in their study but 

also in the open literature. These considerations could result in significant effects on performance, 

particularly for engineering applications with edge or vertex constraints. The absence of extensive analysis 

of edge and vertex effects could affect the dependability and safety of AMHH structures in 

engineering applications. Unexpected failures or performance drops tend to occur close to the edges or 

vertices, wherein high-stress concentrations typically occur. Conducting thorough studies on the effect of 

edge and vertex behaviour on the general structural strength and stiffness of AMHH structures should 

prove useful. This includes predicting the patterns related to the distribution of stresses and determining 

possible failure regions. In addition, strategies for lowering high-stress concentrations close to edges and 

vertices should be devised. This may entail tailoring the configuration of the substructures or adding new 

support parts. 

Chen et al. [114] investigated the in-plane compressive behaviour of a novel hierarchical lattice 

structure formed by substituting cell walls in regular HCs with triangular lattice topologies. The research 

conducted revealed that hierarchical HCs have high energy dissipation and shape integrity at strains of up 

to 60% during cyclic loading. Their experimental and numerical findings also suggest that the peculiar 

mechanical behaviour is accounted for by a hierarchical structure controlled by the triangular lattice's 

slenderness and the shape memory effect caused by thermal and mechanical compression. Figure 2-20 
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shows hierarchical lattice structures of different wall thicknesses formed by replacing cell walls in regular 

HCs with triangular lattice shapes [114]. 

 

Figure 2-20. Experimental and numerical findings of built hierarchical lattice parts formed by replacing the cell walls 

with small-scaled triangular hollow structures of different wall thicknesses [114] 

Song et al. [63] built bioinspired hierarchical polygon hollow metastructures with good mechanical 

characteristics. The hierarchical squared hollow structure with circular holes reduced stiffness by 0.84%, 

strength by 19.38%, and improved energy absorption by 199.67%. When compared to the regular parent 

hollow structures, the hierarchical HC with circular holes improved stiffness by 1.06%, reduced strength 

by 5.55%, and improved energy absorption by 345.24%. As a result, though the hierarchical design provides 

significant energy absorption benefits, its lowered strength and stiffness must be carefully addressed when 

examining possible applications, especially for load-bearing and high-strength conditions. Further studies 

should focus on tailoring these structures for a more balanced enhancement in all mechanical properties. 

The walls of individual unit cells in hierarchical HCs typically experience buckling or collapse during 

deformation [58, 107]. This behaviour allows the honeycomb to absorb energy by converting mechanical 

energy into deformation of the unit cell walls [21, 58, 108-109]. The hierarchical structuring of unit cells 

often determines the order and extent of cell wall buckling and collapse, which in turn influences the 

structure's overall deformation behaviour [58, 103]. The hierarchical structuring of HCs not only allows for 

efficient energy absorption via phenomena such as cell wall buckling and unit cell collapse but also through 
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plastic deformation [58]. This is the primary reason why hierarchical HCs are typically adopted in 

engineering applications that require impact protection, such as automotive crash structures and protective 

gear [21, 58, 68, 103]. Hu et al. [115] reported a novel non-self-similar nested HC constructed using an 

aluminium alloy inspired by bamboo's vascular bundles. This structure consisted of one centred circular 

tube and six encircling circular tubes. The drop-weight test for impact pointed out that this nested HC's 

failure mechanism is a gradual diamond mode, exhibiting the highest specific energy absorption of                         

29.3 J/g. Their gradual diamond deformation mechanism or failure mode, shown in Figure 2-21 [115], 

suggests a controlled deformation pattern, which is ideal in structural parts wherein progressive energy 

dissipation is crucial to avoid catastrophic failure. 

 

 
 

 

 
 

Figure 2-21. (a) Numerical findings showing the graphic progressive diamond mode of failure mechanism; and (b) the 

generated load-displacement curve based on experimental crush tests describing the gradual diamond 

deformation mechanism of a non-self-similar nested HC under dynamic extruded shell in-plane crushing loads 

[115] 

The drop-weight impact test is a singular form of dynamic loading condition. The structure's 

behaviour under other loading conditions, such as cyclic loading and high-strain-rate impacts, was not 

examined and could result in different findings. Further analysis under numerous types of loading 

conditions, including cyclic loading, high-strain-rate impacts, and multi-axial loads, could provide a 

broader understanding of the structure's behaviour. Sun et al. [116] investigated HCs with first- and 

second-order hierarchical configurations under out-of-plane loading. They observed that both hierarchical 

structures enhanced the specific energy absorption by over 80% and 180%, respectively. Figure 2-22 shows 

their corresponding load-displacement curves describing the crushing behaviour of the preceding 

mentioned vertex-based hierarchical HCs [116].  

(a) 

(b) 
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Figure 2-22. Load-displacement curve for numerical out-of-plane crushing of vertex-based hierarchical HCs built using 

aluminium [116] 

The significant rise in specific energy absorption by a value of 80% and 180% for first- and second-

order hierarchical HCs, respectively, suggests that these structures could prove useful in applications that 

require high energy absorption, such as protective materials and crashworthy structures. Their study, 

however, fails to include an analysis of the surface roughness of the manufactured parts. Surface roughness 

in additively produced hierarchical HCs, particularly metallic parts, often increases as the grade of 

hierarchy increases, which could result in a substantial impact on their energy absorption behaviour. 

Extending work must focus on surface roughness analysis of these complicated builds to better 

comprehend its effects on the energy absorption property. Zhang et al. [117] added a triangular structure 

into a regular HC via a vertex substitution strategy. They reported that the plateau stress and specific 

energy absorption were improved by 127% and 109%, respectively, in the in-plane ribbon direction. For the 

identical characteristics highlighted in the preceding sentence, an improvement of 122% and 108% was 

found along the in-plane width direction, respectively, whereas improvements of 30% and 34% were 

obtained under out-of-plane loading conditions. Figure 2-23 and 2-24 shows their work on crushing 

behaviour, with reference to out-of-plane and planar in-plane loading conditions, respectively [117]. 
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Figure 2-23. Experimental and numerical findings for out-of-plane crushing of vertex-based hierarchical HCs with 

triangular substructures built using aluminium material [117] 
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Figure 2-24. From top to bottom, the graphics represent the deformation histories generated for in-plane crushing of a 

line beam vertex-based hierarchical HC with triangular substructures along the width and ribbon directions, 

respectively [117] 

The analytical models adopted in the work conducted by Zhang et al. [117] describe the crushing 

behaviour of the produced intricate structures based on general mathematical representations of the 

absorbed energy EA and specific absorbed energy SEA. The analytical models often adopted during the 

crushing process of the discussed structural parts are expressed in equations 2.1 and 2.2, respectively.  

𝐸𝐴 = ∫ 𝐹𝑑𝛿
𝛿

0
                                             (2.1) 

𝑆𝐸𝐴 =
𝐸𝐴

𝑀
                                                (2.2) 

The symbols F, dδ, M represent the crushing load, crushing displacement and overall mass of the 

structural part, respectively. Given the way various parts of the structural frame are connected via the 

nodes, these models could fail to predict the complicated behaviour that is often observed at the vertices of 

such systems. It is imperative to extend work into building advanced analytical models that account for 

the complex interactions between structural parts at the vertices. Effective application of advanced 

behaviour models could provide fresh insights into how the complex connectivity at the vertices influences 

the behaviour of hierarchical HCs. He et al. [118] designed a spiderweb-based hierarchical HC by 

incorporating a smaller hexagon structure into the centre of the parent structure, emerging in a hexagonal 

network design. Their numerical findings indicated that the specific energy absorption of first- and second-

order hierarchical HC increased by 62.1% and 82.4%, respectively. The numerical models, however, are 

generic and fail to account for particular engineering conditions such as dynamic impacts, changing 

temperatures, and lasting strength, all of which have significant effects on the effectiveness of hierarchical 

structures in engineering applications in aerospace, automotive, offshore, and medical fields. Extending 

studies must focus on integrating the numerical models to specific engineering uses such as scaffolding in 

bones and crash behaviour of automobile bumpers.  For the latter case, crash behaviour models tailored to 

automotive uses could lead to the development of lighter, more effective automobiles that meet safety 

criteria while reducing fuel consumption and emissions, particularly sports racing cars. For the expected 

prospect, modern algorithms are used to develop new surgical techniques and materials, extending past 

the boundaries of what is currently attainable in regenerative medicine and orthopaedics. Tan et al. [119] 

generated a new hierarchical re-entrant HC design by substituting the cell wall of auxetic HC with regular 

(a) 

(b) 
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hexagonal and triangular polygon shapes. Their numerical findings suggested that, as contrasted with 

regular re-entrant HC, hierarchical HC improved specific energy absorption and crushing force by 

approximately 292% and 298%, respectively, under a quasi-static loading condition. Qi et al. [58] compared 

and categorized mechanical parameters of normal classical HCs and their related hierarchical 

configurations. They made available bar graphs to describe mechanical performance ratios. As reported in 

their findings, the specific absorbed energy, modulus of elasticity, and compressive strength increased by 

590% with ID 24, 1230% with ID 28, and 316% with ID 23, respectively, as envisaged in Figure 2-25 [58]. 

 

Figure 2-25. Mechanical characteristics of regular HCs and hierarchical HC builds are contrasted with regard to 

performance ratio [58] 

The hierarchical configuration of unit cells often results in anisotropic deformation behaviour, which 

implies that the mechanical behaviour of the hierarchical honeycomb differs based on the chosen direction 

of loading [11, 13, 58, 108-111]. Anisotropic properties result from asymmetry in unit cell configurations 

and sizes within the overall structure [58, 107-109]. Therefore, understanding and characterizing this 

heterogeneity is often crucial when predicting and optimizing the structural performance of hierarchical 

HCs in engineering applications. The deformation behaviour of hierarchical HCs is also dependent on the 

size and configuration of the unit cells built at different length scales [58, 107]. Deformation mechanisms at 

smaller scales differ from those at higher scales, causing the hierarchical HC's overall mechanical behaviour 

to change [11, 13, 58, 107, 120]. It is important to account for scale dependency as it is critical for accurate 

modelling and prediction of the behaviour of hierarchical HCs subjected to different loading conditions. 

Chen et al. [121] developed numerical models that describe better thermal resistance in hierarchical HC 

lattice metamaterials. Their heat transfer analysis suggested that hierarchical HCs are capable of thermal 

anisotropy while also enhancing thermal resistance because of their hierarchical structuring and 

topologies. Their findings are primarily theoretical and are based on numerical models only for support. 

Validation by experiment is required to confirm the predicted thermal resistance and anisotropy in 

engineering applications of such hierarchical HC lattice metamaterials. Through successful experimental 

validation of the findings, Chen and colleagues [121] suggested that through numerical modelling 
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strategies, the hierarchical HC lattice metamaterials could be used to design cutting-edge thermal 

management systems in electronics, lowering areas of concern and improving overall device effectiveness 

via tailored thermal resistance and anisotropy. 

Despite their hierarchical structure and inherent toughness, hierarchical HCs are prone to fracture and 

do fail under extreme load conditions [11, 13, 58, 105-106, 111]. Comprehending the fracture and failure 

mechanisms of these structures is crucial when designing engineering structures required to withstand 

specific loading conditions while guaranteeing safety and reliability in structural applications. Techniques 

such as finite element analysis (FEA) and multiscale modelling are crucial and popular for providing quick 

understanding and prediction of the deformation behaviour of hierarchical HCs, compared to 

experimentation [58, 107-110]. FEA models can represent the complex interactions between unit cells across 

different length scales, thus providing insight into deformation mechanisms and failure possibilities [107]. 

Experimental validation of these computational predictions is, however, critical in guaranteeing the fidelity 

of models and expanding the comprehension of hierarchical HC deformation behaviour in structural 

applications [11, 13, 58, 111]. Ryvkin and Shraga [122] used numerical modelling approaches to examine the 

effect of self-similar hierarchical structuring on the brittle fracture behaviour of a 2D HC. Their work 

revealed that an HC with a higher level of hierarchy has greater fracture toughness than one with a lower 

level. They also suggested that hierarchical architecture has a more advantageous effect on HCs with lower 

relative densities. A comparison of Mode I fracture toughness between second-order hierarchical HCs and 

regular HCs revealed a 5.4% increase for ρ = 0.115 and 39% for ρ = 0.0289, respectively. Their work is limited 

to Mode I and II fracture toughness, therefore ignoring the implications of additional fracture modes such 

as Mode III, also referred to as out-of-plane shear mode or tearing mode, which can occur in engineering 

applications. The emphasis on Mode I and II fracture toughness limits our comprehension of how 

hierarchical configuration influences overall fracture toughness under different loading conditions; 

therefore, extended studies are required to investigate its effects on other fracture modes. Ajdari et al. [112] 

investigated the mechanical properties of hierarchical HCs with self-similar microstructures using 

theoretical, experimental, and numerical modelling methods. Their analysis showed that the primary and 

secondary HC structures were 2.0 and 3.5 times harder than regular HCs, respectively. The capacity of the 

modelling and experimental methods could limit the degree of abstraction and resolution of the 

investigated hierarchical microstructures. A limited resolution could result in a lack of comprehension of 

how microstructural details at various scales influence overall mechanical properties, which can result in 

missing crucial insights. To overcome scale and resolution constraints, prospective studies should use 

advanced methodologies that are capable of better resolution and multiscale analysis. This allows for an 

extensive understanding of how microstructural characteristics affect overall mechanical performance. 

The review in this section of the chapter clearly shows that the deformation behaviour of hierarchical 

HCs is typically influenced by their multiscale design, load transfer mechanisms, anisotropic 

characteristics, scale dependency, energy absorption capacities, and fracture behaviour. By fully 

comprehending and characterizing these aspects, engineers could benefit more from developing 

hierarchical HCs with specific mechanical properties for a variety of engineering applications, such as 

lightweight parts, impact-resistant materials, and energy-absorbing structures. 

2.7. Analytical modelling of the deformation behaviour of cellular and lattice structures 

2.7.1 Stress-strain curves for cellular and lattice structures 
This subsection gives an overview of the known two-stage stress-strain curve for cellular and lattice 

structures. It then proceeds to compare it with a newly suggested curve in the next subsection, aiming to 

extend our comprehension of deformation mechanisms. 

Two-stage stress-strain curve for cellular designs. During the first stage of deformation observed in 

the typical two-stage stress-strain curve, cellular structures are represented as acting elastically, with a 

linear relationship between stress and strain. During this stage, the structure's cells are assumed to stretch 
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or compress while remaining structurally intact. The slope of the stress-strain curve in this region is taken 

to represent the material's stiffness, also known as Young's modulus [123-124]. Following the first 

deformation, cellular structures often go into a plateau state with a relatively constant stress level despite 

rising strain. The plateau phase is caused by different kinds of mechanisms, including buckling, bending, 

and collapse of cell walls, which allow the material to withstand more deformation without significantly 

increasing stress. During this stage, the material could undergo significant plastic deformation while 

remaining under relatively constant stress, exhibiting a high level of energy absorption and structural 

resilience [124-126]. Figure 2-26 shows a typically adopted two-stage stress-strain curve for cellular 

structures in engineering uses [124]. 

 

Figure 2-26. A typical two-stage stress-strain curve for cellular designs [124] 

In its entirety, the open literature only discusse s a two-stage deformation curve for 

cellular structures, which ranges from elastic behaviour characteri zed by a linear stress-

strain response to the plateau phase, in which the material undergoes plastic deformation 

while maintaining close to constant stress. Comprehending these behaviours has 

implications when building and optimizing cellular designs that meet particular 

performance standards such as mechanical strength and energy absorption.  

2.7.2 A novel deformation mechanism added to the two-stage behaviour of cellular designs 

Cellular structures, such as foams, honeycombs, and numerous types of lattice structures, have 

different mechanical properties due to their intricate internal designs. Though the stress-strain curve for 

cellular structures generally follows standard trends, such as elastic deformation followed by plastic 

deformation of the cellular materials [124], additional mechanisms unique to these structures are here.  

In a typical stress-strain curve, the elastic region depicts the range of elastic deformation, which means 

that the material returns to its original shape after the stress is removed. However, in certain cases, 

particularly with cellular designs or porous structures, there could be two separate stages of elastic 

deformation that have not been reported in the available literature. A new stress-strain curve for cellular 

parts, which has a four-stage deformation mechanism before the structure undergoes densification, is 

proposed, as shown in Figure 2-27. 

© Central University of Technology, Free State



 

41 | P a g e  
 

 

Figure 2-27. A four-stage behaviour stress-strain curve for cellular designs 

The first stage, identified here, represents the buckling and bending deflection of the structure. The 

second stage, densification, causes elastic deformation of the material, combined with buckling and 

bending deflection of the structure. The third stage is the elastic deformation of the material after full 

densification. Stage four is plastic deformation, leading to the formation of a plateau. Researchers and 

engineers can better comprehend and analyse the behaviour of complicated structures and materials by 

splitting the elastic region into two phases. This allows for more advanced characterization of elasticity and 

aids in the design of structures that incorporate specific performance criteria. 

Though the two-stage stress-strain curve provides useful insights into the deformation behaviour of 

cellular structures, recent research by the author [127] recommends a more advanced comprehension that 

considers other deformation mechanisms. The recommended curve in the last three paragraphs of the 

discussion aims to expand our understanding of cellular structural behaviour, and by including the 

following features in the list of future work to be tackled, information on the mechanisms of deformation 

for cellular structure is expected to become more detailed. As a result of this, the modelling approach to 

predicting the mechanical behaviour of cellular structures is expected to improve. 

In addition to the two elastic stages suggested and the typical plateau stage, the author highlights that 

the curve also includes an intermediate transition area between the elastic structural deformation and 

elastic material deformation phases. This transition phase indicates a progressive shift from elastic 

structure to elastic material deformation, during which the material’s deformation mechanisms change, 

such as cell wall bending, localised buckling, or cellular architecture reconfiguration. By recognizing this 

intermediate step, the curve provides a more thorough representation of the deformation process, allowing 

for a better understanding of the underlying mechanisms that govern the material and structural behaviour 
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in the elastic region. The authors also mention that the suggested curve is significant for improving energy 

absorption mechanisms beyond the typical plateau phase. By extending the deformation mechanism 

beyond the plateau region, the curve could highlight the prospect of additional energy dissipation 

mechanisms, such as strain hardening, strain rate sensitivity, or material reconfiguration, which are not 

often reported in the available literature. This expanded understanding allows for the development of 

cellular structures with higher energy absorption capacity, mechanical robustness, and resilience under 

dynamic loading conditions. 

2.7.3 Deformation behaviour models for cellular structures 

Cellular designs, typically built up of repeated unit cells, exhibit complex deformation behaviour due 

to their peculiar architecture. Different models have been developed that describe this behaviour according 

to various cellular structures and uses [128-129]. This section of the paper particularly examines the Gibson 

and Ashby models, which are used for different investigations on the deformation behaviour of cellular 

structures found in the literature. The first model, put forth by Ashby and Gibson [124, 130], relates the 

mechanical properties of foams to their relative densities. It is based on the concept of scaling principles as 

well as on empirical studies of numerous types of foams. Fundamental mechanical properties as functions 

of relative density, elastic modulus, yield strength, and energy absorption, are captured by the model. The 

first Gibson and Ashby model has been improved on and updated over the years to improve its accuracy 

and usefulness. These improvements take account of aspects such as size, shape, or thickness of the cell 

wall. The Gibson and Ashby model has been extensively adopted in the design and optimization of cellular 

materials for a wide range of engineering applications, including impact absorption, thermal insulation, 

lightweight structures, and biomedical implants [124-130]. The model aids engineers and materials 

scientists in choosing or designing foams with characteristics matched to their intended application by 

predicting the mechanical behaviour of foams based on their relative densities.  

The Gibson and Ashby models provide a framework for analysing the mechanical behaviour of 

cellular structures centred on their geometry and material properties. Their models for predicting the 

behaviour of cellular structures are typically built based on two geometries, namely the open and closed 

cellular shapes, previously presented in Figure 1-1, in Section 1.2 of Chapter 1 [130].  
Both open and closed cellular structures have advantages and drawbacks, and the choice between 

the two is often influenced by the application's specific requirements, including mechanical performance, 

weight considerations, fluid permeability, and manufacturing constraints [124-127, 129]. The behaviour 

models of these two types of cellular structures are limited to elastic deformation. 

Open cellular designs at first exhibit linear elastic behaviour when loaded with small deformations, 

primarily governed by stretching and bending of the cell walls and struts. The structures return to their 

original shape once the applied load is removed if the deformation remains within the elastic limit of the 

material. However, open cellular structures are also liable to buckling under compressive loads, 

particularly for slender struts or cells [124, 130]. Figure 2-28 shows Gibson and Ashby's models built to 

describe the bending and buckling behaviour of open cellular structures [130]. 
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Figure 2-28. Open unit cell shape that has (a) no deformation, (b) buckling deformation, and (c) bending deformation 

[130] 

Designing for critical loading conditions is a paramount concept in the field of 

engineering that must be considered for safety, reliability, and optimal performance in a 

wide range of applications, including civil infrastructure, automotive,  aeronautical,  and 

medical engineering [131]. Presently, only critical loading conditions in the transverse and 

axial directions are considered in the deformation behaviour models for cellular structures 

discussed here. The geometries for cellular designs are normally built up of beams or ribs.  

Therefore, theories of beams are often adopted to develop their corresponding behaviour 

models [124, 127-130]. Figure 2-29 shows the transverse loading of an open cellular 

structure, represented by the mid-span concentrated transverse loading of a beam fixed at 

both ends. This load case is often thought of as the critical transverse loading scenario for 

a cellular structure [132]. 

 

Figure 2-29. A mid-span concentrated transverse loading of a beam fixed at both ends, similar to one used in building 

cellular structures [132] 

For simplicity, the ensuing analysis is based on a beam with a rectangular cross-section with sides of 

breadth b and depth h, both of which are equal and may be represented by symbol t. Figure 2-30 shows the 

cross-section and the associated parameters used. 

 

Figure 2-30. Cross-section of rectangular beam and corresponding parameters adopted 

The cross-sectional parameters of a rectangular beam that are observed in Figure 2-30 are used to 

derive the second moment of area I presented in Equation 2.3. 
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𝐼 =
𝑏ℎ3

12
=

𝑡4

12
                                          (2.3) 

Following the determination of the second moment of area, Equation 2.4 shows the maximum bending 

deflection, ymax, due to transverse loading of the beam structure at midspan with both ends fixed, as 

determined by beam theory. 

𝑦𝑚𝑎𝑥
=

𝜖

𝑅
=

𝐹𝐿3

192𝐸𝐼
=

𝐹𝐿3

16𝐸𝑡4                                   (2.4) 

The symbols ϵ, R, F, L, and E represent the normal strain, radius of curvature, applied load, beam 

length, and elastic modulus of the material, respectively. The expression in Equation 2.4 highlights the fact 

that the maximum transverse deflection, ymax of ribs/beams for a cellular structure is inversely proportional 

to both the modulus of elasticity E of the chosen material of the structure and inversely proportional to the 

t raised to power 4. These relationships are from the equation seen to be linear and non-linear, respectively. 

This implies that the cellular structure with a greater value of parameter t will be able to withstand higher 

transverse loads than one with a smaller value. This is consistent with the observations in reference [132].  

The maximum bending stress 𝜎𝑏𝑚𝑎𝑥
 generated in the cell walls or ribs of a transversely loaded cellular 

structure is determined using the following general equation for bending [124, 130, 132].  

𝜎𝑏𝑚𝑎𝑥
=

𝑀𝑚𝑎𝑥

𝐼
𝑦                   (2.5) 

The symbol Mmax represents the maximum bending moment experienced under transverse load F on 

the ribs building up the cellular structure. For mid-span concentrated loading, the Mmax is typically 

described by Equation 2.6. 

𝑀𝑚𝑎𝑥 =
𝐹

2
𝑥 =

𝐹𝐿

4
        for 𝑥 =

𝐿

2
                                (2.6) 

The symbol L represents the length of the transversely loaded beam or rib of the cellular structure. 

Substituting Equation 2.3 and 2.6, with expressions for I and Mmax, respectively into Equation 2.7 gives rise 

to the following expression for 𝜎𝑏𝑚𝑎𝑥
: 

𝜎𝑏𝑚𝑎𝑥
=

3𝐹𝐿

𝑡4 𝑦                                                      (2.7)  

From the numerous studies conducted on the behaviour of loaded beam structures [124-130, 132], it is 

known that 𝜎𝑏𝑚𝑎𝑥
 occurs on the outermost fibres of the ribs or beams building up the cellular design.  

Therefore, Equation 2.7 can be simplified to: 

𝜎𝑏𝑚𝑎𝑥
=

3𝐹𝐿

2𝑡3                                            (2.8)                                               

Clearly, from Equation 2.8, 𝜎𝑏𝑚𝑎𝑥
 is inversely proportional to parameter t raised to power 3. The 

relationship is non-linear, which is consistent with the observations made in references [126-130]. The 

maximum bending stress, 𝜎𝑏𝑚𝑎𝑥
 is also seen from the equation to increase with increasing L/t3 ratio. In 

addition to the bending stresses, shear stresses also play a significant part in the structural stability of lattice 

structures. Understanding how shear stresses are distributed within the connecting members assists in 

ensuring that they remain within the elastic limit of the material to prevent premature failure. The shear 

stress induced in the rectangular cross-section ribs for a transverse concentrated load F is described by 

Equation 2.9 as follows [132]. 

𝜏𝑥𝑦 = 𝑉
𝐴𝑦̅

𝑏𝐼
=  

3𝐹

𝑡4 [(
𝑡

2
)

2

− 𝑦1
2]                                (2.9) 
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The symbol V in Equation 2.9 represents the transverse shear force induced in each rib of the chosen 

lattice design. Parameter V for the centrally loaded, simply supported beam is known from standard 

engineering texts to be equal to F/2. The maximum transverse shear stress is known to occur at the 

centroidal axis where the parameter y1 is equated to zero, thus reducing Equation 2.9 to [132]: 

𝜏𝑥𝑦|
𝑚𝑎𝑥

=
3𝐹

4𝑡2                                         (2.10)                                        

The maximum transverse shear stress is seen from Equation 2.8 to be inversely related 

to the parameter t  raised to the power 2. As with Equations 2.2 and 2.6, this  relationship is 

non-linear. Thus, small changes in the parameter  t  could result in significant differences in 

the maximum transverse shear stress . From the expressions presented in Equation 2.7 and 

2.9, the ratio between the maximum bending stress and the maximum transverse shear stress 

is derived as:   

𝜎𝑏𝑚𝑎𝑥

𝜏𝑥𝑦|
𝑚𝑎𝑥

= 2 (
𝐿

𝑡
)                                                                               (2.11) 

Since the ratio L/t  for cellular structures is always greater than unity, the ratio 

𝜎𝑏𝑚𝑎𝑥
/𝜏𝑥𝑦|𝑚𝑎𝑥  will always be greater than one. This, combined with the knowledge that shear 

yield stress is known to be equal to half the direct yield stress [132], suggests that failure 

for such cellular structures is  L/t  more times probable to occur due to induced bending 

stresses than from induced shear stresses, for a concentrated load applied at midspan. This 

is similar to what has been reported in references [ 124, 132].  The L/t  ratio for cellular 

structures typically equals at least 5, which ensures sufficient structural stability. This ratio 

helps maintain the material’s ability to resist bending deformation under loads  [124, 130].  

Gibson and Ashby [130] reported that either direct or buckling deformation is likely to 

occur in the case of longitudinal loading of the rib or beam structures used to build cellular 

parts. In its simplest form, the direct deformation of a unit rib or beam used to build cellular 

designs can be represented by the expression for direct stress given here as Equation 2.12. 

𝜎𝑥(𝑎) = −
𝐹

𝐴
= −

𝐹

𝑡2                              (2.12) 

The symbol A represents the cross-sectional area bh = t2, whereas the minus (-) sign represents 

compression loading. The longitudinal stresses are caused by the internal opposition to the externally 

imposed axial load F, causing compressive or tensile behaviour in the beam [132]. Therefore, the direct 

deformation δ caused by direct axial loading of the beam can be represented as shown in equation 2.13.  

𝛿 =
𝑃𝐿

𝐸𝐴
=

𝑃𝐿

𝐸𝑡2                         (2.13) 

The symbol E represents the modulus of elasticity of the chosen material. Buckling deformation can 

also occur in these structurally thin members, also referred to as struts, under direct axial loads. This 

deformation behaviour is determined by the stiffness, boundary constraints, and the value of the load that 

is imposed on the struts. Figure 2-31 shows the buckling behaviour of a strut in an open cellular 

configuration with fixed ends. Their critical load results in buckling along the effective length LE, as 

highlighted in the figure [132]. 
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Figure 2-31. A strut fixed at the ends under direct axial loading [143] 

Based on the general Euler buckling theory, Gibson and Ashby [ 124, 130] derived the 

critical buckling load  P cr  as presented in Equation 2.14. 

𝑃𝑐𝑟 =
𝜋2𝐸𝐼

𝐿𝑒
2 =

𝜋2𝐸ℎ𝑏3

12𝐿𝑒
2 =

𝜋2𝐸𝑡4

12𝐿𝑒
2                        (2.14) 

The critical buckling stress σe  of a strut is determined from Equation 2.14 as:  

𝜎𝑒 =
𝑃𝑐𝑟

𝐴
=

𝜋2𝐸𝑡2

12𝐿𝑒
2                             (2.15) 

The following section compares the critical buckling stress, maximum bending stress, 

and maximum transverse shear stress under the same applied point load F. This comparison 

is essential to assessing the relative significance of each stress type  and serves as the core 

conclusion of all the theories presented in this section.  

The elastic deformation behaviour of closed cellular structures is arguably more 

complicated compared to that of open cellular structures. For closed cellular structures, 

cases of internal pressure combined with the transverse as well as direct loads in the vertices 

must be considered [124, 127-128]. The deformation of closed cellular structures involves 

not only the effects of these last two types of loads  but also the stretching of cell wall 

membranes under internal pressure. The pressure generated inside closed cellular 

structures is caused by the compression of fluids enclosed in cavities found in the cellular 

cells and the corresponding shortening and lengthening of the cell walls [130-131]. Figure 

2-32 shows a hexagonal closed cellular structure, in addition to the two orientations in 

which the cellular structure extends under applied internal or external pressure [130].  
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Figure 2-32. A hexagonal closed cellular structure, (a) the geometry before deformation, and (b) the stretching 

deformation in the x- and y-directions [130] 

Given that pressure loads act over finite areas, the load is considered to be uniformly 

distributed across the span, and therefore, the effects of stress concentration are 

often disregarded. Depending on the magnitude of the ratio L/t , a loaded cell wall could be 

regarded as a thick or thin plate with fixed-end constraints on all four edges [124, 130-134]. 

Cellular structures typically occur as thin plates, which effectively minimizes the usage of 

material usage, while interconnection of the walls provide s additional restraint of each wall,  

thus maintaining the structures' overall load-bearing capacity [13, 124, 130, 135-137, 138].  

The classical theory of plates, specifically the Love Kirchhoff's theory with its eight 

assumptions [139], can be used to determine the deflection and stresses induced in them by 

any applied loads.  

The case of bending moments (Mx and My) acting on the edges of a plate is represented as 

shown in Figure 2-33, which for a thin plate leads to the generation of a 2D stress state [139].  

 

Figure 2-33. A 2D representation of a thin plate under x- and y-directional bending moments [139] 

It is clear from Figure 2-33 that the induced bending moments due to externally applied loads cause 

out-of-plane bending deflections of the thin plates in cellular structures. Such bending deflections are 

counteracted by opposing bending moments induced by pressure generated inside closed cellular 

structures, which is caused by the compression of fluids contained in the cavities found in them. 

Consequently, closed cellular architecture deforms not just at the vertices connecting unit cells but also 

because of in-plane stretching of the thin walls used to encapsulate the fluids inside their cavities. Equations 

2.16 and 2.17 determine the bending moments generated by a thin plate in the x- and y-direction, 

respectively, as a function of the in-plane mutually orthogonal radii of curvature and parameter D, which 

is defined as shown in Equation 2.18 [140]. 
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𝑀𝑥 = 𝐷 [
1

𝑅𝑥
+

𝜈

𝑅𝑦
]                                          (2.16)  

𝑀𝑦 = 𝐷 [
1

𝑅𝑦
+

𝜈

𝑅𝑥
]                                          (2.17) 

𝐷 =
𝐸𝑡3

12(1−𝜐2)
                              (2.18) 

The symbols D, v, t, and R represent the flexural stiffness, Poisson’s ratio, the thickness of the unit cell, 

and radii of curvature of the loaded thin plate, respectively. The direct stresses in a thin plate are inversely 

related to the radii of curvature and directly proportional to the distance from the neutral plane, through 

the thickness of the plate [139, 141]. It has been shown in standard engineering textbooks that with some 

manipulation, the foregoing equations reduce to Equations 2.19 and 2.20 for the direct in plane-stresses 

induced in such plates [139]  

𝜎𝑥 =
12𝑀𝑥𝑡

ℎ3                                            (2.19) 

𝜎𝑦 =
12𝑀𝑦𝑡

ℎ3                                            (2.20) 

2.7.4 Proposed model combining direct, buckling and bending deformation behaviour of lattice designs 
Integrating direct, buckling and bending deformation behaviours in a new model 

proposed here for lattice structures is expected to result in better predictions of their 

mechanical deformation behaviour. The proposed model is based on the free body diagram 

shown in Figure 2-34, showing two connected ribs of an open lattice structure under 

combined direct and bending loads.   

 

Figure 2-34. Combined direct, buckling and bending deformation of ribs used to build open lattice structures 

To determine which one of the direct, buckling and bending deformations arising from the load shown 

in Figure 2-34 is critical, the direct and shear yield stresses of the material must be combined in a single 

function together with the direct, shear and bending loads arising from the applied load in the structure. 

This approach provides a better means of accessing the failure of lattice structures as opposed to the 

prevalent approach that carries out the analysis load by load and member by member [1, 124, 126]. It is 
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known that the maximum bending moment and bending stress at yield in the horizontal member in Figure 

2-34 will occur at midspan and are given by the following respective expressions [132, 139]: 

𝑀𝑚𝑎𝑥 =  
𝐹𝐿

4
                                           (2.21) 

𝜎𝑦 =
𝐹𝐿

8𝑡3                                                                                                                                             (2.22) 

where the terms F, L σy, and t in these two equations stand for applied load, length of the beam or 

strut, bending stress at yield, and thickness of the walls of the beam or strut, respectively. To determine the 

maximum allowed bending load 𝐹𝑏𝑚𝑎𝑥
, at yield, the th applied load (F) is made the subject in Equation 2.22 

at this maximum allowed value, thus: 

𝐹𝑏𝑚𝑎𝑥
=

8𝜎𝑦𝑡3

𝐿
                                                       (2.23) 

In the case of buckling of the vertical rib in Figure 2-34, the critical load presented here as 𝐹𝑒 | 𝑚𝑎𝑥
 is 

equated to the term for the first mode of buckling in the Euler equation thus [139]: 

𝐹𝑒 | 𝑚𝑎𝑥
=

𝜋2𝐸𝐼

𝐿𝑒
2 =

4𝜋2𝐸𝐼

𝐿2 =
𝜋2𝐸𝑡4

3𝐿2                           (2.24) 

The buckling stress σ𝑒 |𝑚𝑎𝑥  (not yield stress) at this critical buckling load is obtained from the ratio of 

this critical load and the cross-sectional area of the strut 𝐴 = (𝑡2) thus giving rise to the relationship: 

𝐹𝑒 |𝑚𝑎𝑥
= σ𝑒 |𝑚𝑎𝑥

A = σ𝑒 |𝑚𝑎𝑥
𝑡2                 (2.25) 

Substituting this expression into Equation 2.28 and making the direct stress at this critical load the 

subject leads to the equation: 

σ𝑒 |𝑚𝑎𝑥
=

𝜋2𝐸𝑡2

3𝐿2                                   (2.26) 

The compressive maximum allowed direct stress σ𝑦 is determined as follows: 

 σ𝑦 |𝑚𝑎𝑥
=

𝐹

𝐴
=

𝐹

𝑡2                (2.27) 

Therefore, the critical direct load is equal to: 

 F𝑑|𝑚𝑎𝑥
= σ𝑦𝑡2                (2.28) 

The applied loads for critical direct and buckling as well as bending stresses induced in the vertical 

strut as well as the horizontal strut of the lattice structure are given by the ratio of Equations 2.28 and 2.24, 

as well as 2.23, respectively, thus: 

 𝐹𝑑𝑚𝑎𝑥
: 𝐹𝑒 |𝑚𝑎𝑥

: 𝐹𝑏𝑚𝑎𝑥
= σ𝑦𝑡2:

𝜋2𝐸𝑡4

3𝐿2 :
16𝜎𝑦𝑡3

𝐿
             (2.29) 

This relationship may be simplified to: 

 𝐹𝑑𝑚𝑎𝑥
: 𝐹𝑒 |𝑚𝑎𝑥

: 𝐹𝑏𝑚𝑎𝑥
= 1:

𝜋2𝐸𝑡2

3𝐿2σ𝑦
:

16

𝐿
                  (2.30) 

Substituting typical values of the parameters E, t and L for materials used to produce lattice structures 

of thin walls shows that the largest, second largest and lowest values of these loads are for buckling, 

bending and direct loads, respectively. Based on the foregoing analysis, the most critical mode of failure 

for the applied load shown in Figure 2-34 is direct, followed by bending and, lastly, buckling. However, 
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this analysis is limited, as it considers each of these modes of failure separately. Direct, bending, transverse 

shear and possible buckling should be considered together, as is done in the next section. 

2.7.5 Suggestions on the application of Tresca and von Mises failure criteria to the deformation 

behaviour of lattice designs 
The Tresca and von Mises failure criteria find application in engineering for predicting 

the failure of materials under complex stress conditions [ 141]. Though these criteria are 

generally used to predict the failure of components made of  homogenous materials [141-

143], they can also be applied to lattice structures. To the best knowledge of the author, 

there are no analytical models available in the literature describing the use of these failure 

criteria on lattice structures. The Tresca criterion, also referred to as the maximum shear 

stress theory, suggests that a material fails when its maximum shear stress exceeds a critical 

threshold [141]. The Tresca criterion can be used for lattice structures by considering the 

stress condition at critical points within the structure, such as interfaces of cells or locations 

with high-stress concentrations. The criterion can be used to determine the  start of yielding 

or plastic deformation in lattice parts, particularly in areas where shear loads are 

predominant. The von Mises criterion, referred to as the equivalent stress or distortion 

energy criterion, contends that a material fails when its equivalent von Mises stress exceeds 

a critical value [142-144]. This criterion is commonly employed for ductile materials and is 

particularly useful in predicting failure under combined loading conditions [ 141-144]. For 

lattice structure both the Tresca and von Mises criteria can be used to determine the 

equivalent failure stress based on the prevailing principal stresses at specific spots on the 

structures. Both criteria can be used in cases where tensile, compressive, and shear stresses  

occur simultaneously.  

To provide proof of the value of the two suggested failure standards, the author 

analyses a beam structure similar to that used as a building block for lattice parts under 

loads in order to determine the limiting loads.  The present work examines the failure of a 

beam structure under the already discussed transverse and direct loads using a 2D principal 

stress example. This is the case because beam structures used for building cellular designs 

are often viewed as plane stress problems. Plane stress occurs in cases where the out -of-

plane direction is very thin  to carry no stress in that direction.  Combining the equation for 

principal stresses and the Tresca criterion for a  plane gives rise to Equation 2.31. 

 𝜏𝑦
𝜎1−𝜎2

2
=

√(𝜎𝑥−𝜎𝑦)
2

+4𝜏𝑥𝑦
2

2
 (2.31) 

For the type of loading shown in Figure 2 -34, the direct stress σy  is zero, which 

transforms Equation 2.31 to one seen in Equation 2.32. From the Tresca failure criterion, the 

failure shear stress  Ʈy  is equivalent to the largest difference of the principal stress divided 

by two, as shown in equation 2.34. By substituting the imposed bending, direct, and shear 

maximum stresses into Equation 2.32 yields Equation 2.33.  

𝜏𝑦 =
𝜎1−𝜎2

2
=

√𝜎𝑥
2+4𝜏𝑥𝑦

2

2
                          (2.32) 

Substituting the expressions for the direct, bending and transverse shear stresses for 

the load case shown in Figure 2-34 into Equation 2.32 in terms of the applied load F  gives 

rise to the following equation for the stress at which shear failure occurs:  

𝜏𝑦 = √(−
𝜋2𝐸𝑡2

3𝐿2 −
𝐹𝐿

8𝑡3)
2

+ 4 (
3𝐹

4𝑡2)
2

                           (2.33) 
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This expression explains the relationship between direct, bending, and transverse shear 

stress. Buckling stress is accounted for in this study by assuming that direct and buckling 

deformation occur concurrently, the latter being the most critical load case. For the titanium 

alloy referenced in this work, the shear yield stress is obtained from the known value of 

yield stress of 790 MPa [13], based on the known ratio of shear yield stress to direct yield 

stress of 2 [139]. Substituting this value of shear yield stress into Equation 2.33 and making 

the applied load, F.  The subject of the resulting expression transforms the equation to 

𝐹 =
−8𝑡3(𝜋2𝐸𝐿𝑡2+12√−𝜋4𝐸2𝑡6+3.693×1039𝐿6+5.318×1044𝐿4𝑡2

3𝐿2(𝐿2+144𝑡2)
           (2.34) 

As was earlier pointed out in Figure 2-34, the beam structure acting as the building 

block for cellular designs is subjected to compression axial reaction loads on both sides. The 

region above the neutral axis is expected to be under tension, whereas the part below the 

neutral axis is predicted to be in compression. The derived shear yield strength indicates 

that the combined effect of bending and axial loading will result in greater magnitudes of 

compression stresses in certain regions of the materia l. This implies that the structure is 

likely to fail under compression first as compared to tension, which supports the 

supposition made earlier for using the highest numerical value of axial stresses.   

Following a similar procedure for the von Mises failure criterion  applied to a case of 

planar stresses in which the stress, 𝜎𝑦, is equal to zero, the following expressions for the 

shear yield stress and applied load arise:   

𝜏𝑥𝑦 = √
𝜎𝑦

2−𝜎𝑥
2

3
                        (2.35) 

3𝐹

4𝑡2 = √
(790×10)6−𝐹 𝑡2⁄

3
                                   (2.36) 

𝐹 =
−16𝑡2+√(16𝑡2)2−28×(−(790×106)×16𝑡4)

54
                                                      (2.37) 

An expression for the ratio of the calculated load F  in both situations is developed and 

compared to determine their relationship, as illustrated in the expression below.  

𝑅𝑎𝑡𝑖𝑜 =  
𝐹𝑉𝑜𝑛 𝑀𝑖𝑠𝑒𝑠 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛

𝐹𝑇𝑟𝑒𝑠𝑐𝑎 𝑀𝑖𝑠𝑒𝑠 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 𝑐𝑟𝑖𝑡𝑒𝑟𝑖𝑜𝑛
=

−(16+√354560×106)×(𝐿2+144𝑡2)

144𝑡(𝜋2𝐸𝐿𝑡2+12√−𝜋4𝐸2𝑡6+3.693×1039𝐿6+5.318×1044𝐿4𝑡2)
         (2.38) 

In this ratio, the geometrical parameters L  and t  appear in nonlinear terms, indicating 

that larger dimensions (reflected by L2) and thicker structures (through t2) influence the 

distribution of stresses and, consequently, the failure loads predicted by each failure 

criterion. The ratio offers insights into how sensitive the structure’s failure response is to 

variations in geometry. For example, if L2+144t2 dominates, this signifies a considerable 

geometric impact on structural integrity. Additionally, the presence of t  in the denominator 

underscores the role thickness plays in either amplifying or mitigating the ratio, which in 

turn affects whether the von Mises or Tresca failure criterion governs the response. The 

complex square root term in the denominator, sqrt(−π 4E2t6+3.693×1039L6+5.318×1044L4), 

suggests that the ratio accounts for nonlinear interactions between material and geometric 

factors. This indicates that structural behaviour, especially under high loads, may exhibit 

nonlinear characteristics. The balance between material elasticity (represented by E) and 

geometric contributions from L and t  can lead to critical thresholds, where the dominant 

failure mode transitions between the von Mises and Tresca criteria.  
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2.7.6 Analytical models of lattice structures built with polygon hollow shapes  

This section briefly reviews lattice architectures built with different polygon hollow shapes. Its 

purpose is to draw attention to the often-used polygon hollow shapes in the design of lattice structures. 

Lattice structures that incorporate polygonal hollow shapes do so by building a configuration of 

interconnecting beams or struts structured in a grid-like pattern. These polygonal hollow shapes, which 

may comprise triangles, hexagons, rectangles/squares, circles or other types of polygons, are used as the 

basic building blocks of lattice structures. The strut-and-node structures differ from the polygonal hollow 

cells that are the subject of this chapter in that the latter have walls, while the others do not. Figure 2-35 

shows polygon hollow shapes typically used in engineering applications [11, 145].  
 

(a) Different polygon hollow shapes designed by connecting solid struts 

   
Triangular hollow strut 

shapes 
Square hollow strut shapes 

        Hexagonal hollow strut shapes 
 

(b) Different polygon hollow shapes designed by connecting beams/plates and struts 

   

Triangular hollow beam/plate 

shapes 

Square hollow beam/plate 

shapes 

Hexagonal hollow beam/plate 

shapes 

Figure 2-35. Typical polygon hollow shapes built using (a) struts [14] and (b) plates/beams [145] 

Figure 2-35(a) shows struts being used as the basic building blocks for polygonal hollow structures, 

whereas Figure 2-35(b) displays beams or plates as the alternative basic building blocks. Given that such 

polygon hollow structures can be built with either one of the two types of basic building blocks, it is 

imperative to make an informed decision on the best choice using analytical models that describe their 

respective behaviour [135, 145]. As a result, it is crucial to conduct a comparative examination of the 

behaviour of polygon hollow shapes built using the two building blocks to rank them regarding their 

mechanical efficiency. Additionally, for lattice structures with the same dimensions, it is important to 

determine the difference in the amount of material used to design these structures based on the two types 

of building blocks [135]. Polygon hollow structures built with struts are predicted to use less material than 

the ones built with beams or plates [11, 135]. This is because the latter type of building blocks requires the 

use of more material than adopting struts [145].  

In its entirety, selecting between struts and beams in the design and manufacturing of polygon-

based lattice structures is determined by the engineering application’s particular requirements [135]. When 

simple, straight-line load pathways are preferred and efficiency in the usage of materials and axial stiffness 
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are crucial, struts are typically used [11]. Beams, in contrast, provide a higher degree of flexibility in terms 

of how to apply loads and have the capacity to carry loads with more complex distributions [81]. However, 

their manufacturing could prove more challenging in terms of the selection of materials, speed of 

manufacturing, and scaling of parts, in addition to requiring more material [145]. The choice between struts 

or beams/plates must, therefore, be based on a careful analysis of the primary structural specifications, cost, 

and desired design outcomes of a project. 

Analytical modelling of lattice structures constructed with polygonal hollow shapes requires the 

development of mathematical representations and equations to describe the geometrical and mechanical 

properties of these structures. This modelling approach is critical for predicting how these structures 

respond to different loads and assists engineers and designers in optimizing their structural designs. The 

next subsection contains a review of several pertinent analytical models available in the literature for 

polygon hollow structures built with plates as the basic building blocks. 

Geometry representation models of selected polygon hollow structures. Geometrical representations 

of four polygon unit cell shapes, including the hexagon, triangle, square, and circle, are adopted to 

determine the relevant geometric parameters used to describe the various lattice designs. Figure 2-36 shows 

one of the most used polygonal shapes and its geometrical parameters, the hexagonal cell inspired by the 

honeycomb [145].  

 

Figure 2-36. (a) Natural beehive honeycomb and (b) regular hexagonal geometry of a honeycomb [145] 

These geometrical parameters are modelled and represented in the form of density equations for 

the four polygonal hollow shapes of the hexagon, triangle, square, and circle, as illustrated by the following 

equations [135].  
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=
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where the symbols t and L, R, and 𝜌∗and 𝜌𝑠 represent the wall thickness and length of the polygon 

hollow walls, radius of a unit circular cell, and density of the polygon hollow structure and the solid 

material for the cell wall, respectively. The parameters 𝜌ℎ
∗ , 𝜌𝑡

∗, 𝜌𝑠
∗, and 𝜌𝑐

∗ denote the densities of regular 

hexagonal, triangular, square, and circular structures, respectively. Equations 2.39-2.42 show that the 

relative densities of each of the four polygon hollow cells are related to their ratios of wall thickness t to 

wall length L. These ratios have a significant impact on the stiffness of polygonal hollow structures. When 

the thickness (t) is greater than the overall dimension (L), the structure is more resilient to deformation. The 

material is distributed over a larger cross-sectional area in this case, resulting in an improved stiffness. 

Structures are referred to as thin-walled when their thickness is ten times or less smaller than the overall 
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dimension L. Structures with thin walls are more prone to buckling deflection and are less resilient. Their 

stiffness is lower given the fact that buckling deflection will precede direct deformation for such thin cross-

sections. In investigating all four polygon designs discussed in this review, consistency is guaranteed by 

considering t/L ratios lesser or equal to 0.1. 

Numerous studies [135-136, 145-148] have, however, ignored analytical modelling of the effects of 

the connections at the nodes of polygonal hollow structures on their stiffness. This is a concern because 

numerous studies [145, 149-152] suggest that vertices are highly stressed regions, which, thus, are prone to 

failing first under applied loads. The authors are currently focusing on this challenge in their ongoing 

research. 

Analytical models for predicting the behaviour of selected polygon hollow structures. Analytical 

models predicting the structural behaviour of lattice structures are available in the literature for in-plane 

and out-of-plane loads [135-136, 146–152]. The in-plane and out-of-plane loads for the analytical models 

derived for polygon hollow structures based on plates/beams are depicted in Figure 2-37. 

       (a) 

 

(b) 

 

(c) 

Figure 2-37. (a) in-plane and out-of-plane loading of a plate, (b) out-of-plane bending on the left and in-plane bending 

on the right, and (c) planes of walls before and after bending 

Analytical models for polygon structures, such as hexagonal hollow shapes built with plates or 

beams, have been developed using tensile or compressive loads, which leads to respective tensile or 

compressive deformation behaviour [135-136]. Numerous studies have investigated these two deformation 

behaviours for three mutually orthogonal directions [135]. Figure 2-38 illustrates the three mutually 
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orthogonal directions used in studying the deformation behaviour of polygonal structures, in this case, a 

hexagonal hollow structure.  

 

Figure 2-38. A typical hexagonal hollow structure showing all three mutually orthogonal directions in which the 

behaviour of polygonal hollow structures is analysed 

Currently, the analytical models for the deformation behaviour of polygonal structures that are 

available in the literature only describe the bending stiffness of these hollow structures with respect to their 

elastic moduli [135, 145-146] and predict their load-bearing capacity with reference to the yield stress of 

their wall-material [62, 64]. Polygonal structures are particularly useful in applications for high-energy 

absorption [11, 13, 16, 20, 23, 145, 147-151, 153-155]. Given the fact that there are no specific models for the 

absorption mechanisms of energy for polygon hollow structures, this poses a challenge in accurately 

predicting their related behaviour. Presently, the analytical models that are available in the literature for 

use in predicting the absorption mechanisms of energy for polygon hollow structures are predicated on 

general mathematical equations that describe the strain energies caused by bending, tensile, and shear 

loading [23, 135-136, 145]. A supposition is being investigated by the authors in ongoing work, and the two-

stage stress-strain curve typically used for predicting the behaviour of lattice structures is not accurate as 

it does not represent all the deformation mechanisms taking place in a lattice structure. This presents a clear 

limitation regarding having specific analytical models for describing the energy-absorption behaviour of 

polygon structures. Therefore, further investigation is required to address these gaps in knowledge with a 

view to building more accurate analytical models to describe the deformation behaviour of polygon hollow 

structures. For particularly porous materials such as polygon hollow structures, the Gibson–Ashby model 

is typically employed to relate their stiffness and yield strength to density [146].  

The Gibson–Ashby model for a regular hexagonal hollow cell. Figure 2-39 shows a unit planar 

hexagonal hollow cell with two mutually orthogonal planar in-plane directions of loading indicated. 

Equation 2.45 represents the analytical model describing the behaviour of a planar hexagonal polygon 

structure when subjected to loads in the in-plane directions [135, 146].  

 

Figure 2-39. A planar unit hexagonal cell showing two mutually orthogonal planar in-plane directions of loading 

The stiffness of the hexagonal hollow cell is seen from Equation 2.43 to be related directly to the 

third power of the ratio (t/L), which from Equation 2.39 implies a direct relationship to the third power of 

the relative density of the cell [135]. 
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𝐸𝑦
∗ = 𝐸x

∗ =
4

√3
 𝐸𝑠 (

𝑡

𝐿
)

3

               (2.43) 

The symbols 𝐸∗ and 𝐸𝑠 in this equation represent the elastic modulus of the polygon hollow 

structure and that of the solid material of the polygon walls, respectively. Subscripts y and x in the 

parameter 𝐸∗ represent the y- and x-directions, respectively. It is garnered from Equation 2.43 that the 

stiffness of the structure with respect to its elastic modulus grows with an exponential of order 3 of the 

ratio t/L for a hexagonal hollow structure loaded in the two planar in-plane directions, individually. 

The Gibson–Ashby model of an equilateral triangular hollow cell. 

Figure 2-40 shows a unit planar triangular cell highlighting the directions for the planar in-plane 

loading of an equilateral triangular hollow cell. Equation 2.44 represents the analytical model describing 

the behaviour of a planar triangular polygon structure when subjected to loads in the in-plane directions 

[135, 146]. 

 

Figure 2-40. A planar unit triangular hollow cell showing two mutually orthogonal planar in-plane directions for 

loading 

For this triangular hollow structure, Equation 2.44 represents stiffness in each of the two planar in-

plane directions [135]. 

𝐸𝑦
∗ = 𝐸𝑥

∗ =  1.15𝐸𝑠 (
𝑡

𝐿
)             (2.44) 

It is observed that the stiffness of the triangular hollow cell is directly related to its relative density, 

which, from Equation 2.44, is known to be equal to the t/L ratio. This difference in the relationship of 

stiffness to the t/L ratio between a hexagonal hollow cell and a triangular hollow cell is because the 

triangular hollow cell deforms primarily through the axial deformation of the cell walls, as opposed to the 

hexagonal hollow cells, which deform predominantly through the bending of the cell walls [135, 145, 149]. 

Equations 2.43 and 2.44 show that the triangular hollow polygon cell is less stiff than the hexagonal hollow 

cell under planar in-plane loading by a factor of 2. 

The Gibson–Ashby model of a square hollow cell. Gibson and Ashby [135] suggested that the 

stiffness behaviour of a square hollow structure was comparable to that of a triangular hollow structure 

built using the same relative density. In addition, square hollow structures are designed for particularly 

anisotropic structural applications [145]. Inherently, the square hollow structure consists of two mutually 

parallel stiff walls and another two mutually parallel walls that are perpendicular to the first set of walls, 

which are particularly prone to transverse bending deflections when subjected to planar in-plane loading 

[135]. A unit planar square cell showing the planar in-plane directions of loading for a square hollow cell 

is shown in Figure 2-41. 
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Figure 2-41. A planar unit square hollow cell showing two mutually orthogonal planar in-plane directions of loading 

Equation 2.45 represents the stiffness behaviour in either of the two planar in-plane directions of 

the square hollow cell [135]: 

𝐸𝑦
∗ = 𝐸𝑥

∗ = 𝐸𝑠 (
𝑡

𝐿
)              (2.45) 

The ratio of the stiffnesses of the triangular and square hollow cells is seen from Equations 2.44 and 

2.45 to be 1.15, with both stiffnesses being directly related to the relative density. Therefore, the triangular 

hollow cell ranks higher than that of the square hollow cell by a factor of this ratio of 1.15, with reference 

to transverse stiffness. However, longitudinal deformation was observed to be more prevalent in the 

triangular hollow cell than in the square hollow cell [135]. Gibson and Ashby [146] determined that the 

triangular hollow cell underwent less than 2% deformation due to bending loads and that more than 90% 

of its primary deformation was a result of longitudinal loads. They further found that the square hollow 

cell deformed by close to 13% due to bending loads and that approximately 80% of its deformation was 

caused by longitudinal loads. Stiffness was determined by these two authors to be critical for transverse 

loads. 

The Gibson–Ashby model of a circular hollow cell. A circular unit cell illustrating the two mutually 

orthogonal planar in-plane directions of loading for a circular hollow cell is shown in Figure 2-42. 

 

Figure 2-42. A planar circular unit hollow cell showing two mutually orthogonal planar in-plane directions of loading 

Equation 2.46 represents stiffness in either of one of the two planar in-plane directions [135]: 

𝐸y
∗ = 𝐸x

∗ =
8.329

(1−𝜈2)
(

𝑡

𝑅
)

3

𝐸𝑠                      (2.46) 

where symbol ν represents the Poisson’s ratio of the walls of the hollow cell. The circular hollow 

cell under planar in-plane compression loads deforms due to the contraction of the circular unit cells in the 

direction of the applied load, as well as stretching in the perpendicular direction, the direction without an 

applied load [6, 11, 20, 135, 145]. Therefore, the loading and perpendicular directions of the circular hollow 

structure experience a reduction and increase in radius, respectively, upon the application of the load. This 

converts the circular cell into an ellipse [145]. From a comparison of Equations 2.43-2.46, it is evident that 

the circular hollow structure ranks first regarding its transverse stiffness for values of the radius (R) of the 

cell equal to the lengths (L) of the other types of polygon hollow cells considered here. This is because, 

compared to polygon structures with corners, circular shapes transfer stress more uniformly. Stress in a 

circular hollow design tends to be distributed uniformly along its circumference, resulting in an efficient 

load transfer [6, 20]. Stress concentrations are often observed at the vertices of polygonal structures with 
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non-circular unit cells, which in turn serve as weak points. Given that circular designs do not have corners, 

there is a reduced possibility of stress concentrations, leading to them being more resilient against localized 

deformation and deflection [20]. 

It is clear from the analytical models reviewed here that the order of the ranking of the four 

polygonal hollow cells goes from circular to hexagonal, triangular, and square cells, in decreasing order of 

transverse stiffness.  

Analytical models describing the load-bearing capacity of three-dimensional (3D) polygon hollow 

structures loaded in the cell walls’ in-plane directions are lacking in the available literature. Presently 

available analytical models only describe the load-bearing capability of 3D polygon hollow structures for 

loads applied in the cell wall out-of-plane direction [6, 11, 23, 135-136, 145, 149, 152, 156]. This is because 

all the identified studies [145, 157-165] investigating the crashworthiness of polygonal hollow structures 

are based on loading in the cell wall out-of-plane direction as a result of its high capacity to absorb strain 

energy compared to loading in the cell wall in-plane directions. Therefore, there is a need to develop 

analytical models that describe the load-bearing capability of polygon hollow structures loaded along the 

cell wall in-plane direction. 

Gibson and Ashby [135] highlighted the fact that the cell wall in-plane loading of polygon 

structures discussed here could be simplified and represented by a rectangular plate or beam model 

subjected to either direct or buckling loads based on the t/L ratio that was used. They also highlighted the 

fact that the cell wall in-plane loading of polygon structures resulted in relatively smaller changes in the 

load-bearing capacity and stiffness, as the cell wall has insignificant in-plane anisotropy compared to the 

out-of-plane direction. Figure 2-43 shows a hexagonal structure subjected to a cell wall in-plane load [166]. 

 

Figure 2-43. A hexagonal structure under planar in-plane loading [166] 

Predicting the deformation behaviour of polygon structures subjected to cell wall in-plane loads 

accurately depends on the cell wall in-plane geometrical properties [145]. Compared to the cell wall out-of-

plane loading of polygon structures, the cell walls of these structures exhibit a higher stiffness as well as a 

higher load-bearing capacity along the in-plane direction. The cell walls in in-plane loading predominantly 

deform due to stretching, compression, and buckling behaviour instead of the transverse bending 

deflections observed when the structures are loaded in the cell wall out-of-plane direction [135]. 

To determine the cell wall in-plane behaviour, the four polygonal hollow cells discussed here are 

extruded in the in-plane direction to generate 3D cells. To determine the compressive strength related to 

the elastic buckling behaviour, Gibson and Ashby [135] developed an analytical model representing the 

compression strength or crucial buckling stress (𝜎𝑒𝑙
∗ )3 of a hexagonal unit cell subjected to cell wall in-plane 

compression loading given in Equation 2.47: 

(𝜎𝑒𝑙
∗ )3 = 5.2𝐸𝑠 (

𝑡

𝐿
)

3

                                                          (2.47)   

The resulting compressive strength was determined to be 20 times greater than the compressive 

strength calculated for cell wall out-of-plane loading [135]. This suggests a possibility of using hexagonal 
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hollow structures in crashworthy applications for cell wall in-plane loads instead of cell wall out-of-plane 

loads for materials with lower stiffnesses than those presently used for their out-of-plane crashworthiness. 

Currently, available analytical models face the limitation of being based on unit cells rather than 

the overall structure [23, 135-136, 145, 149, 152]. This approach fails to consider the influence of connectivity 

of the unit cells in a structure and, therefore, cannot accurately predict how the final polygon structure 

responds to applied loads. For one, the unit cells are connected at the vertices, which are designated as 

high-stress concentration regions and are prone to failure under lower applied loads [135-136, 145, 149]. 

However, the vertices act to stiffen lattice structures [136, 145]. Therefore, there is a need to build analytical 

models that account for the whole structure’s configuration and introduce the mechanics related to the 

connectivity of cells at the vertices. Furthermore, the analytical models for polygonal shapes under cell wall 

in-plane loading are only available in the literature for hexagon hollow structures. Therefore, analytical 

models should be developed for the other polygonal shapes to accurately predict their behaviour rather 

than having to estimate their response based solely on the available model for the hexagonal hollow 

structure. 

The current analytical models of polygon hollow structures in the literature are typically based on 

the four basic polygon forms, namely the hexagonal, square, triangular, and circular cells presented here. 

Thus, this review of analytical modelling is limited to the foregoing four shapes. Other types of polygon 

hollow shapes that could be adopted in building lattice structures include pentagonal, octagonal, 

dodecagonal, irregular, mixed, kagome, and rhombic shapes, despite the lack of knowledge of their 

corresponding analytical models. Figure 2-44 shows these other types of polygonal shapes that could 

potentially be used for designing hollow lattice parts. 

 

Figure 2-44. Other types of polygonal shapes that could potentially be used in generating hollow lattice designs for 

different engineering applications 

However, numerous research [11, 13, 16, 23, 135-136, 145, 148, 167] have been conducted using 

other types of lattice shapes, excluding the polygonal ones, such as the strut-based, skeletal TPMS-based 

and sheet TPMS-based geometries. Examples of other types of hollow structures adopted in numerous 

studies [11, 13, 145] are shown in Figure 2-7.  

2.8. Efficacy and limitations in designing lattice structures  

2.8.1 Evaluation of lattice structures in mimicking natural cellular structures 

Cellular structures typically occur in nature. These biological structures are created by an 

interconnected network of organic solid struts that form ribs and cell walls. Different examples of cellular 

structures in nature include bone, wood, glass sponge skeletons and honeycomb, which have been 

extensively studied [21, 20, 42-43, 53, 168]. A recent review article [169] on the use of cellular designs in 

engineering structures, focused on the biomimetic design of cellular materials. Figure 2-45 shows micro-

computed tomography (micro-CT) scans of some naturally occurring cellular materials [168]. 
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Figure 2-45. Cellular structures in nature (a-b) barnacle, (c) microstructure of wood material, and (d) structure of the 

human trabecular bone [168] 

Cellular structures in nature have generated considerable interest, and this interest has worked a path 

into functional mechanical engineering via the latest developments in AM technologies [20]. This is because 

the design flexibility of AM technologies allows one to construct lattice structures by mimicking the 

complex cellular designs in nature. Biological cellular materials have been targeted for bioinspiration and 

biomimetic studies, particularly because of their superior mechanical properties, including high stiffness, 

strength, and fracture toughness. Researchers rely on this knowledge to develop structures that mimic the 

hierarchical configuration of biological tissues. In turn, designs of lattice structures that have specific 

geometry and mechanical properties can be attained via this process [13].  

Several benefits of mimicking cellular structures in nature have been highlighted in reference [44]. 

Biological tissues typically show hierarchical structuring, with structures arranged at multiple length scales 

[170]. Lattice structures are designed to mimic natural cellular structures by hierarchically arranging unit 

cells of various degrees of complexity and size. In return, this mimics the structural configuration observed 

in structures of nature [20]. This approach is useful for improving the mechanical properties and 

functionality of lattice structures. In biology, cellular structures are well known for having superior 

mechanical characteristics such as lightweight, high strength-to-weight ratios, and energy absorption [21, 

170]. By optimizing the geometry, unit cell shape, and material composition of lattice structures, mechanical 

characteristics comparable to requirements in various engineering applications are attained [13, 20, 26, 28]. 

This allows for the development of lightweight materials with increased strength and impact resistance, 

which can be used in a variety of applications ranging from biomedical, automotive, and aerospace to safety 

equipment.  

The porosity and permeability of cellular structures allow for the efficient transport of fluids, nutrients, 

and waste products [170]. Lattice structures with controlled porosity are designed to mimic the transport 

properties of biological structures. This is particularly advantageous in tissue engineering, where the 

interrelated scaffolds with porosity allow for the exchange of nutrients and the growth of cells 

simultaneously [20]. Lattice structures can also be customized to mimic tailored biochemical and biological 

functions that occur in natural cellular structures.  

Functional molecules or bioactive agents, for instance, can be integrated into the lattice design to 

promote the adhesion, proliferation, and differentiation of cells, thus making them useful for applications 

in tissue engineering and regenerative medicine [171]. The capacity for self-assembly and reproduction in 

some biological cellular structures permits growth and adaptation. Although artificial lattice structures lack 
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the same degree of complexity, researchers have investigated self-assembly methods to develop dynamic 

lattice structures that can alter their configuration in response to outside stimuli [26]. This mimics the 

evolution and growth of biological structures. However, even though lattice structures offer new 

possibilities for mimicking cellular structures in nature, there are several challenges and limitations to 

consider that are a result of the unique properties of biological tissues [21, 20, 42, 53]. 

Choosing the right materials for lattice structures is crucial in attaining the desired properties. 

However, it is often difficult to determine materials that mimic the mechanical and biochemical properties 

of biological tissues. Although progress has been made in developing biomimetic materials [21, 20, 42, 53], 

matching the full range of properties found in nature, it is still difficult [42, 170]. Wang et al. [172] generated 

four Ti6Al4V scaffolds based on honeycomb designs to repair human bone defects. The elastic modulus, 

strength, and permeability of the four scaffold designs were evaluated in comparison to human bones. Their 

findings showed that the elastic modulus of the four scaffolds was in the 1.6-3 GPa range. This is comparable 

to the range of human trabecular bone (0.1-4.5 GPa). The yield strength in the range, 88-146 MPa, was, 

however, significantly higher than that of the femoral neck (0.56-3.71 MPa). Except for the conventional 

uniform scaffold's excess permeability, the permeability of the other three scaffold designs                            

(1.5x10-8 -4.8x10-8 m2) were all within the range of cancellous bone permeability (0.5x10-8 -5.0x10-8 m2). The 

same trend was observed in reference [173]. The authors found no relevant information in literature that 

provides a direct quantitative comparison of natural cellular structures and their biomimetic architectures 

in terms of coefficients of diffusivity and thermal conductivity.  This is ongoing work by the researchers 

that is primarily focused on improving fluid transportation and heat management systems in industrial 

applications. 

Numerous dynamic behaviour, including shape changes, growth, and responses to stimuli, are often 

observed in biological cellular structures [44, 168]. However, it is difficult to mimic this dynamic behaviour 

in lattice structures. Despite the development of some self-assembling and reconfigurable lattice structures 

[20], these structures typically lack the complexity and adaptability observed in biological structures. 

The ability to integrate with biological structures is of the utmost importance when mimicking cellular 

structures for biomedical applications. Lattice structures must not only mimic the physical properties of 

biological tissues but also interact with surrounding tissues, such as allowing adhesion, cell migration, and 

tissue regeneration [13, 30, 33 174-175]. It continues to be difficult to attain seamless integration of lattice 

structures with biological structures [21, 30]. 

Fabrication of lattice structures is complicated via conventional methods. Traditional manufacturing 

techniques, such as subtractive machining or casting, are often inadequate for lattice structures because they 

require intricate internal geometries that are challenging to attain [13, 175]. Even though AM (3D printing) 

has emerged as a promising technique for fabricating lattice structures, it continues to face challenges 

regarding the selection of materials, speed of manufacturing, and scaling of parts [12, 27, 176-177]. 

The materials used to construct lattice structures have a bearing on their manufacturability. For 

optimum performance, some lattice geometries require materials with specific mechanical properties, such 

as high strength or stiffness [12]. However, not all materials are appropriate for all manufacturing methods 

[25]. Certain lattice structures designed for AM, for instance, could require materials with specific thermal 

properties to ensure efficient printing without deformation or delamination. Choosing materials for lattice 

structures is often difficult due to a lack of material options that are compatible with specific manufacturing 

processes [27, 177]. 

Support structures are often required when building lattice structures, to prevent them from failing or 

deforming during construction. The removal of support structures after manufacturing, however, is often 

time-consuming and could result in surface imperfections or call for extra post-processing steps to achieve 

the desired finish on the surfaces. The manufacturing process thus becomes more complex and costly as a 

result of this and their structural design. In the worst cases, lattice structures have permanent internal 

supports, which means they cannot be removed [12, 27, 175, 176-177]. Research has recommended the use 

© Central University of Technology, Free State



 

62 | P a g e  
 

of improved designs for the lattice structure to ensure that no support is needed inside the lattice regions 

[20]. 

The fabrication of lattice structures, particularly through AM, can be time-consuming. Building 

intricate lattice geometries layer by layer can take a long time, especially for large structures. When there is 

a demand for rapid manufacturing or mass production, this extended production time becomes a drawback 

[44, 177]. Furthermore, because there are often large volumes of leftover powder in areas where the laser 

does not strike during printing, specific manufacturing equipment, and post-processing requirements, the 

cost of manufacturing lattice structures could be higher than that of solid structures [12, 20, 177]. 

The build size of 3D printers can limit the largest dimensions for lattice structures. This can be a 

limitation when attempting to create large-scale lattice components. Secondly, certain lattice geometries 

could prove challenging to produce accurately because of the limitations of resolution of respective AM 

machines or the behaviour of materials during the process of printing [12, 49, 177]. Rahmati [178] 

highlighted that the minimum resolution for a DMLS machine ranges between 10-45 µm. Dropping below 

the minimum resolution will, therefore, result in fewer details of the designed structures being obtained 

[177-178]. Furthermore, structures with thinner walls of less than 1 mm thickness could fail readily due to 

residual stresses generated by rapid cooling during manufacturing [12, 178]. To achieve the desired results, 

printing process parameters ought to be carefully tailored and considered. 

Lattice structures typically have complex geometries with interconnected beams or struts, causing 

them to be highly prone to manufacturing defects.  Manufacturing flaws such as cracks, voids, or 

inconsistencies in the lattice members result in stress concentration points. Stress concentrations occur in 

localized areas of high stresses, thus reducing the overall strength and load-bearing capacity of structures. 

The presence of defects causes cracks to form or propagate, resulting in premature failure under applied 

loads. Manufacturing defects also reduce the stiffness of lattice structures. Irregularities or variations in the 

size, shape, or thickness of lattice members cause irregular deformation and deflection under load. 

This results in reduced stiffness, which is undesirable in applications where rigidity and minimal 

deformation are required. Defects in lattice structures further act as stress raisers, speeding up the initiation 

and propagation of fatigue cracks. Cyclic loading, when combined with the presence of manufacturing 

defects, results in the formation and growth of cracks, thus reducing the fatigue life of structures [8, 12, 177]. 

This shortcoming is particularly crucial in applications where lattice structures are subjected to repeated 

loading or dynamic loads [25]. Furthermore, manufacturing defects have a bearing on the deformation 

properties of lattice structures. In AM procedures, for instance, voids or improper fusion occur in areas of 

reduced material density and irregular powder depths, respectively, thus resulting in differences in 

mechanical properties such as strength, stiffness, and toughness [20, 26, 28]. Such discrepancies could give 

rise to unpredictable behaviour and compromise the lattice structure's overall performance and reliability. 

Lattice structures with intricate internal designs are often challenging to inspect and control during the 

manufacturing process. Conventional non-destructive testing methods such as visual testing, penetrant 

testing, magnetic testing, ultrasonic testing, radiographic testing and eddy current testing often prove 

ineffective for detecting defects within the internal parts and surfaces of the members of lattice structures 

[12, 177]. Therefore, determining and correcting manufacturing defects during sampling becomes difficult 

and increases the risk of creating defective or substandard lattice structures. To overcome these constraints, 

manufacturers must employ stringent measures of quality control, as well as inspection techniques tailored 

to lattice structures. Internal defects and the quality of lattice structures can be detected using advanced 

imaging technologies such as X-ray computed tomography and ultrasound [20]. In addition, optimizing 

manufacturing processes, refining fabrication techniques, and implementing process monitoring can help 

reduce defects and improve the overall quality and reliability of lattice structures [8, 20]. 

The powder is also prone to get stuck in intricate regions, such as between sharp changing edges and 

vertices of lattice designs. This results in reduced density of lattice structures and is potentially 
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hazardous in cases of medical implants. Figure 2-46 shows a micro-CT image of a printed bracket with 

powder stuck inside certain parts of the lattice [20]. 

 

Figure 2-46. Micro-CT scan white contours depicting powder that is stuck inside certain parts of an additively 

manufactured lattice bracket [20] 

After AM of parts, the removal of support structures and powder stuck to them is carried out. Powder 

and support removal methods and their efficacy differ based on the AM process and materials used [12]. 

The preferred methods and efficacy for powder and support removal include the following seven methods. 

(1) Manual removal, which involves manually breaking or cutting off support structures as well as 

removing surplus powder, typically using basic hand tools such as pliers, wire cutters, and brushes. Manual 

removal is efficient for parts with basic geometry and easily accessible support structures. However, 

complex or intricate designs could prove time-consuming and labour-intensive [8]. (2) Blowing with 

compressed air is a rapid and efficient approach to removing powder but is not efficient in removing all of 

the support structures, particularly in difficult-to-reach regions. As a result, the approach is often followed 

by manual removal of any residual support structures [8, 12]. (3) Parts are mechanically agitated in a 

tumbler or vibratory finishing machine using abrasive media such as plastic beads to remove stuck powder 

and support structures. This method works efficiently for parts with complicated geometries and difficult-

to-reach areas. It additionally makes the surface smoother [177]. (4) High-pressure water jets are also highly 

efficient in removing excess powder and support structures, particularly when working with water-

soluble supports and complex parts. However, the strategy might not be entirely suitable for all materials 

[8, 26]. (5) Soaking in a solvent bath such as acetone for some plastics dissolves support material. Ultrasonic 

agitation is typically used to speed up the process. Solvent baths are efficient in removing support structures 

and could result in high-quality outcomes. They might, however, require post-processing to remove any 

leftover solvent from parts. (6) The procedure of heat treatment, also referred to as thermal de-binding, 

involves exposing the part to high temperatures to burn off or evaporate support structures. Heat treatment 

is useful for removing support structures; however, it may require specially designed equipment and 

careful control of the temperature to prevent part deformation [13]. (7) Numerous AM technologies include 

built-in support removal features. To remove supports, these technologies employ automated processes 

such as cutting and milling. Automated processes, particularly for industrial-scale production, are typically 

highly efficient and accurate. They are, however, not available for all AM technologies [8, 12, 26, 175]. 

2.8.2 Constraints in determining the order of hierarchy attainable for hierarchical lattice honeycombs 

(HCs) 

The order of hierarchy in relation to hierarchical HCs refers to the structuring of smaller polygonal 

cell sizes within HC structures [107]. This section points out the numerous factors that determine the level 

of hierarchy attainable in hierarchical HCs. 

The properties of materials that are used to fabricate hierarchical HCs have a direct influence on the 

order of hierarchy attainable. Comprehending the mechanical, thermal, and electrical properties of the 
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selected materials at different hierarchical orders is crucial when undertaking thorough studies on their 

use in specific engineering applications. This is because the behaviour of the structures under external 

loading and environmental conditions is determined by the choice of materials [13, 21, 107]. Furthermore, 

the availability of ideal materials that can be efficiently processed while maintaining the desired levels of 

hierarchy could pose a challenge as well [13, 107, 109].  

Limitations of imaging tools are typically pointed out in literature [58, 62-63, 103-110] and are often 

related to their limited capacities in observing and analysing structures at a scale that is desired. This is 

because HCs have complicated hierarchical features at different lengths and scales that can prove 

challenging to capture in detail [21, 58, 107]. Conventional ways of analysis and measurement can fail to 

include the entirety of the scale spectrum, resulting in its inability to accurately capture every level of the 

hierarchy, as well as the relationships between the differently scaled structures [58, 107]. The complex 

configurations observed within HCs tend to occur at micro and nanoscales [21, 58]. To accurately analyze 

these structural parts, high-resolution imaging methods are typically required. Thus, limitations in imaging 

methods can render it challenging for researchers to get comprehensive details regarding smaller-scale 

structures that are built-in [21, 107]. Given the broad range of the structures, understanding and 

determining the relationships and different hierarchical configurations across different scales is often 

challenging [21]. Numerous numerical values are reported in the open literature [179] that are comparable 

to the typical scales encountered and the level of detail of microscale and nanoscale imaging systems for 

analysing structures such as hierarchical HCs. For instance, the optical microscopy technique offers a 

resolution of 200 nm and is ideal for examining structures larger than 1 μm. The imaging approach is 

effective for analysing structures in the micrometre range but less so for greater levels of detail [180]. In 

contrast, a scanning electron microscopy (SEM) imaging system has a higher resolution (in the range 

of 1 nm) compared to optical microscopy, resulting in it being ideal for thorough microscale investigation 

[181-182]. Transmission electron microscopy (TEM) works well for nanoscale imaging. The TEM imaging 

technology has resolutions of up to 0.1 nm, facilitating the analysis of atomic-scale structures [181]. Atomic 

force microscopy (AFM) gives comprehensive surface topography with resolutions ranging from 1-10 nm, 

which is useful for analysing the characteristics of surfaces at the nanoscale [183]. Cryo-electron 

microscopy (Cryo-EM), on the contrary, allows for imaging with near-atomic resolution, generally around 

0.2 nm. It is typically required for examining the accurate structures of proteins and other biological 

macromolecules [184]. Comprehending the constraints and capabilities of these imaging techniques is 

crucial for determining the best strategy for examining hierarchical HC structures at various scales. 

Blending different imaging strategies often yields a more comprehensive view of these complicated 

systems. 

Numerical modelling of hierarchical HCs involves dealing with complex geometries and multiscale 

interactions. Accurate modelling requires advanced numerical methods such as FE methods, finite 

difference methods, finite volume methods, boundary element methods, multigrid methods, adaptive 

mesh refinement, mesh-free methods, level set methods, discontinuous Galerkin method, and optimization 

algorithms, as well as significant computational resources such as high-performance computing (HPC) 

systems, graphics processing units (GPUs), cloud computing resources, advanced software tools, 

large memory and high-speed networks, and algorithm optimization. It may prove challenging to generate 

feasible computer models for simulating and predicting the hierarchical levels of HCs [11, 13, 107-111]. This 

is because challenges with building accurate numerical models for hierarchical HCs emerge when they are 

required to describe complicated geometries and multiscale interactions accurately, retain high resolution, 

and use advanced numerical strategies. These characteristics, together with the need for significant 

processing resources and extensive algorithm optimization, render generating models complicated [185]. 

The complex nature of hierarchical HCs requires a delicate balance between computational efficiency and 

model fidelity, necessitating advanced methodologies and large computational capacity. This is because, 

for engineering applications, striking a balance between accuracy and processing efficiency is crucial [21]. 
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Additionally, toward an in-depth comprehension of HC hierarchies, information gathered from 

experiments and numerical models must be integrated. However, challenges often arise when 

incorporating experimental and numerical data, such as data discrepancies, data processing and 

comprehension, uncertainty quantification, validation, boundary and first conditions, scale variations, 

complicated geometries, and material characteristics. As a result of this, assuring accuracy across different 

levels and validating the generated models can pose an additional challenge [21, 107]. 

The large amount of data generated by imaging and modelling techniques requires complicated 

processing and analysis approaches, even for simple lattice structures [58]. Developing algorithms that can 

control complex hierarchical data sets is presently an ongoing challenge. Furthermore, incorporating data 

from different sources, such as imaging, numerical modelling, and field research, requires advanced 

integration and analysis strategies [21, 58, 62, 104-106]. Thus, building comprehensive models that account 

for the intricacies of hierarchical HCs is even more difficult. 

To achieve hierarchical structures in HCs, accurate manufacturing methods are required as well. 

Conventional methods, such as casting, extrusion, or moulding, have challenges duplicating complex 

hierarchical structures, particularly at lower scales [105-107]. Designing complex hierarchical structures 

throughout the manufacturing process requires a high level of precision and precise tolerances. A 

significant number of AM machines are used for building objects with dimensions in the range of 

centimetres or larger with accuracy that exceeds a few hundredths of a millimetre [186]. Maintaining these 

tolerances gets more challenging as the HC structure's complexity and scale increase [107]. Scalable 

manufacturing procedures for HCs with hierarchical features are crucial for engineering applications. 

Scaling can pose problems in terms of consistency, quality control, and cost-effectiveness. Ensuring the 

quality and consistency of HCs, particularly those with intricate hierarchies, presents quality control issues 

during the manufacturing process [120, 187-188]. Defects or differences from the original design tend to be 

challenging to detect. To achieve specified functionality, some HCs may call for the integration of different 

materials with different properties [127, 188-189]. It can be difficult to link or connect these materials whilst 

maintaining the intended hierarchy. Customizing hierarchical HCs for specific uses often requires a degree 

of tailoring and flexibility in design. Challenges can be encountered with manufacturing methods when 

tackling varying design requirements and hierarchical feature changes. Materials and manufacturing 

methods must be chosen based on objectives for sustainability and environmental requirements [120, 127, 

187-189]. Developing eco-friendly ways of manufacturing while preserving the desired hierarchy adds 

a level of complexity to manufacturing [189]. 

2.9. Scope and opportunities for future work 

2.9.1 Next-generation structural optimization and design guide for lattice structures  

The next generation of structural optimization and design principles for lattice structures is expected 

to incorporate several breakthroughs and trends in response to changing technology, materials, and 

engineering requirements. Some prospective paths for the development of lattice structures are discussed 

in the following paragraphs. 

Through the advancement of metamaterials and engineered composites, lattice structures are expected 

to be designed with materials that have specific properties, such as variable stiffness or properties that can 

dynamically change based on external influences, such as stress or temperature [188, 190-191]. Using 

auxetic metamaterials in lattice structures provides varying stiffnesses. Auxetic materials have a negative 

Poisson’s ratio and expand in numerous directions when stretched. Engineers incorporate these materials 

to build lattice structures that dynamically vary their stiffness depending on the applied load. As an 

illustration, in the field of sports equipment, a tennis racket could potentially be designed with lattice 

structures that use auxetic materials. During a robust swing, the lattice structure customizes to the amount 

of load applied, optimizing the racket’s stiffness for the maximum energy transfer. Additionally, new lattice 

designs could incorporate bioinspired materials with exceptional strength-to-weight ratios, mimicking the 
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efficiency seen in structures such as bone or spider silk [145]. Lattice parts could be manufactured using 

synthetic materials that mimic specific properties of spider silk, such as tensile strength and elasticity. 

Spider silk is recognised for its remarkable strength and elasticity. Mimicking the molecular structure of 

the proteins of spider silk in synthetic materials could yield lattices that are both strong and resilient. These 

structures potentially have uses in a variety of fields, including aerospace engineering as well as 

construction. Machine learning and artificial intelligence (AI) are being used to automate and optimize the 

design process, allowing for the rapid production and testing of multiple design alterations. The AI and 

machine learning techniques are expected to be implemented more often to optimize lattice structures by 

analyzing huge amounts of data and iteratively improving designs, resulting in more efficient designs [192-

193]. AI algorithms can respond to real-time feedback during the manufacturing and testing processes by 

incorporating this knowledge into subsequent design iterations. As lattice structures are built and tested, 

AI systems can gather information about the designs’ actual performance and behaviour. The algorithms 

use this feedback to iteratively improve future designs, learning via both successes and failures. This 

adaptive learning strategy speeds up the optimization of lattice designs by using real-world performance 

data. Furthermore, improving predictive capabilities by using digital twin technologies to simulate and 

analyze the functionality of lattice structures in real-world engineering conditions is anticipated as well 

[194]. Using contemporary 3D modelling and simulation software to generate digital replicas of actual 

lattice parts, digital twin technologies allow for the generation of computer-generated alternatives that 

mirror actual lattice designs, capturing their geometry, material properties, and behaviour under various 

loading conditions. Quantum computing is expected to come into play for use in highly complicated 

simulations and optimizations, thus allowing for the design of traditionally unattainable lattice structures 

[195]. Engineers must also interact with modern design software and AI to create novel and efficient lattice 

structure designs [193]. In addition, engineers will ultimately be allowed to enter more complicated and 

specific design constraints as well as performance goals into automated generative design procedures, and 

the modelling packages will suggest optimized lattice designs [196]. Lattice structures that are tailored to 

certain performance parameters, such as the maximum strength-to-weight ratio, can be created. Generative 

design techniques, which are driven by complex algorithms, would not only explore a wide range of design 

choices but additionally pick and recommend lattice structures that are optimized based on the provided 

constraints and goals. This optimization could involve the material usage, manufacturability, and overall 

performance, resulting in highly efficient lattice designs. 

Multi-material AM technologies are emerging that enable the printing of lattice structures with graded 

materials and different properties within the same structure [20]. Techniques such as multi-material 3D 

printing and Digital Light Processing (DLP) with numerous resin vats can be used. These methods allow 

the simultaneous use of various materials during the printing process. Multi-material 3D printing, for 

example, allows for the layer-by-layer deposition of different materials, resulting in it being easier to build 

complex structures with multiple material compositions. Improved methods of AM, such as nanoscale 

printing, have the capacity to support the manufacture of complicated lattice structures at extremely small 

dimensional scales and thus serve to update industries such as microelectronics and the manufacture of 

medical devices [76]. Nanoscale 3D printing uses techniques such as two-photon polymerization and direct 

laser writing. Current 3D printing processes could be limited in their ability to produce high-resolution 

structures at the nanoscale. Improved methods, such as two-photon polymerization or direct laser writing, 

provide improved precision and resolution, allowing for the creation of complex lattice structures at levels 

that cannot be achieved with conventional manufacturing procedures. 

Material advancements could also allow lattice structures to self-assemble or repair damage, providing 

greater resilience and life expectancy [197-198]. Materials with shape-memory capabilities are capable of 

self-assembling into lattice forms. Shape-memory materials can change their shape in response to external 

stimuli, such as temperature or stress. By incorporating these materials into lattice designs, they could self-

assemble into predetermined configurations, improving the manufacturing effectiveness and facilitating 

the building of complicated structures without the need for external assembly procedures. Additionally, 

lattice parts that offer different functions, such as structural support and energy storage or sensing 
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capabilities, could become more prevalent. The integration of sensors into lattice structures is expected to 

allow for the real-time monitoring of stress and strain, allowing responses that adapt to changing 

conditions or loads. This will allow the growth of design principles that take account of dynamic loading 

conditions, which is particularly crucial for applications in aerospace, automotive, and civil engineering [6, 

145, 153].  

Methods of TO are changing as well to take advantage of more complex constraints and allow for the 

generation of lattice designs that are tailored to specific functions [196], considering thermal, acoustic, and 

multifunctional constraints in addition to structural requirements. TO has generally focused on structural 

challenges. However, emerging approaches now include a broader set of constraints, allowing engineers 

to optimize lattice designs for heat dissipation, sound absorption, and other particular functional 

requirements. 

A focus on concepts of sustainable design should also result in the manufacturing of lattice structures 

constructed using eco-friendly and recyclable materials. Circular design principles, such as designing for 

disassembly and reusability, are expected to reduce waste and encourage a more sustainable lifecycle for 

these structures [136]. Bio-based polymers, recycled metals, or sustainable composites are used to produce 

lattice structures. Sustainable design strategies include using materials that have a lesser environmental 

impact. For lattice structures, this could include choosing materials produced from renewable sources, 

recycled content, or those with a lower environmental imprint. Bio-based polymers, for example, can be 

used to produce functional and eco-friendly lattice structures. 

The next generation of the design and optimization of lattice structures is anticipated to be highly 

dynamic, driven by emerging technology and the growing demand for robust, lightweight, recyclable, and 

efficient structures in several industries. This will lead to more environmentally friendly and advanced 

cutting-edge methods and technology. 

2.9.2 Challenges and future prospects in design for additive manufacturing of lattice structures 

Design for additive manufacturing (DfAM) of lattice parts holds enormous promise for the aerospace, 

automotive, and medical engineering industries, but it is also facing several challenges as well, which raises 

prospects for the future to consider. 

Challenges related to DfAM of lattice structures. Given the complexity of the geometry, designing 

intricate lattice parts can be challenging. This could result in manufacturing difficulties related to the 

support structure requirements, printability, and post-processing constraints. AM often results in rough 

surfaces that require post-processing to improve the surface design and mechanical properties. Post-

processing methods for lattice parts tend to be challenging to optimize [6, 13, 19-20, 145, 153, 154, 199]. For 

instance, challenges associated with removing support structures without damaging delicate lattice 

features. After printing, lattice parts typically call for post-processing to remove support structures. The 

delicate nature of lattice features makes this process challenging, as excessive force or the use of improper 

techniques could damage the structure. Addressing these post-processing limitations may require careful 

study and manual labour. Furthermore, identifying and developing materials that are equally good for AM 

and with the capacity to attain the required mechanical properties of lattice designs is presently a significant 

challenge as well [13], for example, developing polymers or metal alloys that perform well during the layer-

by-layer deposition process in 3D printing. Some materials might not be naturally compatible with specific 

AM procedures. Certain polymers or metal alloys, for example, can present challenges during the printing 

process due to their melting viscosity, cooling rates, or adhesion, compromising the overall quality and 

structural integrity of lattice structures. The current methods for optimizing lattice structures are not 

capable of taking advantage of AM’s capacity. These methods fail to take full advantage of multiple 

objectives, as well as other aspects, such as support structure requirements, layer adhesion, and minimizing 

the manufacturing time while maximizing the structural performance. Adapting designs for different scales 

and resolutions in AM technologies, as well as guaranteeing the structure’s integrity and performance over 

different sizes, is presently challenging [11, 16, 27, 200-203]. In a lattice design, weight reduction is balanced 

with mechanical strength and thermal conductivity. Traditional optimization methods could zero in on a 
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particular objective, such as minimizing the material usage in lightweight structures. However, in AM, 

where complex lattice geometries are feasible, it is possible to optimize multiple targets at the same time, 

such as obtaining lightweight designs with precise mechanical and thermal properties. 

Maintaining consistency and quality control in AM is difficult, particularly for lattice parts requiring 

a specific degree of porosity inherent in the structure and geometrical accuracy [11, 27, 200, 202]. In 

addition, building advanced multi-material and multi-colour printing technologies to attain adaptable and 

useful lattice structures is also difficult. Advanced validation procedures are required to ensure that the 

planned lattice parts meet performance and safety requirements that could vary from typical solid 

structures. These methods are presently challenged when it comes to predicting the behaviour of resulting 

lattice designs accurately [11, 145, 200], for instance, constructing lattice parts with a specific degree of 

porosity for use in bone implants. Lattice parts, such as those used in medical implants, could require an 

accurate degree of porosity for biological integration. Maintaining consistency in attaining the correct 

porosity over multiple prints while adhering to quality control is often difficult due to differences in 

material characteristics, printing conditions, and post-processing steps. 

Future prospects in DfAM of lattice structures. Ongoing developments in designing tools ideally 

suited to lattice structures could assist in making complex designs simpler and more accurate to generate. 

Engineers will be able to rapidly generate complex lattice parts tailored for AM because of the ongoing 

developments of contemporary design software packages. Additionally, the research and development of 

new materials designed for AM, with customized characteristics, lightweight properties, and structural 

integrity, is anticipated to improve the functionality of lattice parts [196, 200], for instance, the introduction 

of CAD (computer-aided design) plugins or specialized design algorithms that make it easier to create 

lattice geometries. Current advancements in design tools aim to develop capabilities and plugins for CAD 

software that cater specifically to lattice designs. These tools could produce complex lattice designs 

automatically, giving engineers efficient and user-friendly interfaces for exploring, modifying, and 

generating complex lattice geometries. 

Further advances in methods of TO are expected to assist in the generation of lattice designs that fully 

use the design freedom offered by AM machines [20, 192-193, 200]. Future work consists of AI-driven 

design procedures that automate and optimize lattice structures for specific performance criteria while 

simultaneously taking multiple variables into account all at the same time [192-193]. The generation of 

lattice structures for medical implants that are optimized for biocompatibility and load-bearing capacity is 

one such example. Future advances in AI-driven design techniques could automate the building of lattice 

designs matched to specific performance requirements. For instance, in the medical industry, an AI-driven 

design strategy could generate lattice structures for implants with optimized properties for 

biocompatibility, load-bearing capacity, and additional characteristics relevant to the medical application. 

Moreover, digital twin technology, in conjunction with upgraded simulation, is expected to play a 

significant part in predicting the behaviour of lattice designs during and after AM and, in this way, assist 

in the performance analysis and quality control of the resulting parts [192]; for instance, the use digital twin 

technology to compare the virtual models of lattice structures to actual 3D scan data of manufactured 

products for the reason of quality control. Digital twins allow for a direct comparison of the virtual and 

physical representations of lattice structures. By integrating 3D scan data from the actual product into the 

digital twin, methods of quality control can detect differences between the intended design and the 

manufactured part, thereby ensuring quality and consistency.  

Lattice designs are predicted to be used in structures that have different functions, such as embedded 

sensors for real-time monitoring, conduits, and advanced metamaterials [193-194]; for instance, designing 

lattice structures within aircraft parts that integrate functions such as fuel conduits or vibration dampening. 

Lattice designs are often used in aeronautical applications when a reduction in weight is critical. Beyond 

structural support, lattice structures can incorporate additional functions, such as conduits for fuel or 

hydraulic fluids, which improves the overall efficiency of aircraft. This multifunctional strategy expands 

the applications of lattice structures in aerospace engineering. Collaboration across the globe should prove 

crucial to facilitate the sharing of knowledge and best practices and in overcoming global challenges as the 
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field of AM lattice designs grows [145]. This can be achieved through the creation of online platforms or 

forums for researchers and engineers worldwide to communicate research papers, methodologies, and 

insights learned in AM lattice design. The setting up of websites for sharing knowledge will allow experts 

to share their experiences, successes, and challenges with AM lattice designs. This collective exchange of 

information will assist in identifying best practices, efficient design strategies, and insights gained, thus 

allowing a community-driven strategy for advancement. In addition, mimicking the design concepts 

observed in biological structures, such as trabecular bones or honeycombs, should provide new alternative 

designs for lattice parts [145]. This can be achieved using optimization algorithms inspired by natural 

phenomena, such as genetic algorithms or swarm intelligence, to improve lattice design. Nature-inspired 

optimization algorithms are designed to replicate natural problem-solving processes. Applying these 

methods to lattice design could result in novel geometries that are optimized according to performance 

criteria. For instance, evolutionary algorithms can iteratively evolve lattice structures to attain desired 

characteristics, resulting in alternative designs that are challenging to envision using traditional methods. 

The use of DfAM for lattice structures offers a promising future, with the capacity to change industries 

such as aerospace, automotive, and medical engineering. Addressing the existing challenges and exploring 

prospects in this respect should pave the path for new and efficient designs that take full advantage of the 

capacities of AM. 
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3. CHAPTER THREE: MATERIALS AND RESEARCH METHODS 

3.1. Introduction 

The development of an optimal hierarchical HC lattice design with the highest possible order of 

hierarchy was based on a comprehensive review of the literature on cellular and lattice structures. 

Analytical and numerical topology, shape optimization and experimental models were designed for lattice 

designs with improved mechanical properties. The research was organized into four main areas, which 

include: 

i. A comprehensive review of the physical and mechanical characteristics of cellular and lattice 

structures. 

ii. Development of analytical and numerical models to describe the deformation and crushing 

behaviour of polygonal structures.  

iii. Topology and shape optimization strategies were effectively used in the iteration of planar HC 

models. 

iv. Quasi-static crushing experiments were used to derive key insights on the behaviour of DMLS 

Ti6Al4V(ELI) hierarchical HC parts. 

3.2. Literature review on cellular and lattice structures  

This work extensively reviewed cellular and lattice designs with various cell topologies, focusing 

on their mechanical behaviour, including stiffness, toughness, strength, deflection, and deformation. 

Optimal cellular designs were identified for this research, laying the groundwork for bioinspired lattice 

designs. A comparative analysis was conducted between cellular and lattice structures, examining stress 

distribution, buckling, and deformation under different load types. 

Additionally, hierarchical lattice designs were reviewed, with a focus on enhanced mechanical 

properties and material efficiency. The study also explored the limits of hierarchy in lattice structures, 

particularly the impact of joints and ribs. Numerical modelling was used to validate findings from this 

review and optimise joint shapes (hexagonal, circular, and triangular) in hierarchical lattices. 

 

3.3. Analytical modelling of lattice structures 

3.3.1 Extending the reviewed deformation behaviour with analytical modelling 

Existing analytical models were reviewed, and new ones were proposed to describe the behaviour of 

lattice structures better. A novel model was developed using beam theories to capture the behaviour of 

lattice structures under combined buckling and bending deformation. Additionally, failure theorems, 

including Tresca and von Mises, were applied together in the form of analytical models to provide further 

insights into the failure mechanisms of lattice structures. 

3.3.2 Analytical modelling of selected polygon structures 

The effective density model used to predict the analytical behaviour of the selected polygon structures 

in this study was the same one used by Gibson and Ashby [1], and is expressed as shown in Equation 3.1: 
𝜌∗

𝜌𝑠
=

2

√3

𝒕

𝑳
                                                                                     (3.1) 

where, 𝜌∗ and 𝜌𝑠 are the densities of the specific structure and solid material, respectively. Gibson and 

Ashby [1] modelled the stiffness of regular HC structures in compression tests regarding the effective 

stiffness Eeff. This effective stiffness is an estimated theoretical modulus of a homogeneous material that has 

the same stress-strain behaviour as the cellular structure. Their model estimated the bending and axial 

behaviour of HC structures according to the Euler-Bernoulli beam theory while neglecting the 

deformations occurring within the nodes [1-3]. Taking into consideration deflection due to compression, 
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bending and axial behaviour, the effective stiffness of the regular hexagonal structure was, therefore, 

estimated as follows: 

𝐸𝑒𝑓𝑓

𝐸𝑠
=

𝐸𝑥
𝑒𝑓𝑓

𝐸𝑠
=

𝐸𝑦
𝑒𝑓𝑓

𝐸𝑠
=

4

√3
 (

𝑡

𝐿
)

3

                                                                            (3.2) 

where the symbols, Exeff and Eyeff represent the effective stiffness in the x- and y-axis directions, 

respectively. The symbol Es stands for the elastic modulus of the solid material. The Gibson and Ashby 

model presented in Equation (3.2) assumed stiffness can be varied by changing parameters such as the wall 

thickness, which is known to be related to the effective stiffness. Throughout this study, the t/L ratio was 

varied from 0.05 to 0.0875 at 0.00625 intervals, while the length of the cell wall's mid-plane was held 

constant. The resulting ratios of effective stiffness along the x- and y-axis to the elastic modulus of the solid 

material were calculated and recorded, as shown in Table 3-1. 

Table 3-1. Ratios of effective elastic modulus to the elastic modulus of the solid material 

𝒕/𝑳  𝑬𝒆𝒇𝒇 𝑬𝒔⁄   

0.05 0.000289 

0.05625 0.00041 

0.0625 0.000564 

0.06875 0.000753 

0.075 0.000974 

0.08125 0.00124 

0.0875 0.00155 

 

The analytical predictions in Table 3-1 were then compared to the numerical results obtained in the 

present work in the numerical modelling section. Another investigation was carried out regarding 

the elastic buckling behaviour of the selected polygon structures. The analytical model adopted for this 

investigation was the same one developed by Gibson and Ashby [1, 4]. A critical Euler buckling load was 

determined in this investigation for its first or primary buckling shape that occurs when the structure is 

loaded along the z-axes. Gibson and Ashby’s work estimated the magnitudes of crucial buckling stress (the 

stress corresponding to the critical buckling load) for linear buckling to occur using the following equation 

[1]: 

(𝜎𝑒𝑙
𝑐 )𝑧 = 5.2 𝐸𝑠 (

𝑡

𝐿
)

3

                         (3.3) 

where, (𝜎𝑒𝑙
𝑐 )𝑧  is the crucial buckling stress that occurs for loading in the z-direction.  

3.3.3 Analytical modelling of first-order hierarchical HC structures 

Based on the regular planar HC structure, first-order vertex-based 

hierarchical structures were constructed. The HC structure has basic geometric parameters, 

such as the sloping angle θ  = 30⁰, cell wall thickness t , and cell wall length l,  as previously 

shown in Figure 2-36, in Section 2.7.6 of Chapter 2  [5]. 

The parameter  t  is designed to decrease in value when the same design parameters are 

assigned to the first-order planar vertex-based hierarchical HC configuration. The parent 

structure previously shown in Figure 2-36(b), in Section 2.7.6 of Chapter 2  and its 

hierarchical configurations are related based on the geometrical features shown in Figure 

3-1(a), 3-1(b), and 3-1(c) [5]. The circular polygon substituted at the vertex  was defined as 

the smallest circumscribed circle of the hexagonal and triangular substructures using a 

radius parameter r. This, in turn, yields the relationship seen in Figure 3-1(d) [5]. The 

lengths of the walls within the hexagonal substructure, therefore, are related as follows:  

𝑙12 = 𝑙23 =  𝑙34 = 𝑙45 = 𝑙56 = 𝑙61 = 𝑟                             (3.4)  
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Similarly, the lengths of the cell walls within the triangular substructure are related as 

follows: 

𝑙13 = 𝑙35 =  𝑙51 = 𝑟√3                            (3.5) 

 

Figure 3-1. (a) Hexagonal substructures, (b) circular substructures, (c) triangular substructures and (d) a diagram 

illustrating the relationship between these three different substructures [5] 

Planar regular and hierarchical HC structures were produced with the same relative 

density of 𝜌̅  = 0.10 and base hexagonal edge length of lo  = 20 mm . This setting of the relative 

density was because structures with a relative density greater than 30% of the parent solid 

structure are no longer categorized as cellular structures but rather as solids with separated 

holes [6]. The thickness of the cell walls of the planar hierarchical HC  structures was 

lowered to preserve overall relative density. This was accomplished by using a structural 

configuration parameter obtained from pre-existing analytical models that have been 

published [7-9].  From this,  the corresponding configuration for the first-order planar 

vertex-based hierarchical HC configuration was predicted as follows:  

𝛾(ℎ,𝑐,𝑡) =
𝑙(ℎ,𝑐,𝑡)

𝑙𝑜
             (3.6) 

The symbols 𝑙, and 𝑙𝑜 are the lengths of the substructure and base hexagon edges, 

respectively, and parameter  𝛾 denotes the function of the ratio of these two lengths. The 

hexagonal, circular, and triangular substructures are represented by the subscripts h ,  c,  and 

t , respectively. Geometric constraints of  0 ≤ 𝛾ℎ ≤ 0.5,0 ≤ 𝛾𝑐 ≤ 0.5,   and 0 ≤ 𝛾𝑡 ≤ √3/2  were 

imposed on the first-order hierarchical HC structures comprising hexagonal, circular, and 

triangular substructures at the vertices, respectively. These constraints have been 

documented in numerous studies [10-19] as being advantageous for designing hierarchical  

HC structures with acceptable mechanical properties. In addition, hierarchical HC 

structures built with AM technology under the imposed constraints are predicted to be most 

accurate in their designs [5, 7-8, 12-13, 20].  As a result, the relative density for each of  these 

hierarchical HC structures was determined using the formulae [ 5]:  

𝜌ℎ
∗

𝜌𝑠
=

2

√3
(1 + 2𝛾ℎ)

𝑡ℎ
∗

𝑙𝑜
                               (3.7) 

𝜌𝑐
∗

𝜌𝑠
=

2

3√3
[−3 (

𝑡𝑐
∗

𝑙𝑜
) + 2𝛾𝑐(2𝜋 − 3𝛾𝑐) + 3] (

𝑡𝑐
∗

𝑙𝑜
)            (3.8) 

𝜌𝑡
∗

𝜌𝑠
=

1

3
(2√3 + 4√3𝛾𝑡 − 4𝛾𝑡)

𝑡𝑡
∗

𝑙𝑜
              (3.9) 

To reduce the complexity of the models, the thicknesses of the cell walls of planar 

hierarchical HC structures were assumed to be uniform and, therefore, were assigned the 

same value (𝑡ℎ
∗ = 𝑡𝑐

∗ = 𝑡𝑡
∗) in this study. As a result,  the constructed and numerically simulated 

planar regular HC model had a value of wall thickness t = 1.75 mm. The first-order planar 

hierarchical HC models comprised of  hexagonal, circular, and triangular structures at the 
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vertices had values of the parameter 𝛾ℎ = 0.3 and 𝑡ℎ
∗  = 1 mm,     𝛾𝑐 = 0.3 and 𝑡𝑐

∗ = 1 mm, and 

𝛾𝑡 = 0.58 and 𝑡𝑡
∗ = 1 mm, respectively. When predicting the behaviour of first-order 

hierarchical HC structures with good mechanical properties, the aforementioned values of 

the parameters are often used [8, 12-13, 20-21].  

3.4. Numerical modelling and crushing of lattice structures 

3.4.1 Numerical modelling of polygon structures 

Two different geometry designs, a planar and an extruded hexagonal polygon shell generated in 

SolidWorks (2020), were used in this study. The geometries were generated using primary parameters such 

as the outer cell shape (𝜃 = 240°) and length (L= 20 mm), as shown in Figure 3-2(a). The value of the 

parameter t that was allocated to the planar hexagonal shell was 1 mm, whereas the extruded hexagonal 

shell had t values ranging from (1, 1.125, 1.25, 1.375, 1.5, 1.625 and 1.75) mm. These geometries were then 

imported into ABAQUS/CAE (version 2020) for their analysis with applied loads.  

SolidWorks was additionally used to develop planar structures based on three other geometries, 

including triangular, squared, and circular polygons, with t = 1 mm, as shown in Figure 3-3, which were 

also analysed numerically, in ABAQUS/CAE. 

 

Figure 3-2. Typical (a) planar HC shell (b) extruded HC shell structure 

 

Figure 3-3. Typical planar (a) triangular, (b) squared, and (c) circular polygon shell structures 

Numerical modelling of Ti6Al4V(ELI) polygon structures was carried out using ABAQUS/CAE 

(Version 2020). Regular polygon structures, which were generated using different cell types and wall 

thickness, were simulated, respectively. The values of the properties of the Ti6Al4V(ELI) material used in 

these polygon models are listed in Table 3-2 [22].  
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Table 3-2. Material properties of Ti6Al4V(ELI) used in FE modelling of polygonal structures [22] 

Material 

property 

Mass 

Density (𝝆) 

Young’s 

Modulus (E) 

Poisson’s 

Ratio (𝝂) 

Yield Stress 

(𝝈𝒚𝒔) 

Magnitude 4430 kg/m3 113.8 GPa 0.342 790 MPa 

 

For simple and faster FEA, the stress distribution in the xy-plane and out-of-plane (z) direction of an 

HC structure was determined at the onset using planar and extruded hexagonal shell geometry, 

respectively. This was done to determine how representative the results of the planar model were of the 

HC structure, as the former is simpler and faster to run, for later use in comparing the behaviour of different 

polygon structures under load. In this analysis, a mesh with S8R type of shell elements was generated on 

a planar and extruded hexagonal shell geometry with 1 mm thick walls, shown in Figure 3-4. These second-

order shell elements have a significant advantage in terms of computation speed and employ simplified 

methods of calculating strain and hourglass control. The mesh size on the two geometries was then varied 

within the range of 0.2-1 mm. This was done so that a large mesh size of 1 mm was located in the middle 

regions of the wall members and reduced movement towards the edges and vertices (0.2 mm), as shown 

in Figure 3-4. This was done to accurately capture results at the vertices and edges, which are known to be 

areas of high-stress concentration. This was followed by simulation under a simple uniaxial compression 

load of 2000 N applied to each one of the two model geometries, as shown in Figure 3-5.  

 

Figure 3-4. Models of (a) planar hexagonal shell walls and (b) extruded hexagonal shell walls, generated using different 

element sizes 

The compression load was applied using rigid plates on opposing ends of the model. The interfaces 

between the two rigid plates and each one of the two models were assigned a frictionless contact, and the 

normal interaction property was modelled as a hard contact to prevent the model from penetrating the 

rigid surface.  One rigid plate for the two models was assigned a fixed constraint, and a load was applied 

on the other, as shown in Figure 3-5. The latter rigid plate was constrained and only allowed to move in 

the direction of the load. 

Simulation tests based on the boundary conditions shown in Figure 3-5(a and b) were used to 

determine the stress distributions in the xy and z-axis of the HC models, respectively. In these simulation 

tests, contour plots of stress results were obtained. Unit cells cut off from the central region of the planar 

and extruded hexagonal, or HC shell models were then used for analysis of the arising stresses, as shown 

in Figure 4-1, in Section 4.2 of Chapter 4.  
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Figure 3-5.  Typical (a) planar hexagonal shell and (b) extruded hexagonal shell models with boundary conditions 

In the ensuing analysis, the planar hexagonal shell model was used to compare and rank triangular, 

rectangular, circular, and hexagonal planar models for the same load of 2000 N applied along the x- and    

y-directions. The numerical results obtained were also compared to the theoretical results. Because the 

hexagonal or HC model is the most extensively researched polygon cell type, it was used in all ensuing 

polygonal model investigations to allow for a more accurate comparison of results and literature. This cell 

type was simulated as an extruded HC shell model with different wall thicknesses for maximum elastic 

loads in the x- and y-direction, and the arising numerical results compared to the analytical results in 

the literature.  

The HC geometrical models were generated using an extruded shell, which was then discretized into 

elements. The crushing behaviour of the analysed structure subjected to a simple uniaxial compression 

load for linear-elastic behaviour was then investigated. This was carried out to predict the elastic bending 

behaviour of the structure and compare its behaviour with the one predicted from analytical models. 

Thereafter, the effect of the ratio of thickness to length (𝑡/𝐿) on the effective stiffness for both analytical and 

numerical results was compared. Effective stiffness was obtained by first determining the maximum direct 

stresses and then calculating the corresponding strains using the magnitudes of deformation obtained in 

the FE analysis. The ratio of these two values gave rise to a calculated value of the effective stiffness, which 

was then divided by the stiffness of the material ( 𝐸𝑠) to obtain the stiffness ratio. The value of effective 

stiffness( 𝐸𝑒𝑓𝑓) was predicted in the x- or y-directions of the HC model for maximum elastic bending using 

the following expressions: 

𝐸𝑥
𝑒𝑓𝑓

=
𝜎𝑥

𝜀𝑥
   , 𝐸𝑦

𝑒𝑓𝑓
=

𝜎𝑦

𝜀𝑦
                      (3.10) 

where, 𝜎𝑥 and 𝜎𝑦 are the maximum direct stresses in the x- and y-axes, respectively. The symbols 𝜀𝑥 

and 𝜀𝑦 are the maximum direct strains in the x- and y-axes, respectively.  Numerical analysis was also 

carried out in this study to predict linear elastic buckling for loading in the z-direction, and the results were 

compared to the theoretical behaviour of the HC structure. The bottom edges of the HC model were fixed 

in the x-, y-, and z-axes, with no rotations allowed. This meant that the structure could flex and bend along 

these edges but not leave the bottom's surface when loaded. The top edges and vertices were then assigned 

equivalent equations to determine the loading constraints of the HC model, which were allocated to specific 

parts of the structure in pre-defined sets.  One set was assigned to the top-driven edges and the other to 

the top-driving vertex, as shown in Figure 3-6(b). A 1000 N load was then applied uniaxially to the top-

driving vertices in order to simulate buckling; the same load was felt uniaxially by all of the top-driven 

edges in the z-direction. Figure 3-6 shows two additional loading and boundary conditions that were 

investigated for loading in the y- and z-direction of the extruded hexagonal shell model.  
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Figure 3-6. Loading fixed and pinned boundary conditions used, respectively, in the (a) y-direction and (b) z-direction 

of an extruded HC shell structure 

3.4.2 Numerical modelling of first-order hierarchical HC structures 

Figure 3-7 shows geometries created in SolidWorks software by employing the foregoing values of 

parameters for first-order hierarchical configurations of the regular HC geometry. In the ensuing work, the 

abbreviations HCR, HCH, HCT, and HCC are used to refer to the regular HC structure and hierarchical 

HC structures with hierarchical hexagonal, triangular, and circular substructures, respectively. The 

numerical modelling conducted for the first-order hierarchical honeycomb planar structures followed the 

same setup that was used in Section 3.4.1 of this chapter to model the behaviour of various polygon 

structures. 

        

        

Figure 3-7. The built planar geometry of the (a) HCR, (b, c and d) HCH, HCC and HCT, respectively 

3.4.3 Numerical crushing hierarchical HC structures 

To examine the crushing behaviour of hierarchical HCs under axial compression, the nonlinear FE 

software ABAQUS (2020 version) was used to generate FE models of the structures established on the 

geometric models. The same setup for numerical modelling described in the last two Sections (Sections 

(a) (b) 

(c) (d) 
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3.4.1 and 3.4.2) was used in numerical crushing hierarchical HCs, in addition to the uniform load rate of     

5 mm/min that was introduced.  
The force-displacement curves generated by quasi-static compression experiments are useful in 

predicting the energy absorption capacity of hierarchical HCs. The general force-displacement curve is split 

into three sections: pre-damage, progressive damage, and densification [23]. Several factors are used for 

assessing the efficiency of energy-absorbing structures, including specific energy absorption (SEA), energy 

absorption (EA), peak crushing force (PCF), average crushing force (MCF), and crushing force efficiency 

(CFE). In Figure 3-8, 𝐹(𝛿) represents a crash force as a function of displacement 𝛿, wherein 𝛿T is the 

displacement and m represents the mass. However, the numerical modelling study of crushing hierarchical 

HCs here only described deformation behaviour and does not account for damage-induced failure. 

 

Figure 3-8. Graphical representation revealing energy-absorbing characteristics and damage zones [23] 

3.5. Topology and shape optimization (TO and SO) of planar honeycomb (HC) structures 

3.5.1 HC part design 

The 3D unit hexagonal cell and the HC model were generated in SolidWorks design software 

(version 2021 SP5) with consistent wall thickness. The two models were then reduced to planar problems 

using Altair-Optistruct design software (HyperWorks 2021), as shown in Figure 3-9. 

 

Figure 3-9. Planar models for (a) the unit hexagonal cell and (b) the HC 

3.5.2 Mesh convergence testing 

Using Altair-Optistruct software, mesh convergence tests were conducted on a planar unit 

hexagonal cell model with material properties of Ti6Al4V(ELI), which are presented in Section 3.4 of this 

chapter. The planar model was assigned a shell property with a depth of 2 mm and was used to predict the 

behaviour of the material. A second-order quadrilateral element type was used as the primary element to 

generate meshes on the geometry. This type of element was recommended for stress analysis, especially 

for finding stress concentrations near small features such as vertices and edges. The reason for their use is 

that it is easier to create streamlined meshes around vertices when quadrilateral elements are used [24]. 

This helps to capture the normal stress-strain relationships with more accuracy. Numerical tests were 

conducted using different mesh sizes in the range of 0.7 to 9 mm to test for mesh convergence. A descending 
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order of mesh sizes, from 9 mm, 8 mm, 7 mm, 6 mm, 5 mm, 4 mm, 3 mm, 2 mm, 1 mm, 0.9 mm, 0.8 mm, to 

0.7 mm was used, and mesh convergence was considered to have been achieved when the result of stress 

obtained varied from the previous one by less than 5%. Convergence of the mesh size was first tested with 

reference to the von Mises stress at the mid-span of the loaded member for transverse deflection. This was 

because the maximum transverse deflection, and therefore, the von Mises stress, was expected to occur at 

mid-span. A similar test was conducted for axial and bending deformation for all types of members in the 

structure. These members all experienced differing values of axial and bending deformation for each 

different mesh size that was used. 

The mesh size for convergence determined this way was then used in all ensuing numerical 

analyses and structural optimizations of the planar unit hexagonal cell and the HC model. It was observed 

in previous studies [25-30] that discontinuity of meshes occurred as a function of the size of the sharp angles 

formed at the edges and vertices, irrespective of the type of geometrical shape, such as the HC. With the 

increasing sharpness of the angles in a geometry, it was noted in the literature that it became increasingly 

difficult to find the best possible arrangement of elements for the various meshing algorithms in many 

numerical modelling packages [27-28]. As the elements generated in the corner regions of HC models have 

been observed to show low connectivity in literature, triangular elements were substituted for the 

quadrilateral elements at the vertices in the present work. 

3.5.3 The preliminary finite element (FE) hexagonal unit cell and HC model 

Preliminary FE modelling for the unit hexagonal cell and HC geometries was conducted using 

Optistruct software before implementing TO. The numerical models were based on the Gibson and Ashby 

models for the elastic behaviour of HCs [31]. The material parameters considered were the same ones used 

for the mesh convergence tests described in the previous section. The FE models were investigated based 

on a linear elastic behaviour for all loads used. A simple compressive mid-span uniaxial concentrated load 

was used, as shown in Figure 3-10. Furthermore, fixed constraints were assigned to the labelled region of 

the model, also shown in Figure 3-10. The fixed constraints were chosen because of their ability to restrain 

against both rotation and translation displacement of the walls so restrained [32]. The FE model for the unit 

hexagon cell and HC was also simulated based on the following expression for the von Mises stresses 𝜎𝑉: 

𝜎𝑉 = 𝐸𝜀                   (3.11) 

where the symbols 𝐸 and 𝜀 represent the material elastic modulus and the strain of the model. It 

was assumed that the generated von Mises stresses were equal to the yield strength of the material          

(𝜎𝑉 = 𝜎𝑌) [31]. This implied that the material was modelled at yield to determine its mechanical behaviour 

at the maximum elastic load it could carry. 

 

Figure 3-10. The planar boundary conditions for (a) a unit hexagonal cell and (b) an HC model, where F denotes the 

force 

The results of this preliminary work served to define the load paths and stress distribution in the 

hexagonal unit cell and the HC model. This provided useful insights to assist in TO for the purposes of 

lightweighting. 
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3.5.4 The TO of hexagonal unit cell and HC model 

TO of the hexagon unit cell and the HC model was implemented in a two-phase structural 

optimization process of lightweighting followed by stress reduction. The first phase was implemented 

based on the SIMP method developed by Bendsøe [29]. An Altair-Optistruct solver was used to carry out 

the TO of the unit hexagonal cell and HC structures. First, the solver automatically assigned a mathematical 

objective function to the discretized problem to describe a typical discrete result during the process of 

optimization. This result was based on the iteration of the design variables (𝑥)  of the geometry or material 

in the design space while following the objective function 𝑓(𝑥, 𝑦). In turn, state variables (𝑦) were generated 

in terms of stresses and strains to describe the loading behaviour of the subsequent FE models. The TO 

model of the hexagon cell unit and HC structures obtained using Equation (3.12) were obtained as discrete 

element densities. Therefore, a second step of TO was automatically carried out to change the discrete 

structure into a continuous structure. This process involved adjusting the Young's modulus of the material 

to match the specific properties of individual components within the structure. Thus, effective values of 

stiffnesses 𝐸𝑠 were assigned to the TO model for which the fictitious densities of the iterations carried out 

were given penalty scores according to the power law [33], expressed as follows: 

𝐸𝑠(𝜌𝑒) = 𝜌𝑒
𝑝𝐸0, 𝑝 ≥ 1, 𝐸0 ≠ 0  (Lower boundary)       (3.12) 

where 𝑝 is the penalization parameter used to allocate penalty scores for element densities (𝑥 = 𝜌𝑒) 

between 0 and 1 values. The range of the parameter 𝑝 lies between 1 and 3. The range is responsible for 

confirming the varying densities of the material at different points in the structure being modelled. A 

continuous structure is modelled with a value of the parameter 𝑝 = 3 [34]. The higher the 𝑝-value, the more 

effective the penalty score is in controlling the TO algorithm using the continuous relaxation approach. For 

TO, the penalty scores were implemented by reducing the densities on the TO model until the possible 

minimum densities were left on the continuous structures. The initial TO of the planar HC structure deleted 

most of the members that were perpendicular to the applied loads because they were redundant, thus 

leading to the mechanism (not structure) shown in Figure 3-11(b). Therefore, these members were allocated 

a solid property, as shown in Figure 3-11(a).  

 

Figure 3-11. The planar TO HC model (a) with a solid property defined for some of the members that are perpendicular 

to applied loads, and (b) without a solid property defined for these same members 

The topology-optimized models were subsequently analysed numerically, as described in the next 

subsection, and the results obtained were compared with those of preliminary numerical modelling done 

before carrying out TO.  

3.5.5 The topology-optimized FE unit cell and HC model 

The topology-optimized FE HC models were meshed with dominant second-order triangular 

elements of the size arrived at in the convergence tests. The meshes in the regions found to have poor 
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connectivity of elements were refined. Following this, numerical analyses were implemented with the same 

boundary conditions used for the numerical analysis done before carrying out TO. 

The topology-optimized FE HC models were fine-tuned as described in the next subsection using 

a complementary TO method known as shape optimization (SO) to reduce stresses, and the results were 

compared to the results of preliminary numerical modelling carried out before TO.  

3.5.6 The shape-optimized FE unit cell and HC model  

The boundary sensitivity or SO method developed by Hadamard [3] was introduced on the full 

design space of the FE HC model to fine-tune the shape to reduce stresses. The method is considered an 

adaptable shape for the change of shape of the topology-optimized FE hexagonal unit cell and HC model 

while maintaining adequate control over the design fillets. The recommended control over the design fillets 

is significant because free-shape optimization does not preserve small design features such as the rounding 

of sharp edges or corners. The iterations of the topologies were implemented with the objective of reducing 

the maximum stresses to the lowest possible stresses that could be achieved. The application of SO also 

smoothened the sharp edges and vertices found on the topology-optimized FE hexagonal unit cell and HC 

model.  

3.6. Quasi-static crushing experiments of hierarchical HC structures 

3.6.1 Design configurations of hierarchical parts  

First and second-order vertex-based hierarchical HCs were built based on a regular HC, 

using the same dimensions that were used for the regular HC in Section 3.4. In a case where 

the same design parameters are assigned to the first- and second-order vertex-based 

hierarchical HC configurations, the parameter  t  must decrease in value. Figure 3-12 shows 

the relationship between the parent HC structure and its corresponding self -similar 

hierarchical configurations using geometrical features [ 35].  

 

Figure 3-12. The relation derived between the basic HC structure and its corresponding self-similar hierarchical 

configurations [35] 

The ratio of the set hexagonal edge lengths describes the structural configurations of 

the HC at each level of the hierarchy. In this scenario, the hexagonal edge length for the 

first-order hierarchical structure is represented by symbol b, and  c corresponds to the 

second-order hierarchical structure, with the original hexagon's edge length being 

represented by symbol a, shown in Figure 3-12 [35]. The ratios of the edge lengths for the 

first- and second-order hierarchical HC structures with respect to that of the regular or 

zero-order hierarchical  structure can be written as γ1  = b/a  and γ2  = c/a , respectively. The 

first-order hierarchical HC structure is governed by the interval 0≤b≤a/2 , and where the 

regular structure is described γ 1  = 0 , this interval becomes 0≤γ1≤0.5 . For the case of the 

second-order hierarchical HC structure, either one of the two intervals, namely 0≤c≤b or 

c≤a/2-b could be adopted as the geometrical constraint. The ratio parameters can be 

presented in intervals as well. Given the case where γ1≤0.25 , this results in an interval of 

0≤γ1≤γ2, and where it falls in the range 0.25≤γ1≤0.5 , the interval becomes 0≤γ2≤(0.5- γ1) [35]. 
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The dimensionless specific relative density, or the area fraction, could be expressed with 

regard to the ratio t/a, as shown in Equation 3.13 [62].  

𝜌 = 2√3 ∙ (1 + 2𝛾1 + 6𝛾2) ∙ 𝑡 𝑎⁄                         (3.13) 

In the design of hierarchical HC parts, the cases of γ2 and γ1  = 0  can be ignored, given 

that t  corresponds to the original wall thickness. For regular and first-order hierarchical HC 

parts, the relative densities are written as seen in Equations 3.14 and 3.15, respectively [35].  

𝜌0 = 2√3 ∙ 2 𝑡 𝑎⁄                            (3.14) 

𝜌1 = 2√3 ∙ (1 + 2𝛾1) ∙ 𝑡 𝑎⁄                         (3.15) 

Ajdari et al .  [35] highlighted that the relationship deduced from the analytical models 

they developed for hierarchical HC structures suggests that as γ1  and γ2  increase, t/a  

decreases to maintain a fixed relative density. Figure 3-13 shows CAD, including the regular 

and its corresponding self -similar hierarchical HC configurations with  ρ = 0.10  and                           

a = 20 mm, which were generated using SolidWorks design software (version 2021 SP5). The 

regular HC was assigned a value of  t = 1.75 mm; the first-order hierarchical HC structure 

was assigned values of γ1  = 0.3  and t = 1 mm; in addition, the second-order hierarchical 

structure was assigned values of γ1  = 0.3 ,  γ2  = 0.12 , and t = 0.75 mm. These assigned values 

are often used and considered reliable  in the design and manufacturing of  structurally 

stable hierarchical structures [35].  
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Figure 3-13. Hierarchical CAD designs and dimensions, (a) regular HC, (b) first-order hierarchical HC, and (c) second-

order hierarchical HC 

In HC designs with hierarchical configurations, the uniform wall thickness of higher 

orders is reduced progressively to maintain the same relative density. Hierarchical HC parts 
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produced via AM, as detailed in the following subsection, may struggle to consistently 

achieve the ideal apparent densities due to factors such as process variability, material 

inconsistencies, geometry and build orientation, thermal stresses and warping, porosity 

formation, and post-processing effects []. In addition, the discrete values of γ1  and γ2 can 

prove difficult to obtain as well because of  failure to attain the ideal apparent densities .  

Therefore, a relative density range of 7.5-12.5%  was selected in the present work to account 

for such inconsistencies. This range is typically selected to ensure that the structure 

performs close to its intended design parameters even with these potential inconsistencies  

[35]. 

3.6.2 Additively-produced hierarchical HC parts 

An entire set of twelve Ti64Al4V(ELI-extra low interstitial) hierarchical HC parts were 

printed at the Centre for Rapid Prototyping and Manufacturing of Central University of 

Technology, Free State, South Africa. These parts were built using a direct metal  laser 

sintering (DMLS) EOSINT M290 400 W machine based on the CAD files used to develop the 

hierarchical structures shown in Figure 3-13. A titanium base plate was used as a substrate, 

and argon gas circulated within the build chamber during printing. A m inimum wall 

thickness of 0.75 mm for all the builds was maintained to prevent challenges associated with 

printability and process control,  surface quality and resolution, heat dissipation, and post -

processing requirements. After printing, the parts were cooled to temperatures below 60 °C 

before being removed from the machine. This was done to prevent the builds from warping.  

Figure 3-14(a) shows four printed regular HC builds before they were cut off the build plate. 

Three different hierarchical HC builds right after they were cut off from the build platform 

are also shown in Figure 3-14(b). 

© Central University of Technology, Free State



 

95 | P a g e  
 

 

Figure 3-14. Additively-produced parts, (a) regular HC parts before being cut off from the build plate, and (b) from left 

to right are images of the regular HC, first-order hierarchical HC, and second-order hierarchical HC after being 

cut off from the build plate, respectively 

The structures depicted in Figure 3-14 require both stress relief and high-temperature heat treatment. 

The temperatures and soaking periods used for both stress relief and high-temperature heat treatment are 

described in the subsequent section (subsection 3.6.3). Stress relieving addresses the residual stresses that 

emerge in SLM as a result of the layer-like process and the restraint of current layers by previous layers 

from contracting. This is done before the removal of built parts from the support base to prevent warping. 

High-temperature heat treatment, on the other hand, addresses the existence of martensitic needle-like 

structures formed due to the rapid cooling rates of built parts that are greater than 460 °C/s and the 

attending brittleness of printed parts [36]. 

3.6.3 Heat-treatment protocol used on as-built Ti6Al4V hierarchical HC parts 

The twelve parts manufactured using DMLS technology, including the as -built regular 

HC and the first- and second-order hierarchical HC, were first stress-relieved before being 

separated from the substrate. This stress-relieving regime is recommended by the 

manufacturers for the Ti6Al4V(ELI) built in the DMLS EOSINT M290 machine. The parts 

were then heat-treated using a high-temperature two-stage annealing protocol. The two-

stage annealing process on the as-built Ti6Al4V parts was carried out to improve thei r 

ductility at the cost of reduced strength. This heat treatment protocol is typically used when 

Ti6Al4V builds with a bimodal microstructure is required [ 37]. Figure 3-15 shows the graph 
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that is generated by the input file of the furnace program for two -stage high-temperature 

annealing.  

 

Figure 3-15. A two-stage high-temperature annealing curve for Ti6Al4V(ELI) hollow parts 

The Ti6Al4V(ELI) regular and HC hierarchical parts were first stress -relieved in a pre-

heated furnace at 650 °C  for 180 minutes. This was followed by their heat treatment through 

two stages of high-temperature annealing. The final temperature in this heat treatment was 

set to 990 °C. The specimens were soaked at this temperature for 90 minutes. The chosen 

temperature is slightly higher than Ti6Al4V's beta transus temperature of 980 °C. This is to 

allow complete decomposition of the martensitic alpha microstructure and stimulate the 

globularisation of the resulting beta grains.  The Ti6Al4V(ELI) parts were then furnace-

cooled to 760 °C and soaked at this temperature for 120 minutes. This was done to allow 

coarsening of the formed alpha grains.  In the last stage of this heat treatment, the 

Ti6Al4V(ELI) parts were slowly cooled to room temperature in the furnace by increasing 

the flow of argon gas in it .  

3.6.4 Removal of supports from the hierarchical HC parts 

The supports were printed vertically, along the z-build direction of the Ti6Al4V(ELI) 

regular and hierarchical HC builds. It must be noted that the DMLS -printed structures in 

this work are complex in geometry, with an enhanced ductility because of the high- 

temperature two-stage annealing that was performed. The hydraulic press, tools and parts 

shown in Figure 3-16 were used to remove the supports from the printed hierarchical HC 

parts.   
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Figure 3-16. The setup used for pressing out supports in hierarchical HC parts 

The supports were pressed out, as shown in Figure 3-16, using different shapes and 

sizes of metal bars and rods. Loads in the range  of 4-12 MPa, were used to press out the 

supports for the smallest to the largest cross -sectional areas of supports, respectively. It is 

recognized that such loads could result in the deformation of the structures, and better 

methods should be developed to carry out this exercise. The spread of these loads on the 

structure was minimized using a thick stainless-steel plate with holes that ensured 

localization of the applied loads on the supports rather than the hierarchical HCs. The minor 

support pieces that remained on the Ti6Al4V(ELI) builds, even after using the hydraulic 

press, were cleared off using a rubber mallet and chisel, which is a further cause for concern 

about the structural integrity of the final parts. The result of this exercise for the three 

different Ti6Al4V(ELI) hierarchical HCs  is shown in the three images in Figure 3-17. 
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Figure 3-17. The regular HC and its hierarchical parts produced via DMLS technology 

The procedure of removing supports in this investigation  was time-consuming, tedious, 

and laborious. Additionally, the total metal scraps accumulated from removing supports 

were higher in mass compared to all the twelve Ti6Al4V(ELI) hierarchical HC builds. The 

metal scrap weighed 11.34 kg, whereas all the Ti6Al4V(ELI) parts weighed 5.93 kg. This is  

a waste-to-use ratio of 1.91:1 and negates the advantage of AM of little or no waste of 

material. The overall metal scrap that was accumulated from removing supp orts for all the 

Ti6Al4V(ELI) parts built is shown in Figure 3-18. 

 

Figure 3-18. Ti6Al4V(ELI) scrap resulting from removing supports of DMLS-produced hierarchical HC parts 

3.6.5 Surface roughness testing for hierarchical HC parts 

Surface roughness was measured on four Ti6Al4V(ELI) parts that were selected 

randomly. This consisted of one regular HC, two first- and second-order hierarchical HCs, 

and a fourth first-order hierarchical HC build that was blast smoothened on three faces of  

the flat side surfaces for a period of two hours. The three flat surfaces of the smoothened 

faces were used to determine if the bead blasting strategy had a significant effect in 

smoothening the surfaces of the Ti6Al4V(ELI) built parts. An automated shot  peening 

strategy, using round stainless-steel beads on the flat surfaces of the build , was adopted. 

This protocol was conducted following the SAE standard, AMS 2430: 2014.  

Surface roughness for each selected face was measured at twelve different points, and 

the average and standard deviation was calculated. The surface roughness was measured 
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using a Mitutoyo surface roughness tester (SJ -210). This instrument was connected to a 

computer running the Surftest SJ -210 V.1.008 software package. The specimen was first 

calibrated using the ISO 4287: 1997 standard, as described in the manual for the equipment.  

During testing, the cutoff length (the length over which the roughness is evaluated) of 

2.5 mm was assigned to determine the Ra  value. The surface roughness of three top flat faces 

and three side inclined faces for each of the selected Ti6Al4V(ELI)  builds was measured. 

The Ra  measurement indicates the profile's mean arithmetic deviation of the peaks and crests 

from the mean line, Rz is the average of consecutive highest peaks or crest or the average 

distance between the highest peak and lowest crest,  and Rq  is the distance of the highest 

peak from the mean line (Rp) or the distance of lowest crest from the mean line ( Rv). Surfaces 

with low values of these three roughness indicators are typically  regarded as smooth. 

Roughness in the present work was determined using the Ra value, which corresponds to a 

component's overall surface roughness. The surface roughness of the bead -blasted 

Ti6Al4V(ELI) structure was only evaluated for the top flat faces. Inclined surfaces cannot 

be effectively smoothed because geometries built at any angle other than 90 or 180 degrees 

are not well exposed to direct blasting of the beads, diminishi ng overall smoothing 

effectiveness.  

3.6.6 Quasi-static crushing analysis of hierarchical HC builds 

An MTS CriterionT M, Model 43 universal testing machine was used to perform quasi -

static crushing tests on twelve Ti6Al4V(ELI) hierarchical HC parts manufactured via DMLS. 

Figure 3-19 shows the setup used to carry out these test s.  

 

Figure 3-19. Compression experimental setup using MTS CriterionTM, Model 43 universal tester for (a) a regular HC 

loaded in the x-direction, and (b) a regular HC loaded in the y-direction 

Two builds of each of the four manufactured Ti6Al4V(ELI) regular HC parts were loaded 

along the x-axis, with loads applied directly on their flat surfaces, as illustrated in Figure 

3-19(a). The remaining two sets of regular HC parts were loaded along the y-direction, 

which meant that the loads were imposed directly on the apexes, as shown in Figure 3-19(b). 

A testing safety cage made of mild steel sheets with a thickness of 2 mm and length, width, 

and height dimensions of 380 x 286 x 200 was used to shield operators from objects flying 

off the structures during crush tests. A digital Nikon  camera was also positioned such that 
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it captured the deformation process of the Ti6Al4V(ELI) parts during the crush tests. 

Before starting quasi-static compression, the MTS Criterion T M, Model 43 universal tester 

was set to zero load and then a load rate of 5  mm/min set.  To facilitate comparison of the 

crush-tested specimens, the greatest displacement of the Ti6Al4V(ELI) HC parts under 

the specified crush load rate was fixed at 160 mm, in addition to the machine's limiting load, 

which was set at 29.5 KN. The foregoing procedure was used to crush first- and second-

order hierarchical HC builds as well.   

3.7. Summary 

This chapter has provided a comprehensive overview of the methodologies employed for all the 

work contained in this document. A thorough literature review covering key topics such as cellular 

structures, lattice structures, and hierarchical lattice structures was presented in Chapter 2, with 

recommendations for further research. Analytical modelling was used to develop new backgrounds for 

understanding the deformation behaviour of lattice structures, while numerical modelling methods were 

applied to polygonal and first-order HC structures. A preliminary numerical study predicted the crushing 

behaviour of HCs, followed by TO and SO of planar HCs, to achieve lightweight, high-strength structures. 

Lastly, quasi-static crushing experiments were conducted to examine the behaviour of hierarchical lattice 

HCs. 

References 

1. Gibson, L. J. , and Ashby, M. F. (1997). Cellular solids: Structure and properties, second 

ed. Cambridge University Press , New York.  

2. Helou, M., and Kara, S. (2018). Design, analysis, and manufacturing of lattice structures: 

an overview. International Journal of Computer Integrated Manufacturing ,  31(3), 243-261. 

3. Malek, S., and Gibson, L. (2015). Effective elastic properties of periodic hexagonal 

honeycombs. Mechanics of Materials ,  91 , 226-240. 

4. Gibson, L. J., Ashby, M. F., Schajer, G. S., & Robertson, C.I, (1982). The mechanics of 

two-dimensional cellular materials. Proc. Roy. Soc. Lond. A 382, 25 -42.  

5. Libonati, F., and Buehler, M. J. (2017). Advanced structural materials by bioinspiration. Advanced 

Engineering Materials, 19(5), 1600787. 

6. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. (2022). Reduced order 

topology optimization of a planar honeycomb defined by a linear elastic Ti6al4V(ELI) 

material model.  South African Journal of Industrial Engineering ,  33(3), 299-317. 

7. Oftadeh, R., Haghpanah, B., Vella, D., Boudaoud, A., & Vaziri, A. (2014). Optimal 

fractal-like hierarchical honeycombs.  Physical Review Letters ,  113(10), 104301. 

8. Chen, Q., Pugno, N., Zhao, K., & Li, Z. (2014). Mechanical properties of a hollow-

cylindrical- joint honeycomb. Composite Structures ,  109 , 68-74. 

9. Yadroitsev, I., Krakhmalev, P., Yadroitsava, I. , & Du Plessis, A. (2018). Qualification of 

Ti6Al4V ELI alloy produced by laser powder bed fusion for biomedical 

applications. JOM,  70 , 372-377. 

10. Zhang, Q., Yang, X., Li,  P., Huang, G., Feng, S., Shen, C., & Lu, T. J. (2015). Bioinspired 

engineering of honeycomb structure–Using nature to inspire human innovation.  Progress 

in Materials Science ,  74 , 332-400. 

11. Tao, Y., Duan, S., Wen, W., Pei,  Y., & Fang, D. (2017). Enhanced out -of-plane crushing 

strength and energy absorption of in-plane graded honeycombs.  Composites Part B: 

Engineering ,  118 , 33-40. 

12. Fang, J., Sun, G., Qiu, N., Pang, T., Li, S., & Li, Q. (2018). On hierarchical honeycombs 

under out-of-plane crushing. International Journal of Solids and Structures ,  135 ,  1-13. 

© Central University of Technology, Free State



 

101 | P a g e  
 

13. Yin, H., Huang, X., Scarpa, F., Wen, G., Chen, Y., & Zhang, C. (2018). In-plane 

crashworthiness of bio-inspired hierarchical honeycombs.  Composite Structures ,  192 ,  

516-527. 

14. Blakey-Milner, B., Gradl, P., Snedden, G., Brooks, M., Pitot, J., Lopez, E., ... & Du Plessis, A. (2021). 

Metal additive manufacturing in aerospace: A review. Materials & Design, 209, 110008. 

15. Najmon, J. C., Raeisi, S., & Tovar, A. (2019). Review of additive manufacturing technologies and 

applications in the aerospace industry. Additive Manufacturing for the Aerospace Industry, 7-31. 

16. Williams, J. C., and Starke Jr, E. A. (2003). Progress in structural materials for aerospace systems. Acta 

Materialia, 51(19), 5775-5799. 

17. Martinez, D. W., Espino, M. T., Cascolan, H. M., Crisostomo, J. L., & Dizon, J. R. C. (2022). A 

comprehensive review on the application of 3D printing in the aerospace industry. Key Engineering 

Materials, 913, 27-34. 

18. Zhang, W., and Xu, J. (2022). Advanced lightweight materials for automobiles: A review. Materials & 

Design, 110994. 

19. Czerwinski, F. (2021). Current trends in automotive lightweighting strategies and 

materials. Materials, 14(21), 6631. 

20. Chen, Y., & Hu, H. (2020). In-plane elasticity of regular hexagonal honeycombs with 

three different joints: A comparative study.  Mechanics of Materials ,  148 , 103496. 

21. Mousanezhad, D., Babaee, S., Ghosh, R., Mahdi, E., Bertoldi, K., & Vaziri, A. (2015). 

Honeycomb phononic crystals with self -similar hierarchy. Physical Review B ,  92(10), 

104304. 

22. Szymczyk, P., Hoppe, V., Ziółkowski, G.,  Smolnicki, M., & Madeja, M. (2020). The effect 

of geometry on mechanical properties of Ti6Al4V ELI scaffolds manufactured using 

additive manufacturing technology.  Archives of Civil and Mechanical Engineering ,  20(1), 

1-13. 

23. Song, J., Wang, M., Li, D., & Zhang, J. (2024). Deformation and energy absorption performance of 

functionally graded TPMS structures fabricated by selective laser melting. Applied Sciences, 14(5), 2064. 

24. Yu, X., Zhou, J., Liang, H., Jiang, Z., & Wu, L. (2018). Mechanical metamaterials 

associated with stiffness, rigidity, and compressibility: A brief review.  Progress in 

Materials Science ,  94 , 114-173. 

25. Zhang, Z.,  Li,  Z., Pan, S., & Chai, X. (2022). Enhanced strength and high-temperature 

wear resistance of Ti6Al4V alloy fabricated by laser solid forming.  Journal of 

Manufacturing Science and Engineering ,  144(11),  111011. 

26. Zhang, X., Wang, Y., Ding, B., & Li, X. (2020). Design, fabrication, and mechanics of 3D 

micro-/nanolattices.  Small ,  16(15), 1902842.  

27. Da, D., Yvonnet, J. , Xia, L., Le, M. V., & Li,  G. (2018). Topology optimization of periodic 

lattice structures taking into account strain gradient.  Computers & Structures ,  210 , 28-40. 

28. Pan, C.,  Han, Y., & Lu, J.  (2020). Design and optimization of lattice structures: A 

review. Applied Sciences ,  10(18), 6374. 

29. Zok, F. W., Latture, R. M., & Begley, M. R. (2016). Periodic truss structures.  Journal of 

the Mechanics and Physics of Solids ,  96 , 184-203. 

30. Zhang, X.,  Zhang, H., & Wen, Z. (2014). Experimental and numerical studies on the crush 

resistance of aluminum honeycombs with various cell configurations.  International 

Journal of Impact Engineering ,  66 , 48-59. 

31. Goldmann, T., Huang, W. C., Rzepa, S.,  Džugan, J.,  Sedláček, R.,  & Daniel, M. (2022). 

Additive manufacturing of honeycomb lattice structure —from theoretical models to 

polymer and metal products. Materials ,  15(5), 1838. 

© Central University of Technology, Free State



 

102 | P a g e  
 

32. Du Plessis, A., Broeckhoven, C., Yadroitsava, I., Yadroitsev, I., Hands, C. H., Kunju, R.,  

& Bhate, D. (2019). Beautiful and functional: a review of biomimetic design in additive 

manufacturing. Additive Manufacturing ,  27 , 408-427. 

33. Sarraf, M., Rezvani Ghomi, E., Alipour, S., Ramakrishna, S., & Liana Sukiman, N. (2021). 

A state-of-the-art review of the fabrication and characteristics of titanium and its alloys 

for biomedical applications.  Bio-design and Manufacturing ,  1-25. 

34. Bührig-Polaczek, A., Fleck, C., Speck, T., Schüler, P., Fischer, S. F., Caliaro, M., & 

Thielen, M. (2016). Biomimetic cellular metals —using hierarchical structuring for energy 

absorption. Bioinspiration & biomimetics ,  11(4), 045002. 

35. Ajdari, A.,  Jahromi, B. H., Papadopoulos, J.,  Nayeb -Hashemi, H., & Vaziri, A. (2012). 

Hierarchical honeycombs with tailorable properties.  International Journal of Solids and 

Structures,  49(11-12), 1413-1419. 

36. Zhang, Q., Yang, X., Li,  P., Huang, G., Feng, S., Shen, C., & Lu, T. J. (2015). Bioinspired 

engineering of honeycomb structure–Using nature to inspire human innovation.  Progress 

in Materials Science ,  74 , 332-400. 

37. Wang, S., Liu, L.,  Huang, Z.,  Li,  Z., Liu, J.,  & Hao, Y. (2021). Honeycomb structure is 

promising for the repair of human bone defects.  Materials & Design ,  207 , 109832.   

© Central University of Technology, Free State



 

103 | P a g e  
 

4. CHAPTER FOUR: NUMERICAL MODELLING OF POLYGON STRUCTURES 

UNDER QUASI-STATIC LOADING 
Part of the contents of this chapter has been submitted for publication or has been published in peer-reviewed journals, 

as follows: 

1. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. (2023). Numerical modelling of DMLS 

Ti6Al4V(ELI) polygon structures. Results in Materials, 20, 100456. doi.org/10.1016/j.rinma.2023.100456 

2. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M.  (2024). Numerical modelling of DMLS 

Ti6Al4V(ELI) polygon structures. chemical and materials sciences. Developments and Innovations 4, 1-53. 

doi.org/10.9734/bpi/cmsdi/v4/8584E 

4.1. Summary 

This study covers numerical modelling and ranking the efficiency of four polygon 

geometries: triangular, square, circular, and hexagonal. A comparative analysis of planar 

and extruded hexagonal cells is first made. After the ranking for various polygon geometries 

has been done, the best-performing structure is compared with theoretical predictions and 

analytical models assessing the effect of thickness ( t) on the stiffness of a Ti6Al4V(ELI) 

structure under compression. Numerical modelling also validates these predictions and 

examines the impact of t  on buckling behaviour.  The key insights are pointed out and 

discussed in comparison with existing literature.  The chapter concludes by discussing 

opportunities for further research.  

4.2. Comparative analysis of planar and extruded FE models 

The stresses in the planar and extruded hexagonal shell models were both found to be highest at the 

vertices, as shown in Figure 4-1a and 4-1b, respectively. The planar hexagonal shell model in Figure 4-1a is 

a plane-strain problem. This is because the load is applied in an xy-plane of the extruded hexagonal shell 

model, and the thickness of the shell in the out-of-plane axis (z) is comparatively much higher. This implies 

that the effect of the applied load along the z-axis can be ignored, and the 3D problem is represented by a 

planar problem [1]. The planar hexagonal shell model was observed to have high stresses on the inner 

vertices of its inclined members, caused by both direct compressive and bending loads. These stresses give 

rise to large elastic deformations at the vertices. The Poisson’s ratio of the material also leads to the 

development of small transverse elastic strains in the regions. Similarly, the contour plot for stresses on the 

extruded hexagonal shell model in Figure 4-1b shows the highest stresses to occur on the vertices of the 

inclined members. These results are similar to what was observed in references [2-6]. The same distribution 

of stress was obtained from the analysis of the plane-strain problem. 
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Figure 4-1. Typical contour plot of stress obtained on (a) planar hexagonal and (b) extruded hexagonal shell models 

Upon application of a load of 2000 N, the unit hexagon planar and the extruded shell models seen in 

Figure 4-1 show values of maximum von Mises stresses that are almost the same in magnitude, 383.67 and 

398.44 MPa, respectively. This small difference of about 3.71% justifies the use of the planar model instead 

of the more complex extruded model to save computational time. 

When using the extruded HC shell element, a visual problem occurred at the vertices. The visual 

problem occurred because the faces connecting the vertices of structural members had no congruence. The 

lack of congruence was observed when the assigned thickness was extruded from the shell, as illustrated 

in Figure 4-2. The black arrows shown in Figure 4-2 represent the directions of extrusion of the planar shells 

of the planar geometry. 

 

Figure 4-2. Typical visual problem of unshared topology at the (a) outer and (b) inner vertices after extruding a thickness 

from the extruded shell model 

The difference between the images in Figure 4-2 is simply due to the way the wall thickness is depicted 

in the two cases. Extruding a thickness from an extruded shell takes the surface of a shell and extrudes half 

a wall thickness in either direction. The discrepancy observed at the vertices will occur for any adjacent 

surfaces meeting at an angle other than 180 degrees, causing some overlap and some gap. This is, however, 

only due to the graphical presentation but does not affect the numerical results. The discrepancy referred 

to at the vertices, however, has limitations when carrying out structural optimizations such as TO and SO. 

In recent work by the authors [7], a planar honeycomb model was investigated, and it was concluded that 

the vertices reduced effective iterations in TO and SO. Therefore, using geometries with the discrepancy 

observed at the vertices of extruded hexagonal shell would result in the generation of topologies with no 

congruence at the vertices during TO and SO. This would, in turn, create difficulties in the normal 
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numerical analysis of the topology- and shape-optimized structures and is the subject of further research 

by the authors. 

4.3. Preliminary FE findings for polygon structures 

Upon applying an out-of-plane load of 2000 N, separately in the x- and y- directions, numerical results 

were generated for four different planar polygon models with t= 1 mm. These numerical results of stress 

and deflection are presented in the form of contour plots in Figures. 4-3, 4-4, 4-5 and 4-6, respectively. As 

seen in Figure 4-3, the order of increasing maximum stress for different planar polygon models is 

triangular, squared, hexagonal, and circular for a load applied in the x-direction. When the load was 

applied in the y-direction, as shown in Figure 4-4, it was observed that the order of preference changed to 

squared, triangular, circular, and hexagonal models. It is noted that while the values of maximum von 

Mises stresses for the rectangular and circular models remained the same for loads applied in the x- and    

y-directions separately, they were higher for loads applied in the y-direction for the triangular and 

hexagonal models. Loading in the y-direction is, therefore, a more critical one for the design of the last two 

polygons. 

 

 

Figure 4-3. The distribution of von Mises stresses in four different models of polygons for an applied load of 2000 N in 

the x-direction, highlighting (i-iii) members that transmit loads applied in the x-direction and (iv) areas of 

stress concentration 
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Figure 4-4. The distribution of von Mises stresses in four different models of polygons for an applied load of 2000 N in 

the y-direction 

For loading in the x-direction, it is observed that the triangular and hexagonal models have lower 

stresses compared to the similar case of loading in the y-direction. This is because the load is applied 

transversely on the members in the x-direction loading, and at the points of intersection of members in the 

y-direction loading. The higher stress levels in the second case arise from the fact that loading at the 

intersection of members occurs in regions of the structure with sharp changes in geometry or apexes. 

Loading at apex regions of a structure is known to cause high-stress concentration in them [1]. The model 

of triangular polygons recorded the lowest stresses when loaded in the x-direction. This structure can be 

argued to have a relatively larger effective cross-sectional area for this type of loading because of the four 

members carrying the load, in contrast to the models of square and hexagonal polygons, with two members 

each that are perpendicular and inclined to the applied load, respectively, as shown in Figure 4-3 and 4-4. 

The circular polygon has the highest x-direction stress (404.183 MPa) and the second-highest y-direction 

stress (404.183 MPa). This is because of the formation of tangential connections between adjacent circular 

polygons during their tessellation. Furthermore, when moving towards the points of contact or tangential 

connection, the material that forms the wall thickness of the connected circular polygons decreases, and 

sharp corners are generated as a result of this type of connection. These points of contact are, therefore, 

areas of high-stress concentration. For loads applied in the y-direction, the model of square polygons 

records the lowest stresses compared to other polygons. It achieves first position this time round because 

the model of triangular polygons is now loaded at the apex areas (designated as highly stressed regions) 

rather than transversely on its members that are connected to members that are inclined to it for loading in 

the x-direction. It is deduced from the foregoing discussion that the regions with abrupt changes of 

geometry, also referred to as peak regions, where the load is applied, and the number of members carrying 
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the applied load determine the load-bearing capacity and, therefore, stability of polygonal structures. This 

is consistent with what was reported in reference [4, 8]. Table 4-1 shows a ranking of maximum stresses in 

the four polygonal structures shown in Figures 4-3 and 4-4. 

Table 4-1. Ranking of different polygon structures by stress levels for loading in the x- and y-directions, from the lowest 

to the highest 

Type of polygon structure Ranking for loading in the 

x-direction 

Ranking for loading in the 

y-direction 

Triangular First Second 

Square Second First 

Hexagonal Third Fourth 

Circular Fourth Third 

 

The data in the preceding table shows the model of triangular polygons to have the lowest and second 

lowest maximum von Mises stress of all four polygon structures for a load of the same magnitude applied 

in the x-direction and y-direction, respectively. Clearly, the triangular polygon is the best alternative of the 

four polygons modelled here. 

In Figures 4-5 and 4-6, the circular polygon model is observed to have the largest magnitudes of 

deflection compared to all other polygon models for loading in both directions. This is similar to what was 

construed in reference [24] and implies that the lattice structures made up of circular polygons are less 

effective in stiffening structures [9]. 
 

For loading in the x-direction 
 

 

 
 

Figure 4-5. Distribution of deflections for the four different models of polygons for an applied load of 2000 N in the          

x-direction 
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For loading in the y-direction 

 

 

Figure 4-6. Distribution of deflections for the four different models of polygons for an applied load of 2000 N in the          

y-direction 

Table 4-2 shows the ranking of the deflections for the four different types of polygonal structures. 

Table 4-2. Ranking of different polygon structures by deflection levels for loading in the x- and y-directions, from the 

lowest to the highest 

Type of polygon structure Ranking for loading in the 

x-direction 

Ranking for loading in the 

y-direction 

Triangular First First 

Square Second Second 

Hexagonal Third Third 

Circular Fourth Fourth 

 

It is evident from the results presented in Figures 4-5 and 4-6 that the models of triangular and square 

polygons have the lower and second lowest deflections for loading in both x- and y-directions, respectively. 

This means that the polygon structures made of the two polygons are stiffer compared to those of circular 

and hexagonal polygons, which recorded the highest and second-highest deflections of all four polygon 

structures, in both directions, respectively. 

From the foregoing work, the triangular polygon records the lowest deflections of all 

four polygons modelled for a load of the same magnitude and applied in each of the two 

directions, separately. It also records the lowest maximum von Mises stress for a load of the 

same magnitude applied in the x-direction and the second lowest maximum von Mises stress 

for a load of the same magnitude applied in the y-direction. Overall,  therefore, the 

triangular polygon is the best choice of the four polygons modelled her e. 

Despite the foregoing choice of the best polygon, the hexagonal structure is by far the 

most widely researched [2, 4, 10-18] and is,  therefore, used in the ensuing analysis to 

compare the results generated in this work and those from the literature. 
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4.4. Deformation behaviour of HC models  

4.4.1 Bending and axial behaviour  

Figure 4-7 shows a comparison between the current simulations of HC structures and the ones 

reported in references [4, 16-18], with regard to their elastic deformation for loading along the x-direction. 

Identical elastic deformation shapes for both the theoretical [4, 17-18] and current FEA results are observed. 

The HC model in the current FEA results was obtained using a uniaxial load, whereas the theoretical model 

in literature is based on a pressure load. Despite this difference in the type of loads applied to both models, 

there is no significant difference in the results. When the HC structure was exposed to a uniaxial 

compression load in the x-direction, both elastic bending and axial deformation of cell walls were initiated. 

The elastic deformation in the members of the structure occurred in the inclined members due to both axial 

compression and transverse bending induced in them from the applied load acting along the x-axis, as 

shown in Figure 4-8a. The elastic deformation mechanics of the inclined members shown in Figure 4-8b are 

similar to what was observed in the theoretical models of references [4, 18]. 

 

Figure 4-7. Typical elastic deformations of (a) the current numerical model and (b) schematic of a theoretical model in 

literature [4, 18] for an HC structure loaded along the x-direction 

 

Figure 4-8. The deformation mechanics for the (a) current numerical model and (b) theoretical models [4, 18, for loading 

in the x-direction 

It is garnered from the current FEA results in Figure 4-8a that the elastic deformation shapes resulted 

from one component stress load acting perpendicular (Fxp(Bending)) to and the other along (Fxa(Axial)) the member. 

This bending deflection and axial deformation of the inclined members contributed to the bulk movement 

of the upper and lower vertex regions in the y-direction (outwards), as demonstrated by the arrow attached 

© Central University of Technology, Free State



 

110 | P a g e  
 

to the vertical members leading from each one of the two circled regions. This behaviour is similar to the 

theoretical behaviour reported in references [2, 14-17]. Moreover, the vertices were observed to be highly 

stressed regions. These vertices of HC structures are, therefore, liable to fail due to the high stresses in these 

regions. This is similar to what was observed in references [16, 19]. It is, therefore, important to note that 

such regions are likely to fail first and should be considered carefully when analysing the behaviour of 

structural frames. It is also evident for all the unit cells that the vertical members have close to zero stresses, 

as also shown in Figure 4-8a. This is because the direct stresses are only transferred along the axial 

directions of the members; thus, in the analysis of such structural frames, such members are 

considered redundant. 

A similar numerical result for bending and axial deformation shapes to those discussed in Figure 4-7 

was obtained when the extruded HC shell was loaded along the y-direction, as shown in Figure 4-9a. This 

is also similar to the behaviour of the existing theoretical model in the literature shown in Figure 4-9b [4]. 

However, the bulk movement of the vertex regions for this loading condition changed in direction. The 

vertices connecting the two inclined members are compressed into the cell, as shown in Figure 4-10, in 

contrast to their movement for the previous loading condition along the x-axis, where the vertices regions 

are pulled away from the centre of the cell. This is similar to what was observed in references [4, 16-19]. 

 

Figure 4-9. Typical elastic deformations of (a) the hexagonal HC numerical model and (b) image of a theoretical model 

in literature [4, 18] of a HC structure loaded along the y-direction 

 

Figure 4-10. The deformation mechanism obtained for the (a) current numerical mode and (b) theoretical models [4, 18] 

loaded in the y-direction 

For efficient design and manufacture of engineering structures with complex behaviour, it is also 

important to consider the direction of loading. This is evident for the HC structure modelled here, where 

the contours of deflection for loads applied to it in the x- and y-directions are seen in Figures 4-11 and 4-12, 
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respectively. The deflections for all thicknesses of members in the two figures were higher for the load 

applied in the x-direction than in the y-direction. 

 

 

Figure 4-11. Numerical results of deflection for HC structures of different wall thicknesses loaded in the x-direction 

In the two figures, the values of deflection for both load cases are seen to reduce with increasing wall 

thickness. The maximum values of deflection for the HC structure loaded in the x- and y-directions differed 

from the figures with a structure of 1 mm wall thickness by (18.16, 15.68, 14.12, 12.72, 11.37, and 10.28) per 

cent and (12.92, 7.66, 18.06, 6.27, 13.39, and 15.81) per cent, respectively. It is clear from these values that 

the differences in the magnitudes of deflection obtained for different thicknesses of structures loaded in the 

x- and y-directions are significant, all being greater than 5%. Studies conducted in [4, 20-22] showed that 

percentage differences of more than 5% are significant. 

The maximum values of deflection for the HC structure loaded in x- and y-directions, for different 

values of maximum elastic loads, are presented in Table 4-3, and the values plotted in Figure 4-13, using 

polynomial curves fits of order two, to facilitate a search for trends. 
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Figure 4-12. Numerical results of deflection for HC structures of different wall thicknesses loaded in the y-direction 

Table 4-3. Values of load applied to an HC structure in the x- and y-directions and the corresponding values of deflection 

Loading in the x-direction 

Wall thickness 

(mm) 

Maximum value of 

elastic load (N) 

Corresponding value 

of deflection (mm) 

1 3600 3.078 

1.125 4500 2.519 

1.25 5600 2.124 

1.375 6300 1.824 

1.5 7000 1.592 

1.625 7800 1.411 

1.75 8500 1.266 

Loading in the y-direction 

Wall thickness (mm) Maximum value of 

elastic load (N) 

Corresponding value 

of deflection (mm) 

1 3500 2.685 

1.125 4350 2.228 

1.25 5480 2.159 

1.375 6100 1.769 

1.5 6880 1.658 

1.625 7640 1.436 

1.75 8390 1.207 

 

 

© Central University of Technology, Free State



 

113 | P a g e  
 

 

Figure 4-13. Curves with (a) maximum applied loads and (b) maximum deflections experienced in the x- and y-directions 

of the HC model at different values of thickness (t) of its members 

The maximum elastic loads were recorded for a value of stress experienced by the structure that is 

equal to the yield strength of its material. The curves in Figure 4-13a show that the magnitudes of maximum 

elastic load applied to the HC model in the x- and y-directions have a directly proportional relationship to 

the wall thickness. The curves in Figure 4-13b, on the other hand, show that the corresponding values of 

deflection experienced by the HC model in the x- and y-directions are inversely related to the wall 

thickness. The correlation coefficients in the four graphs are less than one, showing that the relationship 

between variables is not coincidental. However, it is indicated in [23-25] that values above 0.95 are 

considered high correlation coefficients, which is shown for all four graphs. 

Curves for the maximum values of elastic load applied against corresponding values of deflection 

were generated from Figures 4-13(a and b), with the results shown in Figure 4-14. 

    

Figure 4-14. Curves of the (a) x- and (b) y-direction maximum applied loads versus maximum corresponding deflections 

It is clear from the curves in Figure 4-14 that the maximum values of elastic load applied to the HC 

model in the x- and y-directions have an inversely proportional relationship to the corresponding values 

of deflection experienced by the structure. Non-linearities are also observed in the curves depicted in the 

two figures (Figure 4-13 and Figure 4-14). The non-linearity observed in this figure and the previous one is 

due to how the applied load and corresponding deflections are dependent on the thickness of the walls of 

HC structures. The preceding assertion is a fact that is backed up by Equations 3.2 and 3.3 described in 

Chapter 3, which clearly show that an exponential change to the thickness of the walls of HC structures 

(

a

) 

(

b

) 
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relates to the stiffness and corresponding stress for an applied load. The stiffness and corresponding stress 

that result from a maximum elastic load grow by an exponential increase in the thickness of the walls of 

HC structures. 

4.4.2. Primary buckling behaviour 

 The extruded HC shell models analysed here, with values of wall thickness of 1, 1.125, 1.25, 1.375, 1.5, 

1.625, and 1.75 mm and the same value of length (L = 20 mm) had (t/L) values less than 0.1 and are thus, all 

slender. Therefore, Euler's theory of buckling was adopted in their analysis. The values of critical loads (Pc) 

and related stresses for each thickness were then calculated using Euler’s Equation 4.1 and Equation 4.2, 

respectively, and are presented in Table 4-4. 

𝑃𝑐 =
𝜋𝐸𝐼

𝑙𝑒
2 =

𝜋𝐸𝑏𝑡3

12𝑙𝑒
2 = 𝐵𝑡3                                            (4.1) 

𝜎𝑐 =
𝑃𝑐

𝐴
=

𝐵𝑡3

𝑏𝑡
= 𝐶𝑡2                               (4.2)  

where, symbol Pc stands for the critical buckling load, E Young’s modulus, I area moment of inertia, b 

width, le equivalent length, A cross-sectional area, b breadth, t thickness, and B and C constants, all the wall 

plates/shells of the structure. 

For uniaxial loading in the z-direction, the calculated values in Table 4-4 show that the HC shell model 

will fail by elastic buckling ahead of yielding when wall thicknesses (1, 1.125, and 1.25) mm are used. This 

is because the calculated buckling stresses at these values of wall thickness, for the calculated values of 

critical loads, are all less than the yield stress of the material for the shell walls of 790 MPa. The von Mises 

stress contours of the HC shell model are shown in Figure 4-15, and the values of critical loads and their 

corresponding buckling stresses are presented in Table 4-5.  
 

Table 4-4. Calculated values of critical buckling loads and buckling stresses for the hexagonal extruded shell model with 

different wall thicknesses 

Shell wall thickness t 

(mm) 

Critical buckling load Pc 

(MN) 

Buckling stress σc 

(MPa) 

1 0.049 373.533 

1.125 0.083 614.815 

1.25 0.114 760 

1.375 0.151 915.152 

1.5 0.197 1094.444 

1.625 0.250 1282.051 

1.75 0.312 1485.714 
 

Table 4-5. Numerical values of critical buckling loads and the corresponding stresses at these loads for the hexagonal 

extruded shell model with different wall thicknesses 

Shell wall thickness t 

(mm) 

Critical buckling load 

(MN) 

Buckling stress 

(MPa) 

1 1.233 1634.490 

1.125 1.748 1832.338 

1.25 2.386 2028.081 

1.375 3.160 2221.539 

1.5 4.079 2412.544 

1.625 5.156 2600.933 

1.75 6.401 2786.549 
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Figure 4-15. Distribution of von Mises stresses at the buckling stresses of the HC model for different shell thicknesses 

It is observed from the results in Figure 4-15 and Table 4-5, in contrast to the previous results from 

analytical modelling, that for all the different wall thicknesses of the HC structure, loads well in excess of 

the yield stress of the material are required for buckling to occur. It is likely that these very high values of 

stress that are well above the yield stress of the material could have resulted from a combination of axial 

and bending stresses for the HC model. The HC shell model had higher stresses at the mid-span regions of 

the plates because of the occurrence of greater bending stresses at the mid-spans of its plates. It is likely 

that buckling would not occur below the yield stress of the material because the shells in the HC model 

had a restraining effect against one another, causing the structure to stiffen.  

In the numerical modelling carried out here, the critical loads causing the first buckling mode to occur 

were determined by multiplying the applied nominal load (1 KN) by the eigenvalue for the model. This is 

because the potential buckling strength of a structure in the ABAQUS software used in this work is 

predicted via eigenvalue analysis. The results of numerical and analytical modelling shown in Tables 4-4 

and 4-5 are plotted in Figures 4-16.  
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Figure 4-16. Critical buckling loads and stresses versus the wall thickness of the numerical HC model loaded in the         

z-direction 

The curves in these two figures show that the critical load and related stresses are close to directly 

proportional (with correlation coefficients greater than 0.95 correlation) to the third and fourth power of 

the thickness of the shells/plates, respectively, for loading in the z-direction. The curves in these two figures 

are consistent with those reported in reference [4, 18].   

The buckled shapes for primary buckling of both the numerical and analytical models are similar, as 

shown in Figure 4-17. 
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Figure 4-17. Current numerical and existing theoretical elastic buckling first mode shapes on an HC structure with 

uniaxial loading acting in the z-direction 

The values of deflection of the HC shell model in this figure are given relative to a value of 1 for the 

highest deflection, as is normal for linear buckling, given the fact that its subroutine is set only to detect the 

presence and absence of buckling. Because linear buckling analysis does not provide absolute values of 

deflection, it cannot facilitate comparisons of the deflections of models with different thicknesses, which 

demands the use of an alternative approach. This does not diminish the value of undertaking linear 

buckling because, in most cases, the primary need is only to determine the presence or absence of buckling. 

It is clearly shown in Figure 4-17 that the faces adjacent to one another for the HC model buckled in different 

directions, inwards and outwards. Furthermore, the points of maximum deflection occur at the mid-points 

of the plates. Figure 4-17 also shows that there is a higher degree of buckling towards the centre than at the 

peripheries of the plates. This is a function of the intercellular restrain that is higher towards the edges than 

towards the centre of the plates.  

The veracity of the conclusion made regarding the restraining effect of the hexagonal cells against one 

another for the HC shell model was tested using a unit hexagonal cell, a plate with vertical fixed sides, and 

another plate without vertical fixed sides, respectively, all pinned at their bottom edges. This was done to 

determine whether or not the critical buckling loads recorded in the preceding analysis that were above 

the material’s yield stress were attributable to the restraining effect of adjacent shells in the model. Figure 

4-18 shows the results in terms of von Mises stress and deflections that were obtained for these models, all 

of which had plate thickness of 1 mm.  
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Figure 4-18. A buckled unit hexagonal cell and plates with and without vertical fixed sides from the left to the right, 

respectively, showing (a) von Mises stress and (b) deflection contours 

The three different models shown in this figure required critical loads of (0.141, 0.014, and 0.001) MN 

for a unit hexagonal cell, a plate with fixed vertical sides, and a plate without fixed sides, respectively, for 

buckling to occur. The values clearly show that stiffness and, therefore, critical load do increase with 

increasing restraint of the plates.  

It is also observed in Figure 4-18a that the plate without constrained vertical sides buckled below the 

material's yield stress in contrast to the other two models. Therefore, it can be deduced that the adjacent 

shells in an HC structure have a stiffening effect on the plates, and therefore, the observed values of stresses 

of the HC structure at buckling are well above the yield stress of the material for HC models. 

The results for linear buckling clearly cannot yield values of deflection, and therefore, there is a need 

to explore nonlinear buckling analysis. This method employs a nonlinear geometric analysis to model the 

transition from direct deformation to buckling and to eliminate the observed limitation of linear buckling 

analysis through other features as well. 

In practical buckling, there is no such thing as a perfectly straight structure, perfect constraint, or ideal 

application of load. There is also no completely homogenous material composition [26]. In practice, all these 

factors contribute to small eccentricities and changes that attract offset axial stress. This, in turn, causes 

offset moments, which induce even more eccentricity. Buckling will not occur in a very stable real structure, 

but eccentricities will build until instability arises in an intermediate typical model of the structure [27]. 

Figure 4-19 shows a contour plot of the von Mises stress. The von Mises stress contours in this figure clearly 

show that the HC shell model went plastic before it reached its critical buckling load of 1.46 MN.  This 

image is also accompanied by nonlinear buckling of an extruded single hexagonal cell, as well as plates 

with and without restrained vertical sides, similar to those shown in Figure 4-18. 

 
 (a) 
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Figure 4-19. von Mises stress contours of shell models of wall thickness 1 mm, including (a) the HC, (b) the unit 

hexagonal cell, (c) the plate with restrained vertical sides, and (d) the plate without restrained vertical sides 

Nonlinear analyses of the chosen shell models of 1 mm thickness show that their use could result in 

more accurate and detailed behaviour. The results also show that shell models had a large area where 

stresses higher than the yield stress of the material were experienced (areas with grey contours), except for 

the plate without restrained vertical sides. This means that a large percentage of the material used to build 

the structures had deformed plastically before the structure buckled. It is important to note that such HC 

parts cannot be adopted for normal engineering applications. This is because the structure has far exceeded 

its design constraints. Therefore, the restraining effect of hexagonal cell walls against one another is also 

confirmed by the results of nonlinear buckling, and it is evident from Figure 4-19 that the critical buckling 

load is reduced for decreasing intercellular wall restrains. With reference to the HC model, the load 

decreased to (0.0930, 0.0145, and 0.0033) MN for the unit hexagonal cell, plates with and without restrained 

vertical sides, respectively. 

One of the advantages of using nonlinear analysis over linear analysis is that it can take into 

account plastic deformation. The simulation for nonlinear analysis of buckling was run using the Johnson-

Cook Model that is built into ABAQUS/CAE. It is common and simple to use the Johnson-Cook (J-C) model 

to describe the isotropic flow properties of metals and metallic alloys during deformation due to plasticity. 

Plastic deformation of the Ti6Al4V(ELI) HC structures under nonlinear buckling in this work was 

investigated using the set of J-C parameters obtained from the literature shown in Table 4-6 [28]. 

Table 4-6. Set of J-C model parameters [28] 

Parameter for J-C 

model 

A (MPa) B (MPa) n C m 

Lee & Lin [28] 782.7 498.4 0.28 0.0028 1 

 

where the symbol A denotes the yield stress, B is the strain hardening factor, C is the dimensionless 

strain rate hardening coefficient, and n and m are the strain hardening and thermal softening exponents, 

respectively. Figure 4-20 shows the contours of plastic strain for the same models as in Figure 4-19, except 

(b) (c) 

(d) 
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for the plate model without restrained vertical sides, since it buckled within the elastic phase of 

deformation. 

 
 

           

Figure 4-20. Plastic strain contours for the shell models of wall thickness 1 mm, including (a) the HC, (b) the unit 

hexagonal cell, and (c) the plate with restrained vertical sides 

In Figure 4-20, the shell models the highest plastic strains occurred at the mid-span locations of the 

hexagonal cell. The foregoing results of nonlinear analysis of buckling clearly demonstrate that the 

structure is more likely to fail first by axial compression than by buckling. 

4.5. Effects of the t/L ratio on the effective stiffness of HC structures 

For out-of-plane loading of the HC shell model, the corresponding relationships between the yield 

strain and the ratios  𝑡/𝐿 and (𝑡 𝐿⁄ )3 were plotted in Figure 4-21(a and b), respectively.  
 

 

Figure 4-21. Numerical results for elastic strains against the ratio (a) t/L and (b) (t/L)3 for the HC model 

The yield strains were obtained for HC structures of different wall thicknesses loaded to maximum 

elastic stresses close to the yield stress of the selected material of 790 MPa. The curves in the figure are 

similar to what was observed in reference [29]. The highest strain resulting from each model was evaluated 

(a) 

(b) (c) 
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to determine if the subsequent FEA would be limited to maximum stress values that the HC shell structure 

could bear before the material surpassed yield stress. To relate strain to Equation 3.2 presented in Chapter 

3, the arising strains were plotted against the relevant ratios of t/L and (t/L)3. For Ti6Al4V(ELI), whose 

values of mechanical properties were used in numerical modelling in this work, a yield strain value of 

0.699% is obtained from Hooke’s Law based on values of yield stress and stiffness of 790 MPa to 113.8 GPa 

[30]. With a safety factor of 1.5, this value reduces to 0.446%. These are the strains that should be targeted 

when using the material as intended for lightweight parts in applications. The FE models, however, 

recorded elastic strains that were more than the allowable yield strain (0.699%). This likely resulted from 

the effects of the bulk movement of the structure and, therefore, deflection on top of deformation. 

The curves in Figure 4-21, which are generated using numerical models, show that strains decrease 

nonlinearly as the thickness of the walls of HC structures increases. This is further confirmed by the 

analytical model in Equations 3.2 and 3.3 presented in Chapter 3. The observation made in Figure 4-21 is 

because the corresponding strains to either the stiffness or stresses are inversely related to the exponential 

change in the thickness of HC structure walls. In Figure 4-21a, the nonlinearity in the strains is detected for 

the last three plotted points, but in Figure 4-21b, the nonlinearity increased to the last five points. This is 

with the mathematical models, which clearly show that the degree of exponential change in the thickness 

of the walls of HC structures has a direct influence on how strains decrease with increasing wall thickness. 

The curves in Figure 4-21 also show that the strains are slightly greater for both ratios when the HC model 

is loaded in the y-direction as opposed to the x-direction. This is because loading in the x-direction occurs 

at the face, but loading in the y-direction occurs at the apex regions. When compared to the former, the 

latter loading case generates slightly higher stressed areas.  

The effect of the 𝑡/𝐿 ratio on the stiffness of HC structures is now discussed, based on Equation 3.2 

described in Chapter 3. At first, the thickness of HC cell walls varied from 1 to 1.75 mm, with a 

corresponding variation of the 𝑡/𝐿 ratio from 0.05 to 0.0875. Figure 4-22 shows the relation between the 

moduli ratio and the corresponding 𝑡/𝐿 ratios from the numerical and analytical results.  

It is evident in Figure 4-22 that in the current FE model, the effective stiffness increased nonlinearly as 

the  𝑡/𝐿 ratio increased. The mathematical model in Equation 4.2, presented in Chapter 3, confirms this by 

showing how the stiffness of HC structures increases exponentially with wall thickness. The FE results 

plotted in this figure agree well with those from the analytical models of Gibson and Ashby [4], with the 

largest difference being 2.2 x 10-4 and 5.9 x 10-4 for the x- and y-direction loading, respectively. This is 

because the stiffnesses of structural frames, such as the HCs, are dependent on the 𝑡 parameter used for 

constant values of 𝐿. By increasing the value of t, the structural frame experiences an increase in structural 

stiffness.  The stiffness of the structure increases as the thickness increases because the material can resist 

deformation and bending more effectively. The relationship between thickness and stiffness is fundamental 

to structural mechanics and is described in numerous mathematical models, including the Euler-Bernoulli 

beam theory and the Timoshenko beam theory [1]. It is noted that the analytical models overestimated the 

effective stiffness for the two  ratios. This could be because the analytical models in reference [6] did not 

consider the stiffening effects at the fixed nodes/vertices that were demonstrated earlier in Figure 4-15.  
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Figure 4-22. The effective stiffness of the regular hexagonal honeycomb, with out-of-plane load: Comparison between 

current FE predictions and analytical model predictions by Gibson and Ashby [4] 

4.6. Comparison of implemented simulation/modelling in the current work and experimental findings 

in the literature 

A comparative analysis of the numerical models implemented in the present work and experimental 

results on Ti6Al4V hollow structures in the literature can provide useful insights into the accuracy and 

reliability of predictive approaches in capturing the mechanical behaviour of such complex parts. 

The greater part of the documented work in literature for Ti6Al4V hollow structures has been 

conducted on the strut-based and TPMS-based designs for hollow shapes [31-32]. This is because Ti6Al4V 

strut-based hollow designs are easy to construct and are used for numerous aerospace applications [32], 

and Ti6Al4V TPMS-based hollow designs are more amenable to biomedical applications [31]. Experimental 

results obtained from the literature [15-18, 33] are consistent with those of the numerical models in the 

present work for various polygon shapes, both concurring that vertices are regions of high stresses for 

hollow structures. Antolak-Dudka et al. [34] experimented on Ti6Al4V HC parts under static and dynamic 

compression loads. Their work highlighted the fact that the vertices or nodes typically fail first under 

compression loading. It must be noted that this pattern of failure is not only applicable to hollow structures 

built of Ti6Al4V(ELI) but also to those constructed using other alternative materials [4, 15], as the 

phenomenon is a function geometry and not materials [10-11, 35]. Generated numerical models in the 

present study also show that the most critical direction of loading hollow shapes is the one in which loads 

are applied directly at points of sharp changes of geometry, such as apexes where vertices converge. The 

authors were not able to identify with experimental validation of this last phenomenon, as the literature 

available on polygon hollow shapes [4, 7, 9, 13, 15-19, 36-37] was on loads applied transversely to the 

members of these structures. In the present work, it has been shown that numerically modelled triangular 

hollow structures had the lowest deflection for loading at apexes, as they had more members transferring 

load than the other polygon structures modelled in this work. In order of ranking, triangular hollow 

structures were shown in the present work, followed by square, hexagonal, and circular hollow shapes. 

This is an important finding, as the ranking of various polygon structures with respect to deflection is 

unavailable in the literature. Experimental confirmation of this ranking forms part of future planned work. 

In addition, it is noted that of the numerous studies reviewed [5-6, 8, 14-15, 26, 31, 33-34, 36, 38-40], none 

provides a rationale for the selection of different types of hollow shapes but instead proceed to use the 

(a) (b) 
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selected shapes for analysis in engineering applications without considering their rank in terms of their 

mechanical properties. 

According to the numerical models generated in the present work, the predominant deformation 

behaviour of HC structures is the bending of the walls. This concurs with what has already been 

analytically and experimentally confirmed in numerous studies [4, 14-19].  Gibson et al. [18] validated HC 

mechanical models experimentally via compression tests on metal and moulded silicone rubber parts. Their 

experimental results reproduced the mechanical properties of HC parts consistent with the developed 

theory [4]. Choy et al. [41] performed compression experiments on Ti6Al4V HC parts built using selective 

laser sintering (SLM) and confirmed a similar predominant deformation mechanism. The values of 

deflection resulting from the current numerical models for the HC structure under out-of-plane loads in 

both the x- and y-directions, separately, diminish with increasing wall thickness. This is consistent with 

numerous studies that have demonstrated with experimental results that the stiffness of hollow structures 

is improved by increasing their wall thickness [4, 14, 34, 41]. Hussein et al. [42] modelled the elastic 

behaviour of laser PBF steel 304L HC parts with different cell wall thicknesses (from a range of 0.2 to 0.5 

mm) while retaining a fixed cell size of 3.97 mm. Obadimu and Kourousis [43] then validated the findings 

of Hussein et al. [42], with results that supported the correlation that exists between geometrical parameters 

and mechanical properties. 

The numerical models implemented in the present work for HC parts that are subjected to in-plane 

loads generated values of stress exceeding the yield stress of Ti6Al4V, suggesting that failure by axial 

compression would occur ahead of buckling failure, as highlighted in numerous studies [4-5, 12, 14, 19, 26, 

44]. It must be highlighted, however, that the greater part of studies currently available in the literature 

focuses solely on HC parts made of materials with moduli of elasticity that are lower than the value for 

Ti6Al4V, such as alloys of aluminium [14, 45-46, 47-50]. Therefore, experiments are clearly required to 

validate the exact values of deflection and stress obtained in the numerical models of the Ti6Al4V polygon 

shapes generated in the present work. The numerical results for linear buckling generated in the present 

work show that the largest stress levels occur at mid-span regions of the plates used to construct the HC 

shell models. This agrees with the findings in reference [51]. Furthermore, the numerically generated 

shapes after deflection of the HC plates correlate with those produced in references [51-52].  The numerical 

analyses for linear and nonlinear buckling carried out in the present work showed that the HC model's 

adjacent shells exhibit a restraining effect against each other, resulting in the stiffening of the structure. 

There appears to be a knowledge gap with regard to experimental validation of the aforementioned 

restraining effect, which calls for future experimentation to solve this shortfall of information.  The 

prediction based on the numerical models for analysing the effect of wall thickness on the effective stiffness 

of the HC shell in this work correlates well with the results of experiments done in reference [9]. Silva et al. 

[53] also examined how design and manufacturing parameters affected the compressive behaviour of 3D-

printed polymer lattice structures. Their results tie in with those of the present work of increasing density 

and thus, the mechanical properties of the hollow structures with increasing thickness of the struts.  

4.7. Scope and opportunities for future work  

4.7.1 Extending the simulation and modelling implemented in this study to other metallics and their 

various applications 

Implementation of the current simulation and modelling procedure to include other alloys could 

prove useful for developing and optimizing hollow structures with specific applications. This method 

provides insights into the mechanical properties of hollow shapes and thus improves the basis for 

developing structures that respond effectively to specific applications. For the purpose of developing 

innovative and effective designs, the numerical models developed here for Ti6Al4V hollow structures 

could be tailored and extended to other alloys. 
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Tungsten alloys are used in shielding radiation applications due to their extremely high density 

compared to Ti6Al4V, particularly in the medical and nuclear sectors [54]. Tungsten alloy hollow structures 

could be built to be lightweight while maintaining good shielding. The effects of radiation on materials 

could be factored into numerical models, and the shielding efficacy of different hollow shapes could 

be evaluated. Tungsten [55] and nickel-based [56] alloys have good thermal stability and mechanical 

strength compared to Ti6Al4V. The high thermal conductivity of tungsten and nickel-based alloys allows 

them to be designed as hollow shapes for efficient heat transfer [57]. Heat conduction and thermal stress 

distribution within different hollow shapes, as well as their mechanical performance, could be simulated 

using numerical models. These hollow shapes are often used in aeronautical propulsion systems and 

defence applications in harsh conditions [57-58]. Additionally, the tungsten alloy's good thermal 

conductivity results in it being good for heat sinks in electronics [55, 57]. Building hollow structures with 

such material could assist with heat dissipation. The use of simulations and modelling allows for the 

evaluation of cooling efficiency for the different hollow shapes and optimization of their design in 

accordance with specific uses. Tungsten alloys are susceptible to particular corrosive conditions [55], 

whereas Ti6Al4V is corrosion-resistant [30]. Numerical models could mimic corrosion behaviour and 

predict how different hollow shapes reduce or further aggravate corrosion effects. The complete 

densification of tungsten alloys during AM is difficult due to its high melting point and heat conductivity 

[57]. The potential for porosity and partial densification could be reduced by hollow structure design since 

there would be less material to solidify. This is because hollow geometry can minimize porosity while 

improving density by reducing the gradients in temperature and assisting in uniform cooling [57]. Better 

control over solidification cooling rates could be achieved with hollow structures. Simulation and 

modelling must, therefore, be extended to examine how different tungsten alloy hollow shapes influence 

microstructure control regarding minimizing or increasing grain growth, resulting in increased or 

decreased mechanical properties, respectively. 

Copper alloys are popular for their electrical conductivity, which is high compared to Ti6Al4V. Hollow 

shapes are useful for designing connectors, conductive pathways, and electronics cooling components [59]. 

Numerical models could assist in the design of different copper alloy hollow shapes to improve the transfer 

of heat and flow of electrical current. Furthermore, their high thermal conductivity results in copper being 

a better material for heat exchangers [6]. Hollow structures could further enhance the efficiency of heat 

transfer. Different hollow shapes could be implemented in simulation and modelling to predict their 

influence on the distribution of temperature and drop of pressure across a structure. Copper alloys are 

corrosion-resistant and have been used for decades in applications related to plumbing. Pipes, fittings, and 

fluid distribution systems are designed as hollow structures [60]. Better structural integrity and flow 

properties could be predicted by employing numerical models of different hollow shapes built using 

copper alloys [61]. Integrating copper hollow shapes as fins into current designs of pyramid-shaped solar 

stills has the prospect of improving heat transfer, evaporation, and condensation rates, ultimately leading 

to the production of distilled water. To maximize benefits whilst minimizing drawbacks, the design and 

location of such copper structures could be studied carefully. Incorporating the numerical models 

developed here in such a design could assist in the optimization of design and understanding of the 

complex relationship between the copper hollow shapes and the functionality of the solar still [6, 61]. 

Platinum group metal (PGM) alloys have gained popularity for their good strength-to-weight ratio, 

corrosion resistance, and stability at high temperatures, resulting in them being ideal for aeronautical 

applications. The simulation and modelling process in the present work is applicable for optimizing the 

design of hollow parts that can be coated or built using PGM alloys. These parts include engine parts, 

exhaust systems, thermal management components, structural components, and aerospace frames to 

improve performance while reducing weight and the use of materials [62-64]. These alloys are also 

biocompatible and often used for coating medical devices such as pacemakers, catheters, stents, and dental 

and prosthetic implants. The simulation and modelling approach described here is adaptable to generating 
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hollow structures coated with PGM alloys for biomedical applications while optimizing their mechanical 

properties and performance under physiological conditions. The strategy could enhance the longevity and 

biocompatibility of PGM alloy-coated implants, resulting in better patient outcomes [64]. PGM alloys are 

commonly adopted in the chemical processing industries due to their resistance to corrosion, reactions 

caused by chemicals, and high temperatures. The simulation and modelling strategies used in the current 

work could prove useful in the design and optimization of hollow parts coated with PGM alloys. These 

PGM alloy-coated hollow parts can be used in building reactors, heat exchangers, and catalytic converters. 

As a result, the longevity and efficiency of chemical processing equipment could be improved by accurately 

predicting the coated PGM alloy’s mechanical properties and structural behaviour [62, 64]. These alloys are 

also used in a variety of energy-related applications, including fuel cells, electrolysers, and gas turbines, 

due to their high electrical conductivity and catalytic characteristics. The simulation and modelling 

procedures used in the current work could assist with the design optimization of PGM alloy-coated hollow 

structures for catalyst support materials and, thus, an increase in their surface area and reactivity. Accurate 

prediction of mechanical properties and performance characteristics is anticipated to improve energy 

conversion efficiency, durability, and operational reliability of the hollow parts [65]. These alloys are 

additionally used in automobile components such as exhaust systems, sensors, and catalytic converters 

because of their corrosion resistance and ideal stability at high temperatures. The simulation and modelling 

strategy adopted in the present work can be used to optimize the design of hollow parts in automotive 

systems to reduce weight, increase performance, and control gas emissions [66]. PGM alloys tend to be 

used in electronic and electrical applications, such as contacts, connectors, and sensors, because of their 

high conductivity and resistance to oxidation. The simulation and modelling process could assist with 

designing hollow structures for electrical applications by optimizing mechanical strength and contact 

performance. Engineers can generate more reliable and effective electrical components by customizing 

numerical models for PGM alloys [67-68]. These precious metals are highly valued for their lustre, 

durability, and scarcity, which renders them ideal materials for luxury items and jewellery. The simulation 

and modelling procedures can also be used to improve the design of hollow structures for fleshing-out 

intricate jewellery designs, ornamental parts, and high-end luxury products, guaranteeing both aesthetic 

appeal and structural integrity [69]. 

By systematically comparing the mechanical behaviour of other alloy hollow shapes against Ti6Al4V 

hollow structures using the implemented numerical models, researchers could arrive at well-versed design 

decisions that account for performance, cost, and application requirements. Such an approach would, in 

turn, allow researchers to design hollow structures of each material for their specific applications, 

optimizing performance while taking material properties and the limits of their mechanical properties into 

account. 
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5. CHAPTER FIVE: NUMERICAL MODELLING OF FIRST-ORDER 

HIERARCHICAL STRUCTURES UNDER QUASI-STATIC LOADING  
Part of the contents of this chapter has been submitted for publication or has been published in peer-reviewed journals, 

as follows: 

1. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. (2024). Numerical modelling of Ti6Al4V (ELI) 

hierarchical honeycomb structures of order one at the vertices. Results in Engineering, 21, 102024. 

doi.org/10.1016/j.rineng.2024.102024 

5.1. Summary 

This chapter presents results on the numerical modelling of hierarchical honeycomb (HC) 

structures with hexagonal, circular, and triangular polygons at the vertices. It examines the effects of 

geometry on stress levels, stress concentration, and deflection, followed by a comparison with experimental 

data from the literature. The chapter also outlines future research opportunities for the study. 

5.2. Numerical findings of stress levels and stress concentration 

Figures 5-1 and 5-2 show von Mises stress contours generated by applying a 3000 N 

load to the HCR model, as well as HCH, HCC, and HCT models. These contour plots show 

the stress levels and contour maps of stress distribution obtained for loading in the x- and 

y-directions separately.  Figures 5-1 and 5-2 show that the hierarchical HC models subjected 

to loading in the x-direction had the lowest values of maximum von Mises stress. This is 

because the loading along the x-direction was applied along the lengths of three members 

(larger contact areas), while along the y-direction, it was applied at five apex points (smaller 

contact areas).  

 

Figure 5-1. The von Mises stress distribution for (a) HCR structure and (b), (c) and (d) HCH, HCC, and HCT 

structures, respectively, for the case of a load applied in the x-direction 
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Figure 5-2. The von Mises stress distribution for (a) HCR structure and (b), (c) and (d) HCH, HCC, and HCT 

structures, respectively, for the case of a load applied in the y-direction 

It is garnered from the stress contour keys in Figure 5-1 that when a load is applied in 

the x-direction, the HCH model has  the lowest value of maximum von Mises stress 

(approximately 12.37% lesser than the value obtained for the HCR  model). The HCC model 

records the second lowest value of maximum von Mises stress (about a 3.99% decrease from 

that of the HCR model),  whereas the HCT model is ranked last. The HCT structure recorded 

the highest value of maximum von Mises stress because, compared to the other two 

geometries, it was loaded directly at the apex regions . These are regions with sharply 

changing geometries. The apex regions are highly stressed regions that are liable to fail 

even at low applied loads. Instead of the maximum von Mises stress level decreasing for 

the HCT model, as observed for the other two models, they increased by 48.43% with 

reference to the HCR model.  

Figure 5-2 shows that with the load applied in the y-direction, the HCC model 

attained the lowest value of maximum von Mises stress (approximately 11.8% lower than 

the value obtained for the HCR model).  For the same loading direction, the HCH model now 

ranked second in terms of the generated value of maximu m von Mises stress (a decrease of  

about 10.39% with reference to the HCR model). With reference to the value of maximum 

von Mises stress obtained for the HCR model subjected to y-directional loading, the HCT 

model showed an increase of 60.76%. The application of von Mises stress to lattice structures 

provides for an easier and more straightforward assessment of yielding, particularly when 

dealing with complex stresses arising from the use of intricate  geometries. In the present 

investigations, the analysis was conducted with the aim of ensuring all induced stresses 
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were solely elastic. Thus, analysis using von Mises stress was useful in easily identifying 

the loads beyond which the material was expected to yield.   

According to the work discussed in the foregoing three paragraphs, the HCH model 

had the lowest value of maximum von Mises stress when loaded in the x-direction and the 

second lowest value of maximum von Mises stress when loaded in the y-direction. The 

percentage changes for the maximum von Mises stress of the HCH model loaded in all 

directions separately were greater compared to the differences for the HCC model. In 

comparison with the HCR model, the two models alternated in ranking. For loading in all 

directions separately, the HCT model ranked last.  Clearly, the HCH model was the best 

alternative of the three hierarchical structures modelled here.  

Apart from the contour keys in the preceding two figures, it is not possible to 

distinguish any distribution of stress in their walls from them. Therefore, sections were 

extracted and enlarged to study the stress distribution along the very thin-walled cell  

configurations of the HC structures.  It is evident from Figures 5-3 to 5-6 that enlarging the 

unit cells gives clear details of von Mises stresses in the numerical models. These figures 

show the presence of von Mises stress concentrations at the vertice s. 
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Figure 5-3. Stress distribution in (a) HCR model, and (b) HCH model, when loaded in the x-direction 
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Figure 5-4. Stress distribution in (a) HCC model and (b) HCT model, when loaded in the x-direction 
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Figure 5-5. Stress distribution in (a) HCR model and (b) HCH model, when loaded in the y-direction 
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Figure 5-6. Stress distribution in (a) HCC model and (b) HCT model, when loaded in the y-direction 

It is evident from Figures 5-3 to 5-6 that the structure with the sharpest geometries at 

the vertices in contact with the rigid plates used to apply loads on the structures had the 

greatest value of maximum von Mises stress. Since the loading plates were rigid, the 

induced stresses were much more likely to be concentrated directly  at the corners of 

structures with sharp angles at which contact with the  plates was made. This is observed 
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for the HCT model loaded in the x- and y-directions separately, as well as the HCR model 

loaded in the y-direction. However, as shown in Figures 5-3 to 5-6, the other hierarchical 

structures experienced maximum values of von Mises stresses at other sharp corners that 

were not in direct contact with the rigid surfaces. This is likely due to the restraining effect 

of the cell edges, which becomes greater as one moves closer to the centre of each structure. 

Work done in [104-106] supports this observation. The  HCT model has the sharpest corners 

(with acute angles of 60 degrees) in contact with the rigid plates on both ends for loading 

in either one of the two directions. This implies that it is the most stressed and, as a result, 

is unlikely to withstand the same magnitude of loads as the other hierarchical structures, 

when loaded along either one of the two planar directions. Therefore, for improved 

mechanical performance, reducing sharp changes in geometry at vertices in contact with 

rigid bodies should be prioritized in the design of such engineering structures.  

The magnitude of stresses at the vertices of loaded HCR,  HCH, HCC, and HCT models 

are seen from the foregoing discussion to be a function of their geometric configuration. 

The vertices have been shown to be highly stressed and are prone to failure under lo wer 

applied loads in consistency with the observations made in reference [104]. As is known for 

stress concentration, the sharper the changes of geometry at the structure's vertices, the 

higher the concentration of stresses in such areas [107], and thus th e higher the limitation 

of such structures to withstand high loads.  

From the foregoing discussion, it is deduced that the HCH  model attained the lowest 

maximum von Mises stress  when load was applied in the x-direction. This is because the 

loading plates were resting along the structure's members, distributing the applied load 

over a larger area compared to other forms of hierarchical HCs  modelled. Thus, this type of 

hierarchical HC structure is expected to withstand the highest loads of all other structures 

considered here. The HCC model had the lowest maximum von Mises stress  for loads 

applied in the y-direction. This is because it was the only model amongst those studied here 

that had no sharp change of geometry at regions in contact with loading plates with respect 

to the y-direction load. Therefore, for loading in the y-direction, this structure is expected 

to withstand the highest loads among the structures studied here.  

5.3. Numerical results of deflection  

Figures 5-7 and 5-8 show the deflections of numerically modelled HCR, and HCH, HCC, 

and HCT structures. When these structures were  subjected to load in the x-direction, as 

shown in Figure 5-7, the HCH model exhibited the lowest value of deflection. Under               

y-direction loading, as shown in Figure 5-8, the HCC model achieved the lowest value of 

deflection.  
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Figure 5-7. Numerical results of deflection of the (a) HCR model, (b), (c) and (d) HCH, HCC and HCT models, 

respectively, when loaded in the x-direction 

 

Figure 5-8. Numerical results of deflection of the (a) HCR model, (b), (c) and (d) HCH, HCC, and HCT models, 

respectively, when loaded in the y-direction 
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It is seen in Figure 5-7 that for a load applied in the x-direction, the maximum value of 

deflection in each of the hierarchical HC models is lower than the maximum value of 

deflection for the HCR model. The HCH, HCT, and HCC models attained 21.59%, 6.11%, 

and 4.07% reduction of their  maximum deflections, respectively, with reference to the 

maximum deflection of the HCR model. For the case where  the load was applied in the          

y-direction, as shown in Figure 5-8, the HCC model recorded a lower magnitude of 

maximum deflection than the HCR model by about 5.05% . The HCH and HCC models, on 

the other hand, recorded an increase in the magnitude of maximum deflection over that of 

the HCR model by 0.68% and 14.25%, respectively.  

The stiffness of a structure is significant in engineering applications as stiffness is 

inversely related to deflection [85]. According to the results obtained in this study, the HCH 

model is the stiffest structure under load applied in the x -direction. The HCC model has 

been shown here to be stiffer in compression for the load applied along the  y-direction.  

5.4. Comparison of experimental studies in literature and modelling implemented here 

Comparative analysis of the numerical models implemented here, a s well as 

experimental results reported in the literature with regard to the behaviour of hierarchical 

hollow structures, could provide valuable insights into the scientific accuracy and 

consistency of adopting predictive methods to investigate the behaviour of complex 

structures.  

The numerical models in the current work show that loading hierarchical HC structures 

in the direction of load transfer with larger areas of contact yields lower values of maximum 

von Mises stresses than loading in the direction of load transfer at smaller  areas of contact,  

such as the apexes where the vertices converge. Lower values of maximum von Mises 

stresses suggest that the structure has a higher load -bearing capacity compared to 

structures with higher values of maximum von Mises stress [106 -108]. The authors were, 

however, not able to validate, with experimental results, the phenomenon mentioned in the 

sentence before the previous one, as the available literature on hierarchical HC structures 

of various polygon shapes at the vertices [35, 71 -73, 86, 97-100, 109] concentrates only on 

loads applied transversely to the structural members of these structures. It is observed that 

all these studies have omitted the  outermost sharp vertices formed in the basic designs of 

the structures in an attempt to generate members that are configured transversely to the 

loads, as opposed to the regular  sharp inclined or arc-shaped members that were adopted 

in the present work for the HCT and HCC models, respectively. The observation that 

loading hierarchical hollow structures in the direction of load transfer with larger contact 

areas results in lower maximum von Mises stress es is consistent with fundamental 

structural mechanics concepts discussed in [106, 110 -111]. The analysis presented in these 

references highlighted the need to evaluate direction load transfer and optimize contact 

regions to improve structural performance. The relationship between lower levels of stress 

and higher load-bearing capacity is crucial for designing lattice structures with optimal 

strength. Validation of the numerical results with experimental f indings is a shortcoming 

in existing literature. As mentioned earlier in the paragraph, numerous studies [35, 86, 97 -

100] focusing on loads applied transversely to lattice parts while ignoring the outer most 

sharp vertices leads to shortcomings in the experimental methodologies used for validation. 

This underscores the importance of conducting more extensive experimental studies that 

consider numerous types of loading conditions and geometric configurations to confirm 

numerical results. The difference between the approach used in the current study (using 

regular sharp inclined or arc-shaped members) and prior research [35, 86, 97 -100, 106, 110-
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111] (configuring members transversely oriented to the applied loads) highlights the need 

to take geometric complexities into account when conducting experimental tests. Numerous 

studies [93, 96-97, 112-116] have highlighted the fact that the choice and configuration of 

the structural parts have significant effects on mechanical properties, as was found in the 

present work. This finding necessitates an overhaul of experimental approaches in lattice 

structure research to ensure that they capture the intricac ies of general 

engineering applications accurately. Numerical models provide useful insights; however,  

the absence of accurate experimental confirmatory tests raises concerns with regard to the 

applicability of the numerical results in general engineering  conditions. Engineers and 

researchers in the field of lattice structures ought to be cautious when using numerical 

findings alone in general engineering applications without experimental validation. This is 

particularly important when working with complica ted hollow parts and loading 

conditions. This identified gap in experimental literature, together with the recognition of 

limitations in prior studies [35, 86, 93, 96 -100, 112-124], implies a need for a shift in how 

experimental investigations are carried out in the field of hierarchical hollow structures. 

The requirement to replicate the outermost sharp vertices and configurations that 

correspond to general engineering loading conditions must be met. This is expected to have 

broad implications for future experimental methods in studies of lattice structures. The 

relationship observed between lower maximum von Mises stresses and increased load -

bearing capacity in the present work suggests the need for contemporary design concepts 

for lattice structures. Engineers and researchers need to investigate configurations that 

optimize the direction of load transfer and contact areas in order to  improve the structural 

performance of lattice structures. The foregoing is expected to contribute to the growth of 

design methods for lattice structures.  

Experimental results obtained in literature [77, 86-87] concur with the numerical models 

implemented in the current work for hierarchical HC structures, that vertices are areas that 

experience high stresses for complex hollow structures. Alqassim [86] inve stigated static 

and dynamic compression-loaded hierarchical HC parts with hexagonal hollow shapes at 

the vertices. Their research findings suggested that under compression loads, the vertices 

or nodes tend to fail first.  This behaviour of complex hollow sh apes has been observed in 

numerous studies [34-35, 71-79, 85-108] to be purely a function of geometry. The 

correspondence between the experimental results from Alqassim [107], as well as other 

literature [93, 96-97, 111-116] and the numerical results obtained in the current research,  is 

consistent with the expectation that vertices are prone to high stresses. This consistency 

gives credibility to the findings of the present work and improves the understanding of the 

behaviour of hierarchical hollow structures under compression loads.  In addition, the 

observation made in the present work that the behaviour of complicated hollow structures, 

particularly the capacity for vertices to fail under compression, is purely a function of  

geometry and stresses the significance of geometric considerations in the  lattice structural 

design. This finding is consistent with a broader trend in structural engineering [23, 63, 100, 

106, 110-111], which highlights the importance of geometric features when determ ining 

structural responses. Researchers and engineers working on lattice structures should be 

aware of the geometric complexities that influence stress distribution and failure 

mechanisms. The observed sensitivity of vertices to high stresses and failure under 

compression loads in the present work has direct design implications for lattice structures 

[106-108]. Engineers, as well as designers, should think about vertex reinforcement 

strategies or alternative configurations to reduce stress concentrations in these key areas. 

The foregoing findings offer useful information for optimizing lattice structure designs 
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to improve total structural performance and durability. Understanding how vertices fail 

under specific loading conditions is critical for risk assessment and safety considerations in 

general engineering structures as well. This influences decisions about l oad-carrying 

capacities, maintenance routines, and safety factors when using lattice structures in 

multiple kinds of engineering applications, ranging from architecture to aerospace. The 

recurrent result on the behaviour observed at the vertices of these h ollow structures for 

numerous studies [63, 101, 106, 111] indicates that more research into the mechanics of 

vertices in complicated hollow structures is required. Future research ought to investigate 

more geometric configurations, loading conditions, and materials to acquire a better 

understanding of the behaviour of lattices around vertices. This could , in turn, lead to novel 

design concepts and methods of structural optimization. 

According to the numerical models generated in the present work, it has been shown 

that numerically modelled HCH and HCC structures alternate in ranking first with regard 

to the lowest values of maximum von Mises stress obtained for the two planar loading 

directions when compared with the HCR structure, respectively. The highest load -bearing 

capacity in the x-direction was observed for the HCH model and in the y-direction for the 

HCC model. The HCH model , therefore, has the highest load-bearing capacity in the              

x-direction, whereas the HCC model has the highest load -bearing capacity in the y-direction 

of the three hierarchical HC structures modelled here.  This is a key finding, as the literature 

does not give a ranking of such hierarchical structures with various polygon shapes at the 

vertices with regard to stress levels. Rather, most research [71 -79, 88-98] has concentrated 

on their energy absorption behaviour. The fact that HCH and H CC structures alternatively 

score first in different loading directions shows a potential for structural optimization based 

on specific loading conditions. Engineers may be able to tailor lattice structures with HCH 

configurations for improved performance in one loading direction whilst using HCC 

configurations in another. The research presented here adds to our understanding of how 

lattice designs can be tailored to improve performance in a variety of real -world 

applications. The alternating ranking of HCH and HCC structures highlights the relevance 

of directional strength in lattice structures. Different arrangements could be particularly 

good at resisting forces applied along different axes. This understanding is especially 

important for applications where load directionality is vital, such as architectural design, 

aerospace engineering, or any field in which lattice structures are used for load -bearing [63, 

84, 98, 107]. The numerical modelling results of the present work produce a fresh feature in 

the literature of ranking HCH and HCC structures based on maximum von Mises stresses. 

While previous work largely studied the energy absorption behavio ur of hierarchical hollow 

structures [19, 34-35, 98-100, 111-124], this result presents a different approach in which 

lattice structures are graded in terms of stress levels. This understanding can be used to 

direct future studies into lattice structures an d fine-tune design concepts. The generation 

of hybrid structures that integrate the advantages of both HCH and HCC designs result s in 

improved performance for different loading conditions. This approach is consistent with 

the tendency in engineering to tai lor designs to specific functional requirements [63, 84]. 

The results obtained here thus offer the potential for collaboration with material scientists 

to investigate how material properties could potentially be optimized for specific lattice 

configurations. Additionally, an interdisciplinary approach could open the path for 

advances in materials designed particularly for lattice structures [63, 84, 116].  

The numerical models implemented in the present work showed an identical ranking 

based on corresponding values of deflection, as was observed for the maximum von Mises 

stresses. The results obtained suggest that the HCH structure is stiffest in the x-direction, 
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while the HCC structure is stiffest in the y-direction. This is also an important finding , given 

the absence of literature on the ranking of hierarchical HC structures with various polygon 

hollow shapes at the vertices with respect to deflection. Experimental validation of this 

ranking forms part of future planned research work. This research s heds light on the 

stiffness characteristics of hierarchical hollow structures with different polygon hollow 

shapes at the vertices. Stiffness and this research contribute to our current understanding 

of directional stiffness in lattice structures [98, 105], noting that stiffness is an important 

aspect in determining how structures respond to applied loads. The absence of previous 

literature on the ranking of hierarchical h ollow structures in terms of deflection highlights 

the originality of this study. While numerous investigations in the field of lattice structures 

have focused on energy absorption [35, 98 -100] or strength [93, 96-97, 111-116], this finding 

broadens our understanding to include the stiffness of lattice hollow structures. The 

stiffness rankings for HCH and HCC structures in different directions provide information 

for engineers and designers looking to optimize lattice structures for specific applications 

that are stiffness-dependent. Thus, depending on the directional loading assumptions in a 

particular case, designers may tailor their designs to attain the best stiffness. This has 

ramifications for industries requiring high directional stiffness, such as aerospace [63, 84, 

107] and robotics [63, 84]. Future research is planned to undertake experimental validation 

of the stiffness ranking determined here. Experimental validation is crucial for assuring the 

reliability and application of the determined values of stiffness and ranking. Therefore, 

future research to these ends could assist in developing and improving present design 

methodologies as well.  

5.5. Scope and opportunities for future work  

5.5.1 Extending the application of the modelling implemented in this study to design for additive 

manufacturing 

Incorporating the numerical modelling implemented in the present work into the AM 

design process is promising and challenging strategy for optimizing and improving both 

the design and manufacturing of complicated structures such as hierarchical hollow 

structures. Numerous key future prospective advantages that must be considered in design 

for additive manufacturing (DfAM) are as follows:  
Numerical modelling allows for tailoring of the design parameters of a structure and/or 

its manufacturing process. Considering this, the numerical models in the current work could 

be extended to tailoring their design parameters related to structural integ rity, material 

usage, and manufacturing speed by modelling the behaviour of these structures based on 

the design limitations in AM technology. Typically, design limitations in AM technology 

include the maximum size of support structures and the minimum thi ckness that can be 

printed for these intricate hollow designs. Additionally, by predicting the behaviour of the 

numerical models implemented here prior, one could succeed in identifying the most 

relevant potential challenges or defects in a structural desi gn without the need for 

manufacturing physical prototypes or parts. Extending the numerical modelling 

implemented here to the preceding proposed approach reduces prototyping expenses while 

shortening the manufacturing period. This should be considered a mo re efficient method to 

adopt for the design and manufacturing process of complex structures. Numerical 

modelling is also useful for determining the best material for a given application. In the 

case of Ti6Al4V(ELI), for instance, the current numerical mode ls could be extended to 

predict how this material might accurately be used to fabricate geometrical properties such 

as complex surfaces. This should include extending the current models to model the 
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response of the material to different mechanical loads based on complex design structures. 

Alternative numerical modelling packages designed to tackle  identical design problems 

should be implemented to confirm the reliability of the current numerical model s. This is 

performed to verify that design specifications are met before the designs are approved for 

manufacture. Modelling insights garnered here have the potential to instruct engineers and 

designers on the key concepts for DfAM and assist in extending comprehension and 

expertise in the bioinspired engineering field.  

However, a number of challenges and factors must be considered as well in 

incorporating the numerical models implemented here in DfAM. The level of accuracy of 

the numerical models used in the present work is critical.  To confirm that the data that  is 

incorporated in the DfAM process for complex structures is accurate, these numerical 

models must be confirmed against physical testing. Complex numerical modelling, in 

particular the one used in the present work, typically necessitate s large computational 

resources and time. Considerations as to whether such numerical models are likely to be 

completed in a fair amount of time are necessary. Material properties tend to  vary in 

structures, and the numerical models in the current work are likely to fail to account for 

this variability, resulting in some inaccuracies  in the predictions made regarding the 

behaviour of complex structures. Though AM allows for greater design flexibility, there are 

still constraints and limitations relating to the effects of build orientation and the use o f 

support structures. It is crucial to strike a balance between design flexibility and these 

constraints. Managing large amounts of data generated by modelling, as well as tracking 

and controlling changes to the software code , could also become a challenge.  

Integrating numerical modelling into the AM design process, particularly for 

complicated structures such as hierarchical HC designs, provides several advantages in 

terms of optimization of design, reduction of cost, and increase of performance. However, 

careful consideration of the accuracy of models, computational resources, and required 

knowledge is necessary to guarantee the successful implementation of the models. 

Collaboration with AM and simulation experts is likely to be useful in this effort.  
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6. CHAPTER SIX: NUMERICAL CRUSHING OF HIERARCHICAL STRUCTURES 

UNDER QUASI-STATIC LOADING 

6.1. Summary 

This chapter presents preliminary findings on the quasi -static crushing of vertex-

based hierarchical honeycombs (HCs). The mechanical behaviour of these structures is 

analyzed, offering initial insights based on limited time and computational resources.  

6.2. Preliminary results on numerical crushing hierarchical HCs 

6.2.1. Deformation response modes 

The integrity of the material connection under loading is crucial in such structures. Figure 6-1 shows 

the numerical crushing modes of the regular HC under x-directional load, revealing that such a structure 

fails first at the vertices. This is underlined by the predominant grey contour, which depicts regions where 

the load has exceeded the material's yielding strength. This is consistent with what has been reported in 

references [132-134]. Before failure at the vertices occurs, the analysis shows that the structure deforms 

primarily by out-of-plane bending of the cell walls [124-128]. Even though the numerical models generated 

here do not account for the damage behaviour, the numerical findings suggest that the failing vertices do 

so by fracturing, which are regarded as regions prone to fail at lower applied loads, similar to physical 

experimental studies performed by [126, 127]. This suggests that the bending of the walls leads to a failure 

mechanism involving material fracturing at the vertices. The current findings indicate that the material has 

significantly exceeded its yield strength in the designated regions that are likely to fail first. It is also 

disclosed that the vertices failed, the cell walls are continually piled, as shown in Figure 6-1b, and the 

structure is compacted, as shown in Figure 6-1d. Some cell walls additionally exhibit the Poisson's ratio 

effect [128].   
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Figure 6-1. Deformation and failure mechanism of regular HC under x-directional load 

Under y-directional load, the regular HC deforms predominantly by buckling the vertically positioned 

struts and bending the inclined walls, as shown in Figure 6-2b. Similarly to what has been revealed for 

regular HC under an x-directional load, the vertices are regions where the material reaches its yield strength 

earliest; therefore, they are designated as the regions that are predicted to fail first. During the bending and 

buckling deformation of the cell walls, some cells reveal the Poisson's ratio effect. Instead of the structure 

crushing entirely in the prescribed direction for a load rate, it turned out that particular regions of the 

structure where the material was exposed to loads greater than its yield strength began to twist along the 

z-axis, as illustrated in Figure 6-2c. Under compressive loads, the thin walls of HC cells are liable to 

buckling. The buckling could occur asymmetrically, causing the cells to twist and rotate [128]. The onset of 

plastic deformation reduces structural stiffness, rendering the HC more prone to more buckling and other 

types of instability. Such instability can lead cells to twist and rotate as they deform. As revealed in Figure 

6-2d, the numerical crushing simulation terminated before the structure was fully crushed along the y-axis 

due to severe twisting of the cell walls. This suggests that torsional loads take precedence over bending 

and buckling loads under such situations. As a result, when defining the physics problem, one must 

consider such a displacement response. It is likely that the numerical approach used for integration, 

particularly here in the explicit method, turned unstable under high torsional loads, causing the simulation 

to terminate. This can cause convergence issues, in which the solver fails to find a solution within the set 

constraints. 
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Figure 6-2. Deformation and failure mechanism of regular HC under y-directional load 

Given the limitations in computational resources, including time and space, the numerical crushing 

analysis of the regular HC under y-directional force terminates here. In a similar vein, as illustrated in 

Figure 6-3, the numerical analysis of the first-order hierarchical HC under x-directional load also failed to 

be completed because of computational resource constraints. 

          
 

Figure 6-3. Deformation and failure mechanism of first-order hierarchical HC under x-directional load 

6.2.2. Energy absorption characteristics 

Given that the regular HC under x-directional load was only fully modelled, the current findings for 

energy absorption response are only available as a load-displacement curve for the associated structure, 

shown in Figure 6-4. The load-displacement curve has a lower oscillated response, suggesting that static or 

monotonic loading scenarios significantly influence plastic deformation [122, 125, 128]. This is due to the 

structure being subjected to quasi-static loads, which in the current work do not account for the damage 

response such as fracturing; rather, only crushing the structure until its material densifies was considered. 

The energy that is absorbed by the regular HC under x-directional load can be computed using the area 

occupied under the load-displacement curve. 
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Figure 6-4. Load-displacement curve for a regular HC under x-directional force 
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7. CHAPTER SEVEN: TOPOLOGY AND SHAPE OPTIMIZATION OF POLYGON 

STRUCTURES 
Part of the contents of this chapter has been submitted for publication or has been published in peer-reviewed journals, 

as follows: 

1. Chibinyani, M. I., Dzogbewu, T. C., Maringa, M., & Muiruri, A. M. (2022). Reduced order topology optimization of 

a planar honeycomb defined by a linear elastic Ti6al4V (ELI) material model. South African Journal of Industrial 

Engineering, 33(3), 299-317. doi.org/10.7166/33-3-2808 

7.1. Summary 

This chapter covers details of a new method for creating effective iterations for the HCs. The 

challenge in TO of HCs being addressed in this study is first pointed out in the introduction section of the 

chapter. This is followed by analyzing the noteworthy findings and comparing them to existing literature. 

The chapter ends with a listing of the future scope of the study. 

7.2. Introduction  

In the application of AM lightweight HC parts, improving the absorption of strain energies in 

biomedical implants, aircraft, and automobile components is most common [1-4]. These HC parts can be 

manufactured using titanium alloys, including Ti6Al4V(ELI – extra low interstitial). This alloy is 

biocompatible, has good mechanical properties, and is corrosion-resistant [5-6]. Incorporating HC models 

in AM technologies has led to the manufacture of bioinspired HC parts such as the one shown in the image 

on the right of Figure 7-1 [4]. Direct metal laser sintering (DMLS), a subset of laser powder bed fusion 

(LPBF), is a layer-wise manufacturing method that has been used for the manufacture of such metallic HC 

parts [1, 5]. 

 

 

 

Figure 7-1. An HC part mimicked from a beehive and manufactured by the LPBF method [4] 

For the efficient design and manufacture of engineering components, structural optimization is 

carried out to improve the mechanical properties and reduce the amount of material used [7]. TO is the 

most common method used for structural optimization. Specific algorithms that are built into TO software 

packages are used to take advantage of the geometric complexity allowed by AM. These algorithms assist 

with assigning the amount of material, loading, and setting boundary conditions effectively, particularly 

in areas of concern such as the vertices and edges [8]. The structural optimization of simple cellular parts 

with sharp angles in their geometry, such as the HC, which is made of thin connected plates, requires 

careful analysis. This is because the vertices and edges are regions of high stress that are liable to fail at 

lower applied loads than other parts of the HC. TO can be useful in improving the structural stability of 

HC parts [9]. However, the TO method struggles when dealing with 3D HC parts, as they have fewer 

effective iterations at the vertices and edges. These fewer effective iterations can lead to inaccurate changes 

of shape for the HC model. This inaccuracy is usually noted when the HC model has lower densities at the 

vertices and edges than other HC parts after TO [9-11]. TO gives rise to models with changes of shape at 

their boundaries. The models produced are then exposed to numerical modelling that is followed by shape 

and size optimization to fine-tune the solution. Shape optimization (SO) affects the boundaries of a 
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geometry the most. The changes of shape are implemented on the boundary of a structure to reduce stresses 

in highly stressed regions [12-13]. 

7.2.1 TO of 3D HC parts 

There are two popular techniques for TO: the method of solid isotropic material with penalization 

(SIMP), which is based on the solution of binary constraints by introducing continuous relaxations to a 

problem, and the evolutionary structural optimization (ESO) method, which is based on engineering 

heuristics with proof of optimality [9, 12]. The SIMP method is the more commonly used of the two because 

the optimization with discrete design variables that are required of ESO can be difficult. Further details of 

the SIMP and ESO methods can be found in [9, 12-17]. In this work, the SIMP method was adopted since 

the ESO method has difficulty reaching convergence in TO, as illustrated in Figure 7-2 [17-18]. 

  

(a) Typical convergence of the 

SIMP method of TO 

(b) Typical convergence of the ESO 

method of TO 

Figure 7-2. Convergence behaviour of the SIMP and ESO methods of TO [17] 

Modelling 3D HC structures is challenging due to their complicated geometries and load 

distributions. Accurately predicting the behaviour of HC structures under mechanical conditions requires 

significant computational resources and powerful numerical approaches. The interaction of cells, nonlinear 

material properties, and localized deformation or buckling further challenge accurate predictions, as does 

capturing anisotropic behaviour from their cell arrangement. It has been shown that 3D HC parts can be 

reduced to planar geometries in numerical analyses [11].  This reduction to 2D models provides numerous 

benefits. It simplifies the computing challenge, rendering it easier to manage and cost-effective. Researchers 

can zero in on critical factors such as in-plane stresses and deformation with minimal processing effort. 

Furthermore, it allows for faster simulations and easier parameter optimization, which is useful in early 

design stages while maintaining the HC's structural characteristics. Modelling anisotropic and orthotropic 

HC structures is challenging because their mechanical behaviour varies with direction, requiring 

complicated material models and higher computational effort. These structures exhibit different stiffness, 

strength, and deformation characteristics along different axes, rendering it difficult to anticipate their 

response under load. Additionally, anisotropy introduces complications in accurately predicting 

interactions between cells, leading to increased modelling complexity. By assuming the material forming 

the ribs of HC structures is isotropic, these complexities are avoided, and their mechanical behaviour 

becomes more uniform and predictable [7], simplifying analysis and reducing computational demands. 

The purpose of the study presented in this chapter was to investigate the ability of TO to effectively 

generate iterations of topologies in areas of concern using planar hexagonal unit cells and HC models.  
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7.3. Results and discussion 

The results of the mesh convergence studies carried out in this study are first presented and discussed. 

This is followed by the results of the preliminary numerical modelling of a unit hexagonal cell and HC 

structure to establish the distribution of stresses and deformations. The results of this preliminary work 

were then fed into the SIMP method for TO, followed by numerical modelling of the topology-optimized 

FE hexagonal unit cell and HC model, with the results presented and discussed next. Finally, the SO of the 

topology-optimized FE HC model, followed by the numerical modelling of the shape-optimized FE HC 

model, was carried out, for which the results are presented. 

7.3.1 Mesh convergence analysis 

At first, a unit hexagonal cell model was implemented in a numerical integration and meshed with 

different mesh sizes to predict the optimal mesh size. The twelve different mesh sizes of 9, 8, 7, 6, 5, 4, 3, 2, 

1, 0.9, 0.8, and 0.7 mm, when applied to a unit hexagonal cell using Altair-Optistruct software, generated 

20, 36, 54, 72, 96, 120, 168, 264, 504, 690, 780, and 900 second-order quadrilateral shell elements, with the 

results shown in Figure 7-3. 

(a) (b) (c) 

   

(d) (e) (f) 

 
  

   

(g) (h) (i) 

 
 
 

  

(j) (k) (l) 
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Figure 7-3. Von Mises stress distribution in the members of a planar hexagonal unit cell for different mesh sizes and the 

same applied load of 3188 N 

The percentage changes in the von Mises stress ∆𝜎𝑉, defined in Equation 7.1, between one mesh 

size and the next, were obtained as 64.47%, 22.33%, 9.30%, 3.38%, 18.16%, 3.11%, 2.67%, 5.71%, 0.36%, 

0.078%, and 0.083%, starting with a mesh size of 9 mm and ending with a mesh size of 0.7 mm. These results 

were calculated with the following expression: 

∆𝜎𝑉 =
𝜎𝑓−𝜎𝑜

𝜎𝑜
× 100%                             (7.1) 

where 𝜎𝑓 and 𝜎𝑜 are the von Mises stresses of the current and previous mesh size, respectively [9]. 

A curve plot of the von Mises stress (𝜎𝑉) obtained at each of these mesh sizes is shown in Figure 7-4. The 

curve shows a tendency towards a limiting value as the mesh size decreases, with an acceptable low 

percentage change of 𝜎𝑉 = 0.36% at a mesh size of 0.9 mm. 
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Figure 7-4. Von Mises stress versus mesh size for a planar unit hexagonal cell model 

The percentage change of deformation for mesh sizes ranging from 0.7 to 9 mm was found to be 

0.041%, 0.072%, 0.11%, 0.27%, 0.20%, 0.29%, 0.11%, 1.93%, 0.93%, 1.25%, and 2.27% respectively, and are 

plotted in Figure 7-5. These results were obtained from the following equation for the percentage change 

of axial deformation ∆𝛿:  

∆𝛿 =
𝛿𝑓−𝛿𝑜

𝛿𝑜
× 100%                 (7.4) 

where 𝛿𝑓, and 𝛿𝑜 are the 𝑋1 direction deformation of the current and previously analysed mesh sizes, 

respectively [9]. The curve of axial deformation against mesh size shown in Figure 7-5 shows a trend to 

convergence with decreasing mesh size, with an acceptable low percentage change of 𝛿 = 0.11% at a mesh 

size of 0.9 mm.  
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Figure 7-5. Plot of axial deformation versus mesh size for a planar unit hexagonal cell model 

The discretisation errors in the two figures for von Mises stress and axial deformation were, 

therefore, considered insignificant below a mesh size of 0.9 mm, based on the maximum allowed 

percentage changes of 5% [9] and 1% [12,], respectively. The discretisation errors in a unit hexagonal cell 

are expected to be higher in the regions with sharp changes in geometry. However, these errors will also 

diminish with decreasing mesh sizes [9, 10, 12 and 19].  

The low percentage changes of von Mises stress and deformation obtained with mesh sizes of 

0.9 mm, 0.8 mm, and 0.7 mm in Figures 7-4 and 7-5 create confidence in the use of these mesh sizes in the 

simulation of the planar unit hexagonal cell and HC model that are the subject of investigation in this work. 

The smallest of these meshes, that of 0.7 mm, was selected for use in all subsequent modelling. 

7.3.2 Preliminary FEA (numerical analysis before TO) 
The analysis was done with a limiting axial stress 𝜎𝑉 = 𝜎𝑦𝑠, of 788.089 MPa, which was slightly 

lower than the known yield stress of 790 MPa for the material of interest, Ti6Al4V(ELI), for a mid-span 

concentrated load 𝑃 =3188 N. The load was applied to the vertical cell wall (member) of the unit hexagonal 

cell shown on the extreme left of Figure 7-6a and to the three vertical cell walls (members) of the HC model 

indicated on the extreme left of Figure 7-6b. The 𝜎𝑉 contour plots of the two FE models are shown in      

Figure 7-6. The contour plots in the figure show the highest stresses to occur at the mid-span of the edges 

of the loaded member and some parts of the inner and outer edges of the inclined members near the 

vertices.  
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Figure 7-6. The numerical results before TO for (a) a planar unit hexagonal cell model and (b) a planar HC model 

It is evident from Figure 7-6 that the outer regions of the cell members were more highly stressed 

than the central regions, with the exception of some vertices, certain locations on the cell members that are 

inclined to the vertical, and the vertical members other than those on which load was applied. Similar 

observations were noted in [4, 8, and 14]. The distribution of von Mises stresses for a unit hexagonal cell 

model shown in Figure 7-6a was compared with two magnified unit cells placed on the left and right side 

of an HC model shown in Figure 7-6b. The magnified unit cell on the left side showed a distribution of 

stresses that was similar to that of Figure 7-6a. The magnified unit cell on the right side had a similar 

distribution of von Mises stresses except for the loaded vertical member. The vertical members without 

load had close to zero stresses. This was because the stresses in structural frames are only transferred along 

the axial directions of the members. It is proposed that the application of multiaxial loads on the unit planar 

hexagonal and HC structures would ensure the presence of a load applied parallel to these members and, 

therefore, lead to a different distribution of stress in them. Moreover, the general case of a load inclined in 

a horizontal direction at an arbitrary angle theta should be useful in exploring the effect of the size of this 

angle on the stress distribution, deformation, and deflection of members. 

Deflection of the members of the frame structures occurred along the x- and y-axes to the 

magnitudes shown in Figure 7-7. The two diagrams from the left to the right of Figure 7-7a are deflection 

contour plots for the unit hexagonal cell and the HC model in the x-direction, respectively. The two 

diagrams on the left and right of Figure 7-7b are similar to the one in Figure 7-7a but show contour plots 

for deflections in the y-direction. The contour plots in the figures show the largest deflection to occur in the 

x-direction of the mid-span of the loaded member. In the y-direction, the largest possible deflections are in 

the top vertices and adjacent members of the three top left-most unit cells.  
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Figure 7-7. FEA showing the deflection of unit hexagon cell (left) and HC (right) along the (a) x-direction and (b)                 

y-direction 

It is evident from Figure 7-7 that the largest deflections that occurred in the unit hexagonal cell and 

the HC structure were caused by bending loads acting on the loaded members. The deflections in the                

x-direction were higher than those in the y-direction. In addition to the bending deflection of the inclined 

members, the members also deformed axially, as is expected from the theory of structural frames. The 

inclined members, therefore, behaved like beam columns that contributed to both their x- and y-directional 

bulk movement. The vertices and the regions close to these vertices that connect the inclined members 

exhibited these bulk movements, as shown in Figure 7-8(a, b). Such bulk movements will be dependent on 

the angle of inclination at the vertices, as both the axial and transverse loads on the members vary with the 

angle of inclination. This was also observed in [20].  

 

Figure 7-8. FEA results showing deflection contour plots of a (a) hexagonal unit cell and (b) HC original geometry 

superimposed on the deformed geometry 

The TO results in the next section were generated using these same geometries, with the advantage 

of knowledge about the distribution of stress, deformation, and deflection in their members. 
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7.3.3 TO analysis 

TO of the unit hexagonal cell and the HC model generated maximum reductions of the material 

used of 30% and 8%, respectively, for the maximum respective penalty scores of 0.3 and 0.18 before 

structural connectivity was lost. The optimized members for these maximum reductions were shown in 

Figures 7-9a and 7-9b, respectively. The TO solver allowed a minimum penalty score constraint value of 

0.106 for the intermediate solid densities of the FE HC model. However, better results for the model shown 

in Figure 7-9b were obtained using a minimum penalty score value of 0.15, as shown in Figure 7-9d. In 

contrast, TO unit hexagonal cell models in both Figures 7-9a and 7-9c were obtained without any minimum 

penalty score constraint. This is because TO results depend on the mesh predicted before TO was carried 

out. The unit hexagonal cell had a lower total number of sharp angles in its geometry, which meant that 

there were fewer repetitions of mesh errors in the geometry than in the HC model.  
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Figure 7-9. FEA results: (a) a unit hexagonal cell model, (b) an HC model after TO yielding maximum reductions of 

material, (c) the TO unit hexagonal model without a minimum penalty score constraint, and (d) the TO HC 

model with no minimum penalty score constraint 
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These new topologies in Figures 7-9a and 7-9c show that the densities of the material in areas that 

were observed to have high stresses in Figure 7-6a remained largely intact or changed by small amounts. 

These areas included the vertices and edges of the inclined members, and the mid-span of the member with 

an applied load and the one with a fixed constraint, as shown in Figure 7-10. 

 

Figure 7-10. Areas on a unit hexagonal cell where the original material densities were preserved or experienced small 

changes 

It is not surprising that the material densities reduced from the original models were small 

percentage areas of the total area. The honeycombs are classified as delicate structures because of their thin 

members and the multiple constraints arising from their complex geometry [4, 14]. The densities of the 

structural members in both models were predominantly preserved in the regions with high stresses shown 

in Figure 7-6 to preserve the stiffness of the structures, which ties in with the observations made by [9, 12, 

14, and 21]. These TO results, however, had rough-edged geometries at this stage and required 

the implementation of SO to reduce them [9].  

The new topologies obtained showed that the fictitious densities were reduced from the edges of 

the members instead of creating voids in the design space, as expected from the TO theory [12, 22]. To 

determine the location, to create and shape voids in thin wall sections is very difficult when using the SIMP 

method for many software packages of TO. This is because such structures have delicate structural 

connectivity, and by creating voids to optimize the wall sections, further structural discontinuities can 

easily occur [9-10, 17]. Such voids can also lead to impractical designs because of the limitation of low 

resolutions required in their manufacture [23]. It is recommended that TO be implemented before and 

during the design process. The TO done before ensures that the load paths and weaknesses in a structure 

are identified and considered more effectively when introducing constraints that allow voids to be created 

in the thin wall sections during TO.   

7.3.4 Numerical analysis of TO model 

The numerical stress analysis of the TO models obtained in the preceding sections is shown in 

Figure 7-11. The use of penalty score values of 0.05, 0.10, 0.15, 0.20, 0.25, and 0.30 on the unit hexagonal cell 

model resulted in values of Von Mises stresses 𝜎𝑎 of 797.7, 810.9, 825.1, 848.4, 856, and 869.7 MPa 

respectively. This trend was consistent with the linear relation expected between the densities and the 

material stiffness of a structure. By reducing the densities of a structure, the stresses increase, causing its 

stability to decrease. The numerical models shown in Figure 7-6 had better stiffnesses than the numerical 

models of the TO models.  
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Figure 7-11. The numerical results for a TO unit hexagonal cell model with different penalty scores for the fictitious 

densities reduced from the solid  

It is evident from Figure 7-11 that removing densities causes the stiffness of a frame structure to 

decrease. Increasing the penalty score values introduced more regions with sharp changes to their 

geometry, specifically in regions where densities were removed. This caused the stresses in a structure to 

increase and, in return, the stiffness of the structure decreased.  

The numerical results in Figure 7-12 that were obtained for a TO HC model were similar to those 

of the previous analysis. However, a linear relation between material stiffness and density occurred for the 

minimum penalty scores, as was the case for the previous model. This relationship was also limited by the 

multiple constraints arising in the HC model, which were discussed in the TO section. The many sharp 

angles in the geometry reduced effective iterations in TO. 

© Central University of Technology, Free State



 

164 | P a g e  
 

 

Figure 7-12. The numerical results for a TO HC model with different penalty scores (0.15 and 0.18) for the fictitious 

densities reduced from the solid 

The numerical results of the TO models showed that the stiffnesses were decreased compared to 

the results observed and discussed in Figure 7-6. This agreed with the findings in [9]. These numerical 

models were produced before structural connectivity was lost, and the results obtained agreed with what 

was observed in [20]. The next section shows that the numerical results for TO geometries can be fine-tuned 

using SO to reduce stresses in areas of concern. 

7.3.5 Numerical analysis of SO model 

SO was carried out on the numerical models of the TO unit hexagonal cells presented in             

Figure 7-11, with 𝜎𝑉 values of 797.7 MPa and 869.7 MPa. The maximum stresses obtained decreased from 

those of non-topologically optimized unit hexagonal cells by 46% and 58%, respectively, as shown in Figure 

7-13. For the HC models shown in Figure 7-12, with 𝜎𝑉 values of 788.8 MPa and 796.6 MPa, the percentage 

stress reductions obtained after SO were 4% and 2.9 × 10−5% respectively, as shown in Figure 7-14. These 

last percentage stress reduction results were negligible.  
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Figure 7-13. The numerical results of SO unit hexagonal cell model with penalty scores for intermediate densities of (a) 

0.05 reduced from solid, and (b) 0.3 reduced from solid 

 

Figure 7-14. The numerical results of the SO HC model with a penalty score of intermediate densities of (a) 0.15 reduced 

from solid, and (b) 0.18 reduced from solid 
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The effects of SO on the reduction of maximum stresses for the unit hexagonal cell after TO showed 

more effective stress reduction than for the HC model. This was consistent with the behaviour observed in 

[14, 24]. This could be because the unit hexagonal cell had a lower total number of sharp angles in its 

geometry than the HC. These sharp angles contributed to mesh errors that reduced the effectiveness of 

iterations in mesh-dependent SO. Having fewer errors occurring ensured that the change of shape during 

SO was more effective in reducing stresses. The HC model showed lower percentage values of reduction 

in maximum stresses because of the many constraints and sharp angles at the vertices and edges. This 

caused mesh errors to increase, and as a result, the effectiveness of iterations in SO was reduced in areas of 

concern.  

7.4. Scope and opportunities for future work 

7.4.1 Extending the current topology-optimized low-fidelity HC models to high-fidelity ones 

To broaden the scope of this research to high-fidelity models, the following steps are recommended: 

Refining geometrical complexity, introducing higher-resolution meshes, and convergence testing: The research 

effort discusses the adverse effects caused by sharp angles in the geometry of 3D HC systems. High-fidelity 

modelling calls for greater accuracy in controlling geometric constraints, particularly near the vertices and 

edges. Advanced meshing techniques or smoothed geometric transitions can capture finer details and 

improve convergence in the TO step. 

Advanced material modelling: High-fidelity models provide more detailed and accurate representations 

of material behaviour, particularly for complicated materials such as Ti6Al4V(ELI). This includes using 

more advanced material models that account for nonlinearities such as plasticity, anisotropy, and even 

fatigue behaviour under cyclic loading. Such features are sometimes overlooked in lower-fidelity models, 

yet they are critical for accurate predictions. 

Full 3D modelling: Though the current research focused on planar HC models, high-fidelity modelling 

includes a transition towards fully 3D HC structures. This extension should capture out-of-plane 

phenomena and structural behaviour in a more accurate scenario, resulting in better insights into 

mechanical performance under current loading events. Additionally, 3D modelling can allow the 

optimization of complex shapes in fully volumetric conditions. 

Multiphysics modelling: Depending on the application, high-fidelity models can feature Multiphysics 

models that factor in aspects beyond mechanical properties, such as thermal effects, fluid-structure 

interaction, or electromagnetic interactions. In aeronautical applications, thermal and mechanical loading 

are necessary for accurately predicting the structure's performance. 

Post-topology optimization validation and experimental correlation: After topology optimization, high-

fidelity models should be thoroughly validated using experimental data. This should entail not only 

comparing numerical predictions but also conducting physical tests on the optimized structures. To achieve 

stability, accurate high-fidelity models should be validated against a variety of experimental scenarios. 

SO and TO of 3D HC structures: SO and TO can be applied to 3D HC models. The iterative process of 

refining geometry, along with increasingly complicated objective functions in optimization, could result in 

structures that are both lightweight and capable of handling more complex load conditions. Given that 

more complex geometries and stress concentrations are included in high-fidelity models, optimization 

accuracy improves. 
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8. CHAPTER EIGHT: EXPERIMENTATION: QUASI-STATIC CRUSHING OF 

HIERARCHICAL LATTICE STRUCTURES 

8.1. Summary  

This chapter contains details on the behaviour of hierarchical HCs of orders zero, one and two under 

quasi-static crushing. The chapter starts with an introduction followed by experimental results and their 

analysis. Lastly, the research's most noteworthy results are then highlighted and contrasted with those 

found in the current literature.  

8.2. Introduction 

Design for fabricating structures with tailorable, complicated, and smart lattice geometries using the 

latest manufacturing technologies has significant impacts on their effectiveness as energy-absorbent [1-6] 

and impact-resistant materials [2, 4, 6-7]. Metal AM technologies, particularly DMLS or SLM, a part of the 

category of laser powder bed fusion (LPBF) [8-10], give accurate control [8, 10-11] and adaptability in design 

[9-10, 12] when building hollow or lattice parts with complicated physical features. Such features are 

typically challenging to attain via traditional manufacturing methods, including casting, forging, 

machining and moulding [13-15]. Using DMLS technology has numerous advantages [8-15] beyond its 

capacity for producing complicated shapes and customizing parts minus the requirement for expensive 

tooling upgrades [14-15]. The addition of materials in DMLS technology reduces generated waste, 

particularly when compared to subtractive manufacturing methods [15]. The metallic powder that remains 

after printing parts can be recycled and reused for fabricating structures in other projects as well [11, 15]. 

The DMLS technology is also compatible with a range of metal alloys, including those of titanium, 

aluminium, and stainless steel [14-15]. The compatibility of DMLS with various metal alloys creates a broad 

selection list for engineering applications. 

This chapter is focused on the titanium-based alloy, Ti6Al4V, for use in the aerospace, automotive, 

defence and medical industries, particularly due to its high strength-to-weight ratio [17-20], corrosion 

resistance [16-17, 21-22], durability at higher temperatures [16-18, 21], enhancement of performance [16-17, 

20], reliability [16-17] fracture toughness [17, 21], non-magnetic properties [23-24], ballistic resistance [25-

26], biocompatibility [16, 18-19, 21], and adaptability in design [17, 27]. Though DMLS Ti6Al4V parts have 

numerous benefits, they also bring challenges and constraints that impact their functionality and 

effectiveness. The significant challenges are broadly classified as material-specific, process-specific, and 

application-specific challenges for AM [28-30]. 

Over three decades, significant work has been reported on hollow or lattice geometries, including HCs 

[31-45]. These hollow-built materials are designed to mimic the hexagonal unit cell configuration seen in 

organic HCs, with the primary objective of overcoming complex engineering problems [37-38, 46]. The 

geometric configuration in HCs yields lightweight yet strong and efficient designs, resulting in this type of 

lattice shape being advantageous for industries such as aerospace, automotive, defence, medical, civil 

engineering, and packaging [38-39, 46]. As materials science advances, applications and benefits of HCs are 

anticipated to broaden even further.  

For the most part, quasi-static loads are used for analyzing structures, including HCs [47]. A loading 

rate between 0.01 and 10 mm/min generally must be kept to in quasi-static crushing. Given the gradual 

application of load in this case, inertial effects are minimized, and the material's inherent mechanical 

characteristics predominate in the response of loaded structures [48]. For HCs, one of the primary features 

evaluated in quasi-static crushing is the capacity of the structure to absorb energy. In engineering fields 

that underline crashworthiness, packaging, and protective gear, extensive use is made of HCs in designing 

structures corresponding to their particular application [40-46]. The available literature in this field contains 

numerous reports of experimentation with various materials under quasi-static crushing, comprising 

aluminium, polycarbonate, and composites, in addition to leveraging polygon hollow shapes built 
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using hexagonal, rectangular, triangular, and circular unit cells. These studies have repeatedly shown that, 

regardless of changes in the materials and configuration of the structure, the deformation modes and force 

versus displacement curve trends stay constant [38-45]. The bulk of work reported in open literature centres 

around analysing in-plane crushing behaviour, particularly because polygon hollow parts are applied 

extensively for absorbing energies [40-45]. Mozafari et al. [49] investigated the impact of foam filling in 

aluminium HCs on their crushing behaviour under in-plane loads. Their findings showed that foam-filled 

HC can increase specific energy absorption by up to 20-fold and in-plane crushing strength by up to 208-

fold. It was also observed that the effect of foam filling diminishes in denser HCs. As a result, increasing 

the mechanical properties pointed out in the preceding sentence is limited to 6- and 36-fold, respectively. 

Zhou et al. [50] thoroughly examined the in-plane quasi-static behaviour of a novel re-entrant combined-

wall (RCW) HC, which was attained by integrating a hexagonal substructure in each inclined wall of the 

standard re-entrant (RE) HC. The analysis of the specific absorbed energy (SEA) revealed that the RCW HC 

outperforms the RE HC, with the SEA level approximately two-fold that of the latter. Choudhry et al. [51] 

used parametric modelling and geometric optimization to examine the energy absorption capability of a 

customized re-entrant HC. it was found in their work that the newly developed HC outperformed a typical 

re-entrant HC by 36% in terms of SEA. The crushing behaviour of HCs is known to be the result of an 

intricate combination of geometric design, and material characteristics. To optimize these structures for 

particular applications, it is imperative to carefully analyze and weigh these factors. Comprehending these 

impacting aspects allows the design of very effective and reliable HCs tailored to a wide range of 

engineering uses. 

Hierarchical structuring in HCs is a powerful strategy reported in numerous studies [38, 52-60], and 

its implementation has resulted in the fabrication of materials and structures with previously 

undocumented characteristics and functionalities. This design strategy for materials and structures is 

typically used to match the stringent requirements of contemporary applications by drawing inspiration 

from nature, in addition to leveraging advances in materials engineering [53, 56]. This is in part because 

the hierarchical structuring of structures and materials enhances their mechanical properties and 

absorption of energies by integrating strength, toughness, fatigue resistance, and effective energy 

dissipation mechanisms [52, 54, 56-60]. These advantages are attained by mimicking the distinctive physical 

characteristics and interactions of biological structures at numerous scales, from the atomic to the 

macroscopic level [52, 54]. In turn, new structures and materials with better mechanical characteristics in 

general can be produced. As noted previously in this document on Pages 22-23 of Section 2.4 in Chapter 2, 

there are four preferred strategies for generating hierarchical configurations, namely the vertex-based, cell-

wall-based, fractal-based, and spiderweb-based, all of which are inspired by nature, where hierarchical 

structures are reportedly observed in a range of biological materials [52]. The analysis presented in this 

chapter is centred around the vertex-based hierarchical HCs.  

Recent reported advances in hierarchical lattice designs have impacted their use in defence, aerospace, 

automotive, medical, and energy industries [52, 57-60]. As reported by Oftadeh et al. [57-58], the in-plane 

modulus of elasticity of hierarchical HCs improves substantially with increasing levels of hierarchy, 

resulting in enhanced effectiveness. Their findings showed that the first and second-order hierarchical HCs 

were 2.0- and 3.5-fold stiffer than traditional HCs and yet retained the same relative density. Zhang et al. 

[59] investigated SLM-printed AlSi10Mg hierarchical HCs under large deformation in the in-plane axes. 

Their findings indicated that higher levels of hierarchy substantially enhance the modulus of elasticity of 

HCs. Conversely, compressive strength improved negligibly. Their findings additionally showed a change 

in the failure mechanism from cell wall bending to cell wall fracturing when the density ratio and order of 

hierarchy increased. The findings also showed a direct correlation between failure mechanisms and 

the thickness of the wall, with a critical value of 0.345 mm, indicating that below this threshold, the 

structure becomes significantly more prone to premature failure or instability. They concluded that the 

bending, axial compression, and shear deformation of the original unit cell walls are the primary causes of 
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in-plane failure in hierarchical HCs. The same authors [60] later conducted plastic crushing failure analysis 

of corresponding geometries built via SLM using 316L stainless steel and AlSi10Mg materials. Under large 

deformation, the AlSi10Mg alloy HCs exhibited brittle responses, whereas the 316L steel HCs exhibited 

ductile responses, with a Poisson's ratio effect and gradient deformation of hierarchical unit cells. The 

application of unit cell advancements, such as optimized lattice designs, improved control of the inherent 

porosity of the structure, and refined wall thickness distribution, increased the modulus of elasticity of 

AlSi10Mg alloy HCs and advanced the densification mechanism of 316L stainless steel HCs by enhancing 

energy absorption and delaying localized failure.  

Based on the studies reported in the open literature that was available to the author [52-60], quasi-

static crushing analysis for hierarchical HCs is limited to 316L stainless steel, AlSi10Mg alloy, and 

polylactides (PLA) materials. There is, thus, a clear need to conduct such tests using other metal alloys, 

such as Ti6Al4V, which are currently hot topics in DMLS or SLM research, and to examine their influence 

on the crushing behaviour of hierarchical HCs. The suggested quasi-static crushing testing of hierarchical 

HCs in this chapter, which is additively built with Ti6Al4V material, is the first of its kind to the best 

knowledge of the author. The work could provide insights that advance understanding of the comparative 

benefits of Ti6Al4V in various related engineering applications. Additionally, there are limited details in 

reported studies describing all the energy absorption mechanisms determined during quasi-static crushing 

of hierarchical HCs. Comprehending the new findings reported in this chapter, with reference to 

the progression of deformation and failure mechanisms at various size scales inherently built in these 

structures, could provide critical value to various applications in engineering as well. Considering these 

findings before choosing a hierarchical design to adopt in an engineering application grounds the insights 

of the designer while providing information on the anticipated effectiveness of the structure with reference 

to its corresponding reported deformation mechanisms. A separate ranking of the crushing behaviour for 

hierarchical HCs under two in-plane loading directions (the x- and y-axis) has not been reported to date. 

The ranking now conducted in this work could facilitate a better understanding of the best directional 

behaviour suited for specific and advanced applications of hierarchical HCs in engineering. Given that 

there are limited studies [53-60] on the deformation behaviour of hierarchical HCs as well, quasi-static 

crushing experiments must be repeatable and reproducible. The current experimental study on DMLS-

produced hierarchical HCs adds to the bulk of reported material that can be used to ensure consistency of 

the crushing behaviours of such built structures.  

8.3. Results and discussion 

8.3.1 Surface roughness 

Surface roughness tests were performed to evaluate the quality of HC parts at various hierarchical 

levels. Figures 8-1, 8-2 and 8-3 feature the results of surface roughness measurements for zero-order, first-

order, and second-order hierarchical HCs measured directly on the top flat and side inclined faces, as well 

as data measured directly on the top flat faces of a bead-blasted first-order hierarchical HC. The figures 

include average values and standard deviations. 
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Figure 8-1. The mean surface roughness (Ra) of the surfaces of the top flat faces of the various levels of hierarchy for HCs 

 

Figure 8-2. The mean surface roughness (Ra) of the surfaces of the side inclined faces of the various levels of hierarchy 

for HCs 

The coefficient of variance (CoV) is calculated for each set of data; the mean and standard deviation 

are reported in the two figures that preceded to identify if the values of mean have a statistical meaning. 

This calculated CoV is based on the data set measured for the top flat and side inclined faces of each level 

of hierarchical HC build separately. The zero-order, first-order, and second-order hierarchical HCs have 

percentage values of 1.250%, 9.562%, and 8.485%, respectively, for the CoV calculated based on the mean 

and standard deviation of Ra at the top flat faces. The inclined surfaces of the same hierarchical HCs stated 

in the previous sentence have percentage values for CoV of 4.106%, 12.562%, and 2.156%, respectively. 

Typically, values of CoV less than 5% denote clustering and imply that the mean values have a statistical 

meaning. Large values of CoV imply a large scatter of data away from the mean, which implies the mean 

has no statistical value [61].  From the perspective of the mechanical properties of metallics in general, 

constructed Ti6Al4V(ELI) hierarchical HCs with percentage changes in CoVs limited to no more than 5% 

indicate surface roughness measurements that are more accurate and closer to the true value [61-62]. 

SD: 0.104 

SD: 0.556 

SD: 0.836 SD: 0.757 
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SD: 1.733 
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It is also garnered from Figure 8-1 that there is a gradual increase of the mean surface roughness with 

increasing order of hierarchy and a sharp drop arising from bead blasting. Smoothing out the top flat faces 

of the first-order hierarchical HC structure resulted in a 1.479 µm drop in Ra value, which is a significant 

18% of the value for the unblasted surface. This implies the effect of bead blasting on surface roughness is 

significant considering that only a two-hour bead blasting period was used in this case. Thus, where surface 

roughness is critical, the process may be applied to reduce its magnitude. For the side inclined faces, Figure 

8-2 reveals a similar trend to the one observed in the previous figure, with Ra values increased with 

increasing order of hierarchy for the three hierarchical HCs. The result of this analysis shows that the side 

inclined sides of the second-order hierarchical HC structure have the highest value of the mean surface 

roughness. The authors identify a knowledge gap on how different hierarchical levels affect surface quality. 

This forms part of their ongoing investigations on how geometric complexities, such as larger surface areas 

and variations in texture introduced by higher hierarchy levels, contribute to higher Ra values. 

Figure 8-3 depicts the grouped surface roughness findings from the preceding two figures. The bar 

graphs in this figure clearly show the magnitude of the mean surface roughness to be greater for surfaces 

on the side inclined faces than on the top flat faces. For the zero-order, first-order, and second-order 

hierarchical structures, the magnitudes of Ra for the side inclined faces were 62.71%, 57.79%, and 58.55%, 

times higher than the values for the top flat surfaces, respectively. Therefore, in cases where surface 

roughness is critical, such as the use of hierarchical structures for transportation of fluids, this big difference 

demands the use of methods for smoothening surfaces in order to have similar values for all surfaces. 

 

 

Figure 8-3. Grouped values of mean surface roughness for the top flat and side inclined faces 

8.3.2 Mechanical behaviour 

The effect of x-direction crushing. Throughout the crushing tests, a video recording examined the 

evolution of deformation and fracture for each tier of hierarchical HC loaded in the x- and y-directions 

separately. Camera images for each notable peculiar change in shape and fracture patterns for all the tested 

structures, for loads applied along the x- and y-directions, are presented in Figures 8-4 and 8-5, respectively. 
The evolution of deformation shown in Figure 8-4 (for x-directional loading) reveals that bending 

loads on the primary walls (walls building the larger unit cells) are predominant and cause out-of-plane 

deflections of these walls to occur. As the compression load increases, the bending mechanism of the 

primary walls transitions into fractures in regions closer to the vertices of the primary walls. The regions 

closer to the vertices where fracture first occurs are highlighted by red circles with dotted lines for each 

level of hierarchy shown in this figure. 

© Central University of Technology, Free State



 

174 | P a g e  
 

 

Figure 8-4. Evolution of deformation, fracture and bulk sliding in the three levels of hierarchical HCs under x-directional 

loading 

For all the structures presented in this figure, the areas of the first fracture, identified by the red dotted 

circles, are aligned along an inclined line. During failure, the cell walls were observed to deform through 

bending and fail by sliding down this inclined line to the point where entire layers of primary unit cells 

come into contact with one another, as highlighted by the red shading in the third right images in Figure 

8-4. During the sliding of primary cell walls along the inclined line, the load continues to drop until the 

primary cell walls are fully in contact. At this point, a set of primary cell walls for the next higher order of 
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hierarchy starts to deform and then fracture at the vertices in a similar manner, thus leading to a similar 

deformation and sliding as occurred for the lower order of hierarchy. Where there is an even higher order 

of hierarchy, the process repeats itself. This continues until all the primary cell walls are stacked and in full 

contact with the neighbouring ones, as illustrated in the far-right images of the different orders of hierarchy 

shown separately in Figure 8-4. 

The effect of y-direction crushing. Though bending loads retain their predominance in the deformation 

of primary walls under the influence of y-directional loading, there are indications of buckling occurring 

in the vertically configured primary walls of the different levels of hierarchical structures whose camera 

images are presented in Figure 8-5. In contrast to the case for x-directional loading, the earliest stages of 

fracture occur at vertices of the primary walls along horizontal lines, which have been identified in Figure 

8-5 by dotted red circles.  

 

Figure 8-5. Evolution of deformation, fracture and bulk sliding in the three levels of hierarchical HCs under y-directional 

loading 
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Gibson and Ashby's foundational research [63], along with later studies [31-45, 52, 63-64], noted that 

the slender cell walls of HCs are prone to buckling under compressive in-plane loads. When a y-directional 

load is applied, vertical sections of the cell walls compress, further increasing the risk of buckling.  

For loading in the y-direction, the primary cell walls, after the first stages of fracture, resort to sliding 

horizontally. This continues until adjacent primary cell walls are in full contact, as shown by the red 

shading of the various levels of hierarchical structures in Figure 8-5. Once full contact is attained, the 

process repeats itself for the next order of hierarchy and so on until all the primary walls are stacked and 

in contact with neighbouring ones, as confirmed by the far-right images for each order of hierarchy shown 

in Figure 8-5. 

Deformation of hierarchical HCs was found to be predominantly due to bending loads. This is similar 

to what has been reported in numerous studies [41-45, 49, 52, 57-60, 65-66]. The observation is acceptable 

given the fact that the structures were built of thin walls and beams, which typically have low bending 

stiffnesses. As the applied loads increased, the structures experienced fracture at the vertices of primary 

walls. This is consistent with observations made in [60]. The vertices where the walls converge are known 

to be sites of stress concentration and are, therefore, expected to experience higher stress levels than the 

other areas of the structure, given that the load paths converge at these points. The deformation, fracture 

and sliding behaviour observed in this work has only been noted for zero-order HC structures [31-45] and 

is, therefore, novel in its extension to higher orders. Moreover, the different inclinations of sliding for 

loading along the x- and y-directions separately are peculiar to the present investigations. 

Influence of the particular order of hierarchical structure. Further observations regarding the crush 

loading and the attendant deformation trends of the zero-order HC configuration, independent of the 

direction of loading (x or y), are made based on the camera images shown in Figure 8-6. The images reveal 

that, besides bending deflections and buckling deformation of the primary cell walls, some unit cells under 

crushing loads exhibit the Poisson's ratio effect for loading along both the x- or y-directions. Beyond this, 

the zero-order HC exhibited deformation and sliding until all the cell walls established full contact with 

neighbouring ones, at which point densification of the material started. 
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Figure 8-6. The deformation trends and levels of crushing till densification of the material for the zero-order HC loaded 

in the (a) x-direction and (b) y-direction 

Since the lengths of the primary cell walls reduce as the hierarchy level in HCs increases, the 

magnitude of bending and buckling decreases as well. Moreover, as has been noted in the preceding 

discussion in this section, each order of hierarchy experiences similar crushing behaviour in a consecutive 

trend from the lowest to the highest order of hierarchy. Examples of this are shown in Figures 8-7 and 8-8 

for the first- and second orders of hierarchy, respectively. This implies that the stiffness of the different 

hierarchies increases with increasing orders of hierarchy. These two considerations imply that the amount 

of energy absorbed during crushing will increase with increasing order hierarchy. Furthermore, this 

implies that the Poisson’s ratio effect observed in zero-order HCs reduces with the increasing stiffness of 

higher hierarchical levels. This experimental finding is consistent with the literature that reports 

on Poisson's ratio effect on hierarchical HCs from theoretical models [57-60, 65-66]. In zero-order HCs, the 

load is distributed via a more basic network of cell walls. This implies that the transverse strain response 

to an axial load for this order is less complicated and simpler to observe.  Distribution of load in higher 

levels of hierarchical HCs gets more complicated as the number of layers and interconnecting networks of 

cells increases, which could obscure or diminish the Poisson's ratio effect in experimental testing. 
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Figure 8-7. The deformation trends and levels of crushing before densification of the material for the first-order 

hierarchical HC loaded in the (a) x-direction and (b) y-direction 

.  
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Figure 8-8. The deformation trends and levels of crushing before densification of the material for the second-order 

hierarchical HC loaded in the (a) x-direction and (b) y-direction 

The observed further crushing events for each higher order of hierarchy implies that higher-order 

hierarchy in HCs is more crashworthy. These crushing events are a function of hierarchy and the attendant 
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scaling effects. For HC's hierarchical designs, smaller-scale structures were seen in the present work to 

support larger-scale ones in a progressive process of failure from large-scale to small-scale structures.  

From the foregoing discussion, it also stands to reason that even as irreversible failure is experienced 

at lower levels of hierarchy, elastic recovery of higher levels of hierarchy will still occur after the applied 

load is removed. 

Effects of loading direction on energy absorption in various hierarchical levels. The results in Figure 

8-9 are used to rank the mechanical properties of all twelve DMLS-produced Ti6Al4V(ELI) specimens in 

terms of loading direction and hierarchical order. Since there were four specimens for each hierarchical 

level examined, numerals 1 and 2 were placed right after the prescribed x- and y-loading directions, which 

are indicated in brackets in the legend to differentiate their findings. Numerals 1 and 2 represent the first 

and second specimens in the prescribed direction of loading. 

 

Figure 8-9. Load-displacement curves for crushing three levels of hierarchical HCs along the two x- and y- in-plane 

directions 

The load curves for loading HCs with various hierarchical levels in the x- and y-direction 

independently (Figure 8-9) show a general trend in the increase in load and subsequent drop due to failure 

and further increase followed by drops, and so on. The load curve behaviour follows a sequence of 
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deformation, fracture, and sliding, which were discussed previously in this section and now explains the 

rise and drop pattern. Initially, the primary cell walls experience bending due to the load, causing out-of-

plane deflections. As the load increases, bending transitions into localized fractures near the vertices of the 

primary walls. After fracturing, the walls begin to slide along an inclined path, resulting in a sudden drop 

in the load as the primary unit cells move closer together. Once these walls come into full contact, the load 

starts increasing again as the next level of hierarchy begins to deform, repeating the process. This cycle of 

bending, fracturing, and sliding continues through each hierarchical level until all walls are stacked in 

contact, explaining the repeated increases and drops in the load curve. 

There is a clear difference between the height of the load drops for zero-order HCs loaded in the x- 

and y-directions, shown in Figure 8-9(a), where the former drops much lower. This difference in height is 

seen to diminish for higher hierarchical levels, as seen in Figure 8-9 (b, c). This implies that at lower 

hierarchical levels, deformation and failure mechanisms are more directionally dependent, with lower 

resistance in certain orientations. As the hierarchical level increases, the structures’ behaviour tends to be 

more similar in the orthogonal directions in terms of distributing loads more evenly across different 

directions, leading to more uniform deformation and failure behaviour. This indicates that higher levels of 

hierarchical structures enhance structural stability [67] and reduce directional sensitivity. 

There is also a clear reduction in the height of the load curves following the first peak and then a 

consistent increase in the peaks for ensuing cycles to a point where the final peaks are higher than the initial 

one observed for HCs of higher hierarchical levels, as shown in Figure 8-9(d, e). This implies that the 

deformation and failure mechanisms in HCs of higher hierarchical levels evolve with each cycle. The initial 

reduction indicates that early deformation and fracture primarily weaken the structure at the beginning, 

especially as localized fractures occur near the vertices of the primary cell walls [60]. The increasing peaks 

in later cycles imply that after an initial failure, the structure stabilizes as layers of primary cell walls come 

into full contact. This stacking effect likely strengthens the HC, allowing it to bear higher loads as the 

hierarchy continues to deform and fail in a more controlled and uniform manner, ultimately leading to 

stronger resistance in later stages. This pattern reflects how the hierarchical design enhances load 

distribution and energy absorption through progressive failure. 

Averaging the load curves, as shown in Figure 8-9(d, e, and f), was necessary to account for 

inconsistencies like misalignments, material imperfections, or manufacturing deviations, which can 

introduce noise. This process smooths out fluctuations and provides a clearer, more reliable representation 

of the overall structural behaviour. In contrast, non-averaged curves may reflect irregularities specific to 

individual tests rather than the inherent material or design behaviour. Averaging highlights consistent 

trends in load capacity, deformation, and failure mechanisms, offering a more accurate and robust 

understanding of the structure's performance. 

The load-bearing capacity of hierarchical HCs was observed to be ranked from highest to lowest from 

zero-order, first-order, and second-order hierarchical HCs for loading in the x- and y-directions separately. 

Such a ranking could occur because as the hierarchy increases, the load paths get more complicated, 

introducing more possible failure spots and lowering overall load-bearing capacity. Such ranking is not 

available in the literature, which was all found to be focused on energy absorption instead [31-45, 52-55, 

59-60, 67]. Ranking the failure loads of three hierarchical HCs in two in-plane directions reveals significant 

performance differences among the various hierarchical designs. The zero-order HC (xAverage) has the lowest 

failure load and is not able to sustain higher loads before failure. The zero-order HC (yAverage) performs 

slightly better but still ranks low compared to HCs of higher hierarchical levels. The first-order hierarchical 

HCs show a notable increase in failure loads, indicating enhanced structural complexity and better stress 

distribution. The second-order hierarchical HCs rank the highest, featuring advanced designs that 

maximize load capacity and energy absorption. For loading in the x- and y-directions, the zero-order 

hierarchical HCs recorded average peak failure loads of approximately 19.75 kN and 21.25 kN, 

respectively. The first-order hierarchical HCs demonstrated improved performance, with average peak 
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loads of 23.25 kN in the x-direction and 25.25 kN in the y-direction. The second-order hierarchical HCs 

exhibited the highest average peak failure loads, reaching 25.50 kN and 27.50 kN in the x- and y-directions, 

respectively. This trend underscores the importance of hierarchical design in enhancing mechanical 

performance, with each level providing increased resilience and strength. In particular, the inclusion of 

vertex-based features appears to play a critical role in redistributing stress concentrations and delaying the 

onset of structural collapse.  However, as noted previously in this section, the difference in failure loads 

diminishes with higher hierarchy levels for loading in the two in-plane x- and y-directions independently, 

preventing a clear ranking of the first- and second-order hierarchical HCs. 

It must also be noted that in this study, the first- and second-order hierarchical HCs are only crushed 

at the first, lowest level of the hierarchy. This implies that if successive crushing events were to occur, 

higher energy absorption could be achieved due to the increased failure loads at higher hierarchical levels. 

Failure as a function of the manufacturing flaws in the cell walls of the structure- The zero-order HC 

specimens (x1 and x2), shown in Figure 8-9(a), exhibit clear differences in load peaks after the first peak, 

with x2 showing significantly lower peaks. This difference, simply put, is related to the failure along an 

inclined line, as observed previously, where the cell wall separation is completed before complete crushing. 

This might denote the presence of flaws in the cell walls at the points where separation occurred and could 

denote poor sintering at the points. Figure 8-10 compares the load curves for both HCs in the x-direction, 

with x2 corresponding to the images in the figure. 

 

 

 

Figure 8-10. Specimen failure as a function of the manufacturing flaws in the cell walls 

8.4. Scope and opportunities for future work 

8.4.1 Challenges and the way forward in updating design concepts and experimental tests for additively-

produced hierarchical lattice parts  

Mechanically removing scaffolds is labour-intensive and can result in delamination, surface damage 

and, therefore, significant inaccuracies, particularly in complex designs such as hierarchical lattice 

structures [61-62, 68]. In addition, the method of removing scaffolding is laborious and slow and causes 

delays in production, which is a serious problem, particularly in sectors such as aerospace, where delivery 

on schedule is crucial [61]. The challenge, thus, is finding faster and more effective removal procedures 

Failure along an 

inclined line 

Cell wall separation completed before 

complete crushing 
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without sacrificing the quality or safety of printed complex metallic parts [15, 69]. To address these 

challenges, robotic systems should be developed equipped with machine learning and vision-based pattern 

recognition to accurately identify and remove scaffolds from complex lattice structures, reducing labour 

intensity and improving precision in scaffold removal. Investigation should be carried out to produce 

scaffolds that are easy to remove, with greater accuracy, and that require minimal human labour. Scaffolds 

could be developed from materials that dissolve or change phase when triggered by specific stimuli (e.g., 

heat, solvents, or magnetic fields). This method allows for non-invasive removal, reducing the risk of 

delamination and surface damage. Material-based design strategies should be explored to reduce the need 

for scaffolding by optimizing mechanical properties and weight distribution in complex parts during AM. 

Hierarchical lattices with graded densities can offer inherent support, minimizing dependence on external 

scaffolds. 

The damage models used at present for analysing the crushing behaviour for both regular and 

hierarchical lattice systems are lacking because their predictions are constrained to the first load drop. 

Powerful and proven dimensional analysis concepts, including the Buckingham Pi theorem [70], must be 

applied in the development of upgraded damage models that could add to the core aspect in the study of 

damage in complicated structures. These upgraded damage models should integrate micromechanical 

mechanisms for damage to accurately capture progressive failure at various scales within hierarchical 

structures. The use of continuum damage mechanics strategies that take account of damage accumulation 

and its effect on the properties of materials should be considered as well. Furthermore, it should interact 

with cohesive zone models to mimic crack initiation and propagation, thus providing a more accurate 

representation of post-peak behaviour.  
Comparing the current physical experiments on regular hierarchical HCs with numerical models of 

topology-optimized hierarchical HCs is essential for validating performance improvements from 

optimization strategies. Regular models offer foundational insights into structural behaviour, while TO 

enhances effectiveness, reduces weight, and increases robustness by tailoring material distribution to 

specific loading conditions. This comparison allows researchers to assess the impact of optimization on 

strength, stiffness, and failure modes, ensuring that theoretical benefits translate into tangible physical 

advantages, thereby enhancing the entire design process. 
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9. CHAPTER NINE: CONCLUSIONS AND RECOMMENDATIONS 

9.1. Introduction  

This research study aimed to construct an optimal DMLS Ti6Al4V(ELI) hierarchical honeycomb (HC) 

lattice design with the highest feasible order of hierarchy using existing literature and discussions on their 

mechanical properties under quasi-static compression loads. Different polygon types, including triangular, 

circular, rectangular, and hexagonal unit cells, were examined and graded based on their mechanical 

properties, including strength, stiffness, toughness, deformation, and stress distribution. Analytical, 

numerical, and experimental modelling techniques were used to analyze the properties of these polygon 

types. The study also explored stress distribution in both regular and hierarchical lattice topologies. The 

restricting order of hierarchy was established for HCs. TO and SO were performed on planar HCs. The 

same shapes used to generate numerical models were physically tested for mechanical properties to 

determine the most prevalent failure mechanisms in the modelled hierarchical HCs. 

9.2. Conclusions emerging from the various chapters 

The four sections now being presented have contents that best summarize the findings drawn from 

the various chapters of the current work. 

9.2.1. Review of cellular and lattice structures (Chapter 2) 

Conclusions on cellular structures.  Present-day natural cellular structures are sorted into open-based, 

closed-based, and polygon-based types, with multiscale hierarchical arrangements optimized through 

evolution. Their diverse morphologies enable various applications, while mechanical properties are 

influenced by material and geometry. Bioinspired designs are increasingly applied in automotive, 

aerospace, and medical fields but face limitations in replicating the complexity of natural structures across 

scales. 

Conclusions on lattice structures and hierarchical structures. Present-day lattice structures are 

categorized into four types: polygon-based, strut-based, skeletal, and sheet TPMS-based. Efficient lattice 

generation depends on unit cell design and arrangement. Latticing and TO methods are the most effective 

for optimizing load distribution and improving mechanical properties. Mechanical properties vary with 

unit cell shape, size, topology, and configuration, enabling tailored designs for specific applications. 

Material usage and polygon area/volume coverage aid in ranking structures for performance and cost 

efficiency. While lattice structures mimic natural cellular designs, they are limited by geometric complexity 

and AM resolution. Biomimetic structures struggle to match natural properties, and quantitative 

comparisons of diffusion and heat conductivity are lacking. The integration of lattice and biological 

structures remains challenging, particularly in removing stuck powder and support material in complex 

designs. 

The multiscale design, load transfer mechanisms, anisotropic properties, scale dependency, energy 

absorption capabilities, and fracture behaviour of hierarchical HCs all affect their deformation behaviour. 

By thoroughly understanding and characterizing all these factors, it is anticipated that engineers could 

generate hierarchical HCs with particular mechanical properties for a range of engineering applications, 

including energy-absorbing structures, lightweight structures, and materials that are capable of 

withstanding high-impact loads. When determining the possible levels of hierarchy that can be achieved 

for hierarchical HCs, material properties used in the production of the parts, constraints in using imaging 

tools for evaluation of parts, generating accurate numerical models to validate experimental data, 

prematurely developed algorithms for controlling complex hierarchical data sets, heterogeneity observed 

in biological materials being mimicked, scaling of parts, and manufacturing defects, are all primary 

challenges in design for AM. 

Conclusions on analytical models describing deformation behaviour in cellular and lattice structures. 

The models built for predicting the behaviour of cellular structures can do so, but their accuracy becomes 
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limited at particular microscales because of computational constraints or when attempting to predict the 

behaviour at numerous scales concurrently. Considering this, the existing deformation behaviour models 

for cellular structures struggle to predict material properties such as non-linearity, anisotropy, or 

viscoelasticity. The proposed stress-strain curve for cellular designs revealed four stages of deformation: 

first, buckling and bending of the structure, elastic deformation during densification while buckling and 

bending continue, full elastic deformation, and lastly, plastic deformation forming a plateau. There are 

three cases of deformation likely to occur in cellular and lattice structures, namely, buckling deformation, 

bending deflections, transverse shear and direct deformation. The combined deformation mechanisms 

prevailing in a loaded lattice structure are best addressed by considering the arising stresses and failure for 

all of them simultaneously. Thus, the increasing order of direct, bending and buckling failure stresses for 

the basic model (Figure 2-34) was adopted in Chapter 2. There is an absence of analytical models in the 

literature describing the application of the Tresca and von Mises failure criteria on lattice structures.  
 Polygon-based lattice structures are typically designed and manufactured using struts or beams. 

The mechanical properties of lattice parts are different for varying designs and configurations. The planar 

in-plane loaded circular hollow structure ranks highest in terms of transverse stiffness compared to those 

built using hexagonal, triangular, and square cells. Polygon lattice structures are predominantly used in 

applications requiring a high absorption of strain energy. This is associated with their capability of 

absorbing high-strain energies for loading in the planar out-of-plane directions. The higher values of 

stiffness of lattice structures in the planar in-plane directions create possibilities of using them this way for 

crashworthiness using materials with lower values of stiffness. The analytical models adopted for 

describing the load-bearing capability of polygon lattice parts loaded in the planar in-plane directions are 

observed to be limited to general mathematical representations of strain energies. Additionally, the 

analytical models are lacking in accounting for the effect of unit cell connectivity or the way in which the 

polygon lattice architecture functions. For loading polygon hollow parts in the planar out-of-plane 

direction, analytical models in the literature are observed to be limited to the hexagonal shape only. This 

creates space to develop models based on other types of polygon structures.  

9.2.2. Quasi-static numerical modelling of polygon structures (Chapter 4) 

• The small difference of about 3.71% in the maximum von Mises stresses of planar and extruded 

hexagonal models justified using the planar model instead of the more complex extruded model to 

reduce computing resources.  

• The disparities observed at the vertices of the extruded hexagonal shell could result in the development 

of topologies with no congruence at the vertices in TO and SO and, therefore, constrain further 

numerical modelling. 

• The triangular polygon recorded the lowest deflections for the same magnitude of load applied in each 

direction separately. It also recorded the lowest maximum von Mises stress in the x-direction and the 

second lowest maximum von Mises stress in the y-direction for the same magnitude of load applied in 

both directions, separately. As a result, the triangular polygon is considered the best alternative of the 

four polygons studied here. 

• The FE HC shell model achieved bending deflection and axial deformation shapes that are consistent 

with the literature for out-of-plane loading. 

• The critical buckling loads for HC numerical shell models of different thicknesses generated von Mises 

stresses that were higher than the material's yield stress. This contrasts with the case for analytical 

modelling, in which the critical loads generated von Mises stresses for the first three HC shell models 

of (1, 1.125 and 1.25) mm wall thickness, which was below the yield stress of the material used here. 

The critical buckling loads were observed to increase as the ratio t/L grew. The HC shell numerical 

model was significantly stiffened due to the restraining action of hexagonal cells against one another.  
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• Nonlinear analysis has the advantage of accounting for plastic deformation, which is not possible with 

linear analysis. The degree of plastic deformation is higher at the mid-points of hexagonal cell plates. 

Therefore, it may be suggested that the structure fails due to axial compression first and then buckling. 

• The numerical and analytical models for the HC shell structure both showed that the effective stiffness 

increased with the 𝑡/𝐿 ratio.  

9.2.3 Quasi-static numerical modelling of first-order hierarchical structures (Chapter 5)  

• The hierarchical HC structure loaded in the x-direction achieved lower values of 

maximum von Mises stresses than when loaded in the y-direction. This implies that 

the mechanical properties of hierarchical lattice structures must be tailored for various 

structural applications in accordance with the load transfer direction.  

• The HCH structure showed the lowest value of maximum von Mises stress when load 

was applied in the x-direction. The structure is thus recommended for higher load -

bearing capacity along the x-direction.  
• When loaded in the y-direction, the HCC structure achieved the lowest value of 

maximum von Mises stress. Thus, this structure is recommended for load -bearing 

capacity along the y-direction. The outcome contributes to our understanding of how 

lattice designs could be tailored to improve structural performance. The alternating 

rankings of HCH and HCC structures underline the importance of directional strength 

in lattice architectures. 

• The HCH structure exhibited the lowest deflection for loading in the x-direction, and is,  

therefore, the stiffest structure for this direction of loading of all the structures analyzed 

here.  

• The HCC structure was determined to be the stiffest for y-direction loading because it 

had the lowest maximum value of deflection in this direction. The study broadens the 

existing knowledge base and paves the way for subsequent studies into the deflection 

behaviour of complex lattice structures. The stiffness r ankings for HCH and HCC 

structures in different orientations are useful for engineers and designers who intend to 

optimize lattice structures for specific uses. Depending on the directional loading 

assumptions in a particular case, designers can customize their  designs to attain the 

optimal stiffness.  

9.2.4. Quasi-static numerical crushing of hierarchical structures (Chapter 6) 

• The numerical quasi-static crushing experiments on hierarchical HCs revealed that 

bending deformation appears dominant under x-directional load. Conversely, under          

y-directional load, the deformation response modes showed that they are influenced by bending and 

buckling loads.  

• Most of the material at the vertices of such structures exceeded the value of its yield strength, failing in 

these regions first for the two loading directions separately.  

• Under y-directional load, buckling of the vertically positioned cell walls of a regular HC revealed that 

this eventually caused instability after some of the cell vertices had von Mises stress values that 

exceeded the material's yield strength. This caused the structure to rotate along the z-axis instead of 

being entirely crushed along the y-axis, as expected.  

• For crushing the regular HC in both directions separately, some of the deformed cells revealed that 

they had the Poisson's ratio phenomenon. 

• The load-displacement curve generated for loading the regular HC structure in the x-axis revealed a 

significantly low oscillatory response. 
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9.2.5 TO and SO for planar HCs (Chapter 7) 

• The mesh converged for mesh sizes below 0.9 mm. 

• The topology-optimized planar unit hexagonal cell and the HC had maximum material density 

reductions of 30% and 8%, respectively. The respective fictitious densities gave rise to maximum 

penalty scores of 0.3 and 0.18 before a lack of continuity in the elements was visible on them. The unit 

hexagonal cell had high penalty scores compared with the HC model because it had fewer constraints 

that reduced the effectiveness of TO. 

• The reduction of densities occurred on the edges instead of through the creation of voids in the design 

space. The solver chose this as the most effective solution for controlling the occurrence of element 

discontinuities, which randomly reduced the stiffness of thin-walled structures. 

• The vertices and edges for the inclined members and the mid-span for the loaded and fixed members 

exhibited higher preservations of density. 

• The numerical models of TO with penalty score values of 0.3 and 0.15 with respect to the unit hexagonal 

cell and the HC model gave rise to maximum stress reductions of 58% and 4%, respectively, SO. The 

unit hexagonal cell was expected to have higher stress reductions than the HC model because it had 

fewer constraints that reduced the effectiveness of SO. 

9.2.6. Quasi-static crushing experiments of hierarchical structures (Chapter 8) 

• The observed surface roughness deviations in DMLS-produced specimens indicate potential 

inconsistencies in the AM process, which could influence the mechanical performance and reliability 

of the final parts. Comparisons of three orders of hierarchy of HCs revealed that the average surface 

roughness (Ra) increased with increasing hierarchy. The Ra for each hierarchical level in HCs also 

showed lower readings for the top flat surfaces than for side inclined surfaces. Simple bead blasting 

led to a significant improvement in the average surface roughness. 

• The walls of the hierarchical structures were observed to deform primarily through beam bending. 

Buckling deformation was pronounced for y-direction loading.  

• The drop of loads after attaining peaks in an oscillatory manner was thought to be a result of fracture 

at the vertices of walls, following initial primarily bending and/or buckling as the case was.  

• The hierarchical HCs collapsed under compression loads via bending and/or buckling, Poisson’s ratio 

lateral expansion, and finally, sliding along an inclined line and horizontally, for x- and y-direction 

loading, respectively. 
• Crushing was observed to occur sequentially, starting with the lowest order of hierarchy and moving 

up to the highest order. 
• Zero-order HCs had the lowest average failure load (19.75 kN and 21.25 kN for loading in the x- and 

y-directions, respectively). While first-order HCs showed an increase to 23.25 kN and 25.25 kN for 

loading in the x- and y-directions, respectively.  Second-order HCs exhibited the highest average failure 

loads (25.50 kN and 27.50 kN for loading in the x- and y-directions, respectively). Variations in failure 

loads decreased with higher hierarchy levels, making it challenging to rank first- and second-order 

HCs in the two loading directions. 

• The zero-order HC specimens (x1 and x2) had notable load peak differences after the first one, with x2 

having substantially lower peaks, most likely due to failure along an inclined line, implying flaws or 

poor sintering at separation points of the cell walls. 

9.3. Recommendations for further research 

Experimentation should be performed for all the differing polygon structures computationally 

modelled in Chapter 4 to confirm the results obtained. Moreover, to reduce stress concentrations and 
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increase stiffness, TO and SO at the vertices and size optimization of the polygon structures should be 

investigated, respectively.  

The production of AM hierarchical HC parts with geometries similar to those studied in Chapter 5 

should be done to validate the results obtained in the present work experimentally. Moreover, future 

studies should investigate the possibility of improving the load-bearing capacity of the hierarchical HC 

structures studied here through TO and SO of the highly stressed regions identified in this study.  

Future studies should also aim to develop AM HC parts to validate the optimized FE models 

experimentally in Chapter 7. Numerical simulation of optimized FE models under harsh load conditions, 

such as dynamic loading, should also be carried out to test the load-bearing capacity of HC parts under 

such conditions. Additionally, SO and TO can be effectively applied to 3D hierarchical cellular (HC) 

models. Through an iterative process that refines geometry and incorporates increasingly complex 

objective functions, this approach can produce structures that are both lightweight and capable of 

withstanding more intricate load conditions. As these high-fidelity models account for more complex 

geometries and stress concentrations, the accuracy of the optimization process is expected to improve.  

Furthermore, future research should focus on comparing physical experiments of regular HC 

models in Chapter 8 with numerical models of topology-optimized hierarchical HCs. This is essential for 

validating performance improvements achieved through optimization strategies. Regular hierarchical 

models offer foundational insights into structural behaviour, while TO enhances the design by enabling 

more efficient, lightweight, and robust configurations through the adaptive distribution of material tailored 

to specific loading conditions and constraints. This comparison allows researchers to assess how 

optimization influences key characteristics like strength, stiffness, and failure modes in practical 

applications, ensuring that theoretical improvements lead to tangible benefits and enhance the overall 

design process. 
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