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Abstract

Cooperative multi-robotic systems can be more useful in numerous applications when
compared to single-robotic systems. However, to ensure that cooperative systems execute
tasks accurately, highly effective control architectures are vital. This study aims to improve
the coordination control of a model based cooperative multiple mobile robotic system using
differential flatness theory. To achieve this, a comprehensive analysis of literature on
fundamentals of wheeled mobile robots and their cooperative systems was conducted.
Then, mathematical modelling is performed for a cooperative robotic system composed of
differential drive wheeled robots. First the kinematic model is presented to describe the
motion of a robot without consideration of the forces causing it. Following that, the
dynamic model is presented to describe the robot's motion in relation to forces applied to
it. These models allowed for better design of a control system and paved way for the
differential flatness characterisation of the mobile robotic system. Next, the robot
differential flatness characterisation and analysis were performed, and the flatness
properties were exploited to design a flatness-based control algorithm for motion planning
and to generate trajectories and track them. Thereafter, the formation model was derived
using a leader-follower formation. In this approach, three similar robots were modeled.
Among the robots, one is selected as leader, and it is followed by two follower robots. Only
the leader robot has access to information about the desired tracking path and all follower
robots rely on it to coordinate their motion. Also, each follower must maintain a constant
defined distance and orientation from the leader. Lastly, a flatness-based formation
controller was developed. Tests were conducted to compare the flatness-based controller
with the conventional PID controller. According to the results, Flatness-based controllers
significantly reduce tracking errors of the cooperative system, whereas PID controllers
have slightly higher tracking errors. This is because increasing the gains of the PID
controller beyond a certain threshold causes it to get saturated, whereas the Flatness
controller can be adjusted without any concern for saturation. The key findings of this study
was that differential flatness allows for the whole system to be represented by a reduced

number of variables and thus the computational cost is significantly reduced especially
iii
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when dealing with multiple robots that could otherwise entail solving large robotic model
differential equations. This significantly simplifies the motion planning problem of the
cooperative system. Also, a differential flatness characterisation of the robotic formation
enabled the linearisation of the system to a stable linear equivalent system. Furthermore, in
flat output space a simple polynomial-based trajectory planning can be used, that is
simplifying the trajectory generation problem. Additionally, trajectories are solved without
integrating robot model differential equations. Thus, it is concluded from this study that
differential flatness theory improves coordination control of cooperative multiple mobile

robotic systems.

v
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Generalised coordinates

Robot Position
Orientation of the robot

Wheel velocities
the length between a driven wheel and the centre of

the robot chassis

Distance between Cartesian coordinates (x, y) and the
centre of mass (CM)

Wheel radius

the input left and right driving motor torques

Robot the centre of mass

Robot mass about its CM
Total equivalent moment of inertia
Motion constraints

Forward velocity

Lateral velocity

Angular velocity

Transformational matrix
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CHAPTER 1: INTRODUCTION
1.1 Background

As the world moves into the Fourth Industrial Revolution (4IR), robotic researchers are
increasingly paying more attention to the concept of cooperative multiple robot formation
[1-7]. This is because they have realised that using a group of robots could significantly
increase efficiency, flexibility, redundancy, and maneuverability when compared to using
single robots. As a result, cooperative multiple robot formations have a wide range of
applications. For example, [2] developed a multi-robot system called Cooperative Multi-
Robot Automated Detection (COMRADE) to detect and locate landmines in post-conflict
areas to ensure human safety and life. Other applications include search and rescue
assignments [3], security and surveillance [4] and surgical/medical applications [5] to name
a few. To execute tasks accurately (as illustrated in Figure 1), however, an autonomous
cooperative multi-robot system needs a proper coordination strategy [6, 7]. Thus, efforts
were made by numerous researchers to develop highly effective control architectures that

can be resilient to environmental uncertainties, malfunctions and disturbances [8].

Figure 1: Cooperative Multiple Mobile Robotic System [9]
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Typically, the control of cooperative multi-robot system is inundated with problems.
Thus, control system designers have to overcome a variety of challenges which include
high energy consumption, non-holonomic constraints, cross-coupling uncertainty and
partial observability of the robot workspace, resolution of communication protocol and
collision avoidance [6,8]. Consequently, researchers use various control techniques to solve

these problems.

Furthermore, there exist quite a few control schemes that have been explored in the field of
multi-robotic cooperation control, namely: synchronization control in which individual
robot follows its desired path as well as maintain a synchronized formation with adjacent
robots [10]. Another control scheme is the Cooperative control where the robots
communicate and exchange information for task execution [11]. Also, in consensus control
the robots communicate constantly to reach a common value [12]. Lastly, coordination

control includes upholding a particular kinematic relationship between the robots [13].

Moreover, to successfully carry out the above control schemes, an appropriate motion
planning in conjunction with an effective control architecture should be implemented for
the wheeled mobile robotic system. Hence, it is fundamental to accurately capture the
kinematic and dynamic properties of the robot. Several researchers have used nonlinear
control approaches to control mobile robot. These include improved sliding mode variable
structure [14], sliding mode control [15], fuzzy logic-based control [16], proportional—
integral—derivative (PID) and fractional order PID (FOPID) controllers [17], and back-

stepping control [18], among others.

However, most of the earlier studies estimated the dynamics of the system therefore failing
to represent the nonlinearity of the system completely. As a result, modelling
complex robotic scenarios with more complex coordination tasks becomes intricate. Also,
for a multiple robotic system, an increasing number of robots in the system, means an

increase in the computational control time, hence the less accurate the controller task
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implementation is. Thus, an alternative method is obligatory. Hence, this dissertation
concentrates on the motion control of a team of wheeled mobile robots cooperating with

each other to achieve a common goal.
1.2 Motivation

Recent advancements in robotics have resulted in systems that focus on flexibility,
responsiveness, durability, and cost-effectiveness, and are therefore applicable in a wide
range of applications. For instance, a cooperative multi-robotic system can be used for
space exploration. In its mission called Mars 2020, NASA launched two cooperating
mobile explorer robots, a rover (Perseverance) and an aerial robot (Ingenuity). While
Perseverance searches for signs of ancient microbial life, Ingenuity, the small robotic
coaxial helicopter scouts for locations of interest [ 19]. Also, cooperative multi robot system
is useful in security and surveillance. For example, in October 2016 the Strategic
Capabilities Office of the United States Department of Defence launched cooperative
swarm of over a hundred autonomous micro-drones, called Perdix drones. These are to be
used for unmanned aerial surveillance [20]. In addition, a cooperative multi robot system
can be used for agricultural purposes. For instance, among the projects underway at Wyss
Institute is the development of RoboBees, which are artificial bees that aid in plant

pollination as well as accurate weather forecasting [21].

Likewise, it is imperative for South Africa to make use of such technologies as it has
committed itself to the attainment of the 2030 Agenda for Sustainable Development Goals
(SDG). One of the Sustainable Development goals, SDG 2, is dedicated to eradicating
hunger and attaining food security by the year 2030 [22]. This necessitates improvement of
the production of food. The use of a cooperative multi robot system can help in achieving
this goal as they can be utilised in agriculture to plant and fertilise seeds at a speed beyond
human abilities resulting in higher crop yields. Also, a cooperative multi-robotic system
can also be utilised in the achievement of SDG 8, which aims to promote sustainable

economic growth [22]. Cooperative multi robot system increases efficiency and reduces
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turnaround time in industrial processes. This will lower the cost of production while

increasing productivity, thus boosting the economy.

Evidently, it is imperative that a good controller is designed to enable the member robots
to generate dynamically feasible motion for accurate task execution. Hence, it is becoming
increasingly popular to adopt new and more effective control strategies. One theory that
has drastically trivialised dynamical systems control strategy is Differential Flatness. In
Differential Flatness, a defined group of variables known as flat outputs, together with their
time derivatives are used to parameterise the state variables and control inputs. Also, since
there are as many flat outputs as there are control inputs, nonlinear differential equations
are converted into systems of algebraic equations which are typically easier to solve.
Differential flatness can be helpful in trajectory planning since it allows a trajectory to be
planned using algebra with interpolations and a polynomial that is of proper order in flat
output space. Dynamic equations automatically align the trajectories planned in the flat
output space. The system can also be modeled as a series of integrators in flat output space
for the development of controllers that are able to exponentially stabilise the system. These
features are very appealing because in state space of non-holonomic systems, the generation
of feasible trajectories is quite challenging. As a result, this study focuses on developing a
controller that uses differential flatness to synchronise multiple wheeled mobile robotic

systems.
1.3 Problem statement

The use of multiple robots is beneficial in numerous ways. To ensure the accurate
performance of complex tasks, a high-performance formation control architecture is
therefore needed. Ideally, formation control architecture should be scalable, robust,
flexible, and able to switch topologies, avoid collisions at the group level, and be stable.
Thus, for a cooperative control strategy to be effective, the team ought to have an ability to
counteract unanticipated situations or environmental changes sensed while the cooperative

task is being carried out. Also, an agreement should be reached on the appropriate action
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to be carried out with minimum computational time and energy consumption. In robotics,
one critical drawback of model-based formation control is that the dynamics taken into
account are sometimes approximations or are generally too simplified to adequately
represent complex robotic situations. To improve coordination control of model-based
multi-robotic Wheeled Mobile Robots (WMR), this research applies differential flatness
theory. This theory allows nonlinear dynamical systems to be linearised globally, which is

useful for solving complex nonlinear control problems.
The primary research problem of this study is addressed by introducing three sub-problems:
1.3.1 Sub-Problem 1

The first sub-problem is to conduct a differential flatness characterisation and analysis of
the WMR so as to exploit its flatness properties and thus generate effective control
architecture. To achieve this, a dynamic model of a differentially driven wheeled mobile
robot is derived using the Euler-Lagrange technique. Then, a motion controller for the

model is designed through the utilisation of its differential flatness properties.
1.3.2 Sub-Problem 2

The second sub-problem is to formulate feasible trajectories and design motion and
trajectory tracking controllers to facilitate the cooperative robotic system to successfully
complete a predetermine tasks. The use of flatness to the systems simplifies trajectory
generation problem to simple algebra. Thus, it is entirely possible to define trajectory
without solving complex differential equations. This is particularly appealing because it is
challenging to originate feasible trajectories by non-holonomic robotic systems in the state

space.
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1.3.3 Sub-Problem 3

Finally, the last challenge is to develop a controller to successfully coordinate cooperative
system for accurate task execution. A multi-robot system has more dimensions in state-
space, thus, the computation required for planning and controlling them will continue to
increase as the robots increase in number within the system. Hence, new competent
coordination schemes are in demand to simplify coordination problems and reduce the

computational cost.

1.4 Aim and objectives

This study aims to improve coordination control of a model based cooperative multiple

mobile robotic system using differential flatness theory. In this study, the objectives are:

e To determine a kinematic and dynamic model of cooperative multiple mobile
robotic system so as to facilitate accurate motion controller design.

e To perform a differential flatness characterisation and analysis on the robots
involved in the cooperative control so as to take advantage of the flatness properties
of the system and improve coordination control of model.

e To design flatness-based motion controller that will facilitate easy synchronised
robot motion.

e To generate trajectories of motion for the robotic system and control them such that

they track those trajectories
1.5 Research methodology

To achieve the above objectives, the following steps were taken:
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Literature Survey

A comprehensive analysis of literature on fundamentals of wheeled mobile robotics was
conducted. This was done to understand the mechanical behaviour (kinematical and
dynamical characteristics) of the robot and its constraints, in order to design appropriate
controllers to control it. The survey also includes path planning, motion planning and
motion control. Furthermore, the cooperative formation behaviour of a group of these
wheeled mobile robots was also investigated. Then, numerous different existing formation

control architectures were studied and analysed.

System Modelling and Simulation

An analysis of the dynamic and kinematic behavior of a differential drive wheeled robot
and the cooperative formation of these robots yielded mathematical models. Based on these
models, a flatness analysis of the mobile robotic system could be performed, and a control
system could be designed more efficiently. These models were further used to simulate the
system on a simulation software program. As a result of the simulations, an understanding

of the behaviour of the system was gained.

System Flatness Analysis

Using differential drive robot kinematic and dynamic models, flatness characters are
investigated. Flat outputs are chosen and a one-to-one mapping between the flat output
space and the state space is proven (referred to as diffeomorphism). That is, the state and
input variables are written in terms of the flat outputs and a finite number of its successive
derivatives. Conversely, the flat outputs are written in terms of the states and the inputs
(and their time derivatives). Consequently, full-state controllability is now possible in flat

output space, thus simplifying the trajectory planning and control challenge significantly.

Motion Planning and Control
In this study, an approach to generating desired trajectories that meet a specific terminal
condition was presented, based on a simple polynomial model in flat output space. To

accurately track these generated trajectories, a differential flatness-based controller was
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developed. Also, in the cooperative formation there is only one leader that has knowledge
of the desired trajectories. There are also two follower robots that rely on this leader robot
to coordinate their movements and maintain a constant desired relative distance and

orientation to it. Thus, a flatness-controller was also designed to maintain this formation.

Simulation Tests and Results Analysis

MATLAB was used to implement a simulation to demonstrate the effectiveness of
differential flatness-based controllers. A comparative study was made between the
developed differential flatness-based controller and the existing PID controller. A

comprehensive simulation analysis was conducted, and the results were discussed.
1.6 Hypotheses

Following the identification of the sub-problems described above, the following hypotheses

appear to be feasible:

e A mathematical model of the robot systems kinematics and dynamics can provide
an appropriate platform for flatness analysis to design an effective flatness-based
controller for the cooperative robotic system.

e Wheeled mobile robots are flat systems [23]. In other words, there are a
predetermined number of differentially independent variables are known as flat
outputs, allowing all system variables to be completely parameterised. Therefore,
in addition to the flat outputs and their time derivatives, the states can be determined
by considering the inputs and their derivatives. Thus, there exists an observability
advantage in flat systems.

e There are as many flat outputs as there are control inputs. The result is that it
becomes possible to convert nonlinear differential equations into a set of algebraic
equations that are generally easier to solve than nonlinear differential equations.
Hence, for trajectory planning, differential flatness can be useful since the
trajectories of states and inputs are deduced from the desired flat output trajectory

without solving differential equations. In other words, it is possible to plan the
8
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desired trajectory using interpolating functions in flat output space to ascertain
terminal conditions. As a result, the computational cost is reduced and hence useful

in simplifying motion control and synchronisation of a robot formation.

1.7 Delimitation

e A limited scope of research was established as follows: The internal and external
disturbances of the individual robots will not be included in the study.

e Trajectory tracking will not include obstacle and collision avoidance or driving on
uneven terrain.

e All member robots are assumed to have the same physical parameters.

e No prototype will be built in this research, only software simulation will be utilised

to evaluate the effectiveness of the control technique.
1.8 Contribution to knowledge

The key contribution of this study was the application of differential flatness theory to
improve the formation control of a team of wheeled mobile robots. The study is relevant as
the world is advancing into the Fourth Industrial Revolution (4IR), during which the
cooperation of mobile robots can be used in numerous applications. The application of
differential flatness therefore simplifies the trajectory tracking of the member robots and
thus they can easily maintain the desired formation. The simulation results attained from
the flatness-based controller are analysed and a comparison is made to that of the classic
PID controller. Thus, the flatness-based controller becomes a better alternative to the

widely used PID controller.
1.9 Research output

The following papers were published as part of the study:

© Central University of Technology, Free State



O

Central University of
Technology, Free State

e Tsiu, L. and Markus, E.D., 2020. A Survey of Formation Control for Multiple
Mobile Robotic Systems. International Journal of Mechanical Engineering and
Robotics Research, 9(11).

e Tsiu, L. and Markus, E.D., 2022. Multiple mobile robotic formation control
based on differential flatness. Accepted for publication in Springer EAI

Endorsed Transactions
1.10 Outline of the dissertation
A brief overview of the dissertation chapters is presented in this section.

Chapter 1 introduces the dissertation, by first providing a research background on wheeled
mobile control and formation control. The problem statement, research objectives, research

methodology, hypothesis, delimitation, and research outputs are also explained.

Chapter 2 presents a comprehensive literature review of recent wheeled mobile robot

control techniques and cooperative multi-robotic system control architectures.

In Chapter 3, the mathematical model for the nonlinear wheeled mobile robot and the

cooperative multi-robotic system is presented.

Chapter 4 introduces the concept of differential flatness. Thereafter, the flatness analysis of
a differential drive robot is presented. Using differential flatness, trajectory generation is

presented and finally, formation controllers are designed using PID and the flatness theory.

Chapter 5 presents the simulation test results on effectiveness of the formation controllers

designed in the previous chapter. The two controllers are also compared with each other,

Chapter 6 concludes the research study. A summary of the initial objective and findings,

contributions, conclusions, and future study suggestions are presented.
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1.11 Summary

An overview of the research is provided in this chapter. Since using a team of cooperating
robots has much higher flexibility and efficiency than a single robot, there has been
increased interest in the concept of cooperative multiple-robotic formation control. Using
differential flatness theory, this study aims to improve the formation control architecture of
cooperative multiple mobile robotic systems. Also, the primary problems of the study is to
conduct a differential flatness characterisation of the cooperative system, so as to simplify
the trajectory generation problem and design a formation controller that effectively exploits
the flatness properties of the cooperative system. After the research problems were stated,
hypotheses were formulated. Also, a detailed description of the research method is provided
in the chapter, together with the limitations of the study. Finally, a brief description of each

chapter is presented.

11
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CHAPTER 2: LITERATURE REVIEW
2.1 Introduction

Robotics and artificial intelligence (Al) are revolutionising business, society, and social life
in recent years. Modern society is heavily reliant on robotics, and it is for this reason that
numerous researchers are devoted to developing new, better control approaches for robots
to increase their effectiveness. This chapter introduces several recent studies in the field of
multi-robot systems coordination, as well as some other recent work that has been
conducted in the field. The chapter first reviews the literature on the control of a wheeled
mobile robot before considering the control of multiple wheeled mobile robots in

coordination with each other.
2.2 Control of Wheeled Mobile Robots

Wheeled mobile robots (WMRs) are capable of moving about in their surroundings and are
not physically tied to one place. They move from one place to another by using motorised
wheels propelled by motors. The use of wheels typically reduces the amount of energy
required for a robot to move and allows it to move more quickly. As a result, they are
commonly used in mechanically simple and energy-efficient applications. It is for this
reason that WMRs are becoming increasingly common in numerous sectors, especially
when flexible motion is required. They find application in environments with or without

obstacles, which includes exploration, transport, inspection, and surveillance.

Moreover, to perform predefined tasks accurately, a WMR should have a controller.
Therefore, many researchers are involved in the challenging process of creating WMR
controllers [24-43]. The design of these controllers is made challenging by the fact that
WMRs, whether omnidirectional or nonholonomic, are inherently nonlinear. Thus, highly
nonlinear control techniques had to be developed. Some frequently employed nonlinear

control techniques include fuzzy logic, neural network, PID, sliding mode, flatness control,

12
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genetic algorithm, input/output linearisation, backstepping, receding horizon control and
model predictive, among others. Also, these techniques may be combined to form hybrid
systems, for example neuro-fuzzy, fuzzy-PID, etc. This section investigates some of this

WMR control techniques that are used by numerous researchers.

Moreover, the fuzzy logic approach has been effectively used by numerous research studies
to control the orientation and position of a WMR. The fundamental problems in mobile
robotics that most researchers aim to solve is the issue of navigation and obstacle
avoidance. To address this problem, Singh and Thongam [24] implemented an algorithm
for navigating a WMR in a static environment using fuzzy logic. As a result, the robot
avoids obstacles in static environment, and thus it is able to reach the target faster and with
less bending energy. To improve the performance of fuzzy logic controller, Patle et al. in
[25] created a duality technique by incorporating probability. As a result, the robot is able
to choose a safe and optimal path in an environment containing moving obstacles and
moving goals. Similarly, to further improve the fuzzy logic controller the genetic algorithm

was incorporated in study [26]. This resulted in a significant energy consumption reduction.

Another mobile robot navigation technique that has gained popularity among researchers
is the neural network controller. It is one of the important techniques for the mobile robot
navigation because it allows the robot to autonomously explore unfamiliar and inhospitable
environments. Singh and Thongam in [27] designed an artificial neural network-based
controller for a robot to travel collision-free in an environment with moving and stationary
obstacles. The robot autonomously generates near-optimal path and speed and successfully
reaches its destination. To track its trajectory, a robot needs sensors. In study [28], the
authors demonstrate how a robot with poor binary sensors can successfully track its
trajectory by use of an online neural network controller. To improve neural network
controller, [29] introduces the robust zeroing neural network (RZNN) model which makes

it possible for the robot to track its trajectory within a fixed time while also cancelling noise.

13
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Additionally, one of the oldest vastly used controllers is the proportional-integral—
derivative (PID) controller. One of the benefits of PIDs is that they are simple and robust,
and they are incredibly familiar to the control community. This has led to a great deal of
research to determine the best parameters for PID for different models of processes. In [30]
PID is used for agricultural purposes. It is used to control a smart irrigation mobile robot
used to water crops and therefore reduce water wastage. The robot successfully tracks its
trajectory despite any disturbances. In some applications the traditional PID control may
be insufficient. It is for this reason that Wang and Chang in [31] used a hybrid Fuzzy PID
controller to improve the task execution ability of a WMR. The result was a decrease in the
overshoot and settling time which resulted in a better dynamic response. The fuzzy PID
controller was further improved in [32] by introducing the self-adaptive model-free soft

actor-critic (SAC)-PID control which increased robustness and real-time performance.

Sliding mode control (SMC) has garnered a lot of attention because of its fast response,
simplicity, and robustness. The study in [33] improves the transient as well as the steady
state responses while the robot tracks its desired trajectory in the presence of disturbances
and uncertainties, by introducing a sliding mode controller. Further improvement of the
sliding mode control was done by Moudoud et al. in [34]. In this study a fuzzy adaptive
sliding mode controller was developed for trajectory tracking task of an electrically driven
wheeled mobile robot. The incorporation of the fuzzy logic results in a smooth computing
voltage and reduction of velocity and pose errors. The fuzzy adaptive sliding mode
controller was also proposed in [35] for a WMR to track a desired trajectory and reach a
target position. The combination of the fuzzy logic controller and sliding mode controller

increase the response time of the WMR thus increasing its efficiency.

Another technique that is gaining popularity is centred on Differential flatness theory [36-
43]. The theory was initially introduced in the early 90s by Fliess et al. in [37]. Differential
flatness provides a new technique to design and implement an advanced control
architecture for nonlinear systems [38]. In their book [23], Sira-Ramirez and Agrawal have

shown WMR to be differentially flat, and thus substantial progress in trajectory generation

14
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and tracking has been made by different researchers in this field. Therefore, the authors in
[39] use the flatness properties of WMR to design a robust motion controller which can
withstand disturbances and uncertainties. The trajectories are defined in flat output space
and the sliding manifold is imposed. This results in accurate and robust trajectories.
Moreover, Khesrani et al. [40] combine the fuzzy logic and the differential flatness
controller to increase controller efficiency. The nonholonomic robot is able to track its
desired trajectories despite its constraints and uncertainties. The study in [41] aims to
design a controller for a mobile robot and generate optimal trajectories. Differential flatness
properties are exploited to solve an optimisation problem to accurately calculate the desire
trajectories. A flatness-based controller is then designed to aid in trajectory tracking. In
addition, Abadi et al. in [42] deigns a controller that is based on the differential flatness
theory and the interval observer. This controller aids the robot in tracking the desired
trajectories accurately despite disturbances, bounded uncertain slip and error in
measurements. Similarly, to solve the trajectory tracking problem of WMR, the study in
[43] used a flatness-based Active Disturbance Rejection Control (ADRC). Also, the
linearised form of the nonlinear WMR system has been obtained using differential flatness
theory. Variables perturbing the system are identified and compensated, resulting in a more

robust controller.

Basically, differential flatness entails the parameterisation of the states and inputs by a
finite set of independent variables, called the flat outputs, and their time derivatives.
Additionally, since the number of flat outputs equals the number of control inputs,
nonlinear differential equations can be converted to algebraic equations, which are often
easier to solve. Hence, differential flatness can be useful for planning trajectory because
differential flatness trivialises the trajectory planning task [23]. Also, implementation of
exponential stabilising controllers is made possible since the system has the representation
of a chain of integrators in the flat output space. Thus, differential flatness is important in

WMR because it simplifies the generation of feasible trajectories.
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2.3 Formation Control for Multiple Mobile Robotic Systems

Recently, numerous robotics researchers have been interested in multiple robot formations
[44-65]. This popularity of multi-robotic systems can be attributed to the fact that besides
improving time and quality efficiency of the assignment, they can also complete tasks that
are not feasible for a single robot to accomplish or be flexible when executing tasks as well
as being highly adaptive, low-cost, and easy to maintain. Therefore, multi-robotic systems
are suited for many different applications, including exploration [44], mining support [45],
agriculture [46], and so on. Additionally, since there are so many advantages to using
multiple robots, many researchers are working on highly effective control architectures to

accomplish increasingly complex tasks with greater accuracy [47-65].

A literature analysis was made on the different techniques used by researchers to control a
group of cooperative mobile robots. Thus, Table 1 shows a summary of these techniques.
A good formation control architecture should ideally have: Scalability, robustness,
flexibility, topology switching ability, collision avoidance at group level and stability. As
a result, for a cooperative control technique to work, the team must be able to deal with
unplanned conditions or environmental changes that arise throughout the cooperative
assignment. A consensus on the proper action to be taken with the least amount of
computational time should be obtained. Additionally, the control of multirobot cooperative
systems can be approached from a variety of angles, according to the literature, namely:

cooperation, consensus synchronisation, and coordination control.
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Figure 2: Wheeled mobile robot cooperative transportation [50]

Cooperative control entails sharing of information of member robot so as to achieve a
common goal (Figure 2). These robotic systems can be used to perform numerous tasks
namely: exploration, security surveillance, search and rescue operations, and mapping
unfamiliar environments. For robots with limited sensing, processing, and communication
capabilities, [47] used a probabilistic localisation and control method that considered the
motion and sensing capabilities of the individual robots. Thus, providing the robots with an
ability to adjust their sensing topologies depending on their limited sensing abilities and
the target’s motion. Additionally, method in [48,49] guaranteed a safe navigation of multi-
robot formation in known cluttered environments, using minimal vision-based data, and

minimising the number of times the cooperative robotic vehicles communicate.
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Figure 3: Local neighbour-to-neighbour information-exchange topology among four robots

Moreover, in consensus control the robots update their data so that they all come to the
same conclusion (Figure 3). However, under conditions of numerous time delays,
communication delays and noises, consensus might never be reached. [51,52] applied
frequency domain analysis technique to convert the specific system equations into
quadratic polynomials of pure imaginary eigenvalues and thus acquiring the maximum time
delay’s critical stability state during noise disturbances. Also, [53] used a distributed
controllers designed by using a robot’s individual information and its neighbours’
information to converge to the similar value irrespective of whether there is a delay of
communication or not. Robustness of the robotic system is equally as important, that is why
some authors opted to use Lyapunov-based controller [54,55] and knowledge-oriented task
and motion planning method [56] to enable the robotic system to create a feasible obstacle

free path.
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Figure 4: Three mobile robots synchronized in a triangular formation [59]

Additionally, some researchers opted to use synchronisation control (Figure 4). In
synchronisation control each robot tracks its desired path while maintaining a synchronised
formation with two neighbouring robots. Synchronous formation control is mostly
decentralised. The author in [57] developed a nonlinear synchronisation controller that
considers the nonholonomic constraint of the unicycle robots and allows directed and
undirected information flow amongst the robots. The controller offered formation
robustness during disturbances and accurate trajectory tracking. In addition, the study in
[58] the author used Lyapunov theory and backstepping techniques to develop geometric
path following, while introducing helmsman behaviour to each path following control. In
addition, path parameters were synchronised by using a combination of tools from linear
algebra, graph theory and nonlinear control theory. Synchronous formation control has a
simpler control structure than most formation control methods. It also has high motion
coordination performance and strong robustness. However, communication constraints
including time-varying delays and data sampling renders this method ineffective. To lessen

the formation error, the cross-coupling control can be incorporated.
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Figure 5: Coordinated multiple AUVs to examine an underwater oil pipeline [57]

Finally, coordination control involves maintaining certain kinematic relationship amongst
the robots (Figure 5). Usually, a centralised control architecture approach is used. Other
authors incorporated a leader-follower coordinated formation controller. That is, the leader
robot has sensors and thus more information than the robots following it. The follower
robots blindly execute the leader’s motion commands. This approach increases accuracy
and robustness but unfortunately costs the leader robot. To solve this problem, author [60]
designed an integrated algorithm which merges the three degrees (the homodromous
degree, district-difference degree, and the dispersion degree) into the potential field
function of the surface-water environment. This approach resulted in no pre-learning
procedure, good real-time and an increase in the coordination of the multi-AUV system

thus reducing computational cost on the leader.
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Ref. | Type of | Control Approach | Key objective Strength of | Gap/future
Robot approach works
formation

[62] | Inter-robot Lyapunov-based To solve Robot formation Collision
graph using | decentralized formation can globally avoidance
Leader- control maneuvering for acquire and track strategy is not
follower unicycle robot whole tracks of included in the

desired trajectory proposed
formation
controller

[47] | Troop CentraliSed To develop a The approach To use the
formation cooperative control multi-robot provides the robots | approach for
with sensing | i probabilistic cooperative with an ability to topology
topology localisation and control to adjust their sensing | switching
switching determine the topologies method that

local optimiSation
position of a depending on their | reserves
target by use of limited sensing scalability
on-board sensors | abilities and the
target’s motion

[54] | Adaptive Lyapunov-based To develop a Robot formation Address
consensus- adaptive tracking cooperative can navigate cooperative
based controller with adaptive desired trajectory robotic systems
formation incorporation of the | consensus thus effectively control

backstepping tracking for execute challenges:
technique as well as | multiple non- cooperative tasks. robustness,
the sliding mode holonomic mobile resilience,

approach

robots

scalability, and
flexibility
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[48] | Leader— Leader uses tractor— | To develop Offers safe routing | Incorporating
Follower trailer system while | motion of a multi-robotic recovery modes
formation Follower uses synchronization formation in to the designed

Vision-based and control chaotic hybrid system,

sensing and approach for non- | surroundings, using | that will get

localization of holonomic minimal sight and activated when a

Leader and inter- vehicles in a without sharing or | new leader needs

vehicle collision Leader—Follower | approximating to be selected

avoidance formation with velocities online and thus restore
limited sight and coordination
communication

[49] | Variable Decentralised To develop an The rate of Investigates
geometric event-based efficient communication in communication
shape cooperative formation control | the network is losses and delays
formations controller solutions for path | drastically S0 as to enable

tracking of a decreased without | the testing of the
cooperative affecting the vehicles

system by stability and underwater,
minimizing the synchroniSation of | using the
number of times the system acoustic

the cooperative improving its communication
robotic vehicles performance channels
communicate

[53] | Leaderless Distributed To resolve the Each robot is able Utilisation of
consensus consensus cooperative to reach consensus | visual servoing
and leader- controller control challenges | despite to resolve the
following faced by communication COnsensus
consensus distributed delay by using its challenges
formation heterogenous information and

multiple robotic neighbors’
system information as
feedback

[63] | Hierarchical | Cooperative control | To design a UAVs are able to
formation: control strategy to | achieve N/A
commander, enable multiple autonomous
virtual unmanned aerial formation with a
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leaders and vehicles (UAVs) | stable trend of
followers to attain positions and
autonomous velocities
formation and
reconfiguration
[56] | Consensus- knowledge-oriented | To incorporate Robot system is Usage of a
based task and motion task planning into | able to create a contingency-
formation planning method motion planning feasible obstacle based task
called k-TMP to enable mobile free path of planner to handle
robot to drive in motions uncertainty
environments originating from
with moving the motion level
obstacles among to the task level
unfixed obstacles
[52] | Consensus- | Incorporated To solve the The consensus of Application of
based frequency domain consensus issues | the second-order the approach to
formation analysis method in | of second-order multi-robot higher-order
the consensus multi-robot system under delay | systems
building process to | systems that are and noise consensus
convert the under conditions interference is analysis that are
system’s of numerous time | attained under conditions
characteristic delays, of time delays
equations into communication and noises
quadratic delays and noises
polynomials of pure
imaginary
eigenvalues to solve
them
[55] | Consensus Lyapunov-based To solve the The multi-robotic N/A

control of a
high-order
chained

structure

finite-time
cooperative

controller

finite-time
consensus
challenge for high
order chained
structured non-
holonomic mobile

robots

system is able to
achieve states
consensus

in finite time
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[64] | Troop Integrated To design The approach Design
formation coordination coordination results in no pre- techniques to
algorithm founded | mechanism and learning procedure, | help the AUVs
on the enhanced motion paths for good real-time and | withstand ocean
potential field (IPF) | cooperative target | an increase in the surface-water
following the hunting Multiple | coordination of the | currents while
combination of Autonomous multi-AUV system | hunting
three degrees (the Underwater as well as ability to | Use the approach
homodromous Vehicles (multi- conquer local in the 3D
degree, district- AUV) which minimum problem | surface-water
difference degree detect and environment
and the dispersion surround an
degree) into the intelligent target
potential field (with
function of the unpredictable
surface-water motion) in a
environment surface-water
environment
[65] | Time- Lyapunov-based To design a Increased N/A
varying Synchronous coordination robustness of non-
virtual controller algorithm that holonomic robots’
structure- maintains a formations during
based swarm predefined disturbances and
formation formation and accurate formation
trajectory tracking | trajectory tracking
for cooperative
multiple unicycle
robots as well as
to determine the
most effective
controller
topology
[58] | Behavior- Synchronised Aimed to address | Robots are able to Incorporation of
based helmsman the challenge of adjust their speed simultaneous
formation behavior-based synchronization with very little paths following
control developed | Problem of
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on Lyapunov theory | multiple communication to and obstacles
and backstepping underactuated the member robots | avoidance
techniques homogenous
autonomous
AUVs
[57] | Leader— Coordinated To resolve the The team of AUVs | Incorporating
Follower formation control challenge of can track desired proposed
based inter- coordinating paths and thus form | approach to a

vehicle
geometric

formation

movement of
multiple
autonomous
underwater

vehicles

a desired inter-
vehicle geometric

formation

leaderless team
to construct a
desired
formation shape
ina
decentraliSed

coordination

2.4 Conclusion

A comprehensive literature review of different control techniques of wheeled mobile robots

is covered in this chapter. The strengths and weaknesses of these techniques were

identified. Studies of authors who solved some of the technique’s weaknesses by

introducing hybrid controllers were also identified. Furthermore, a survey of the current

literature on formation control of multiple mobile robotic systems was conducted. Focus

was also given to the differential flatness-based technique. This concept is seen to simplify

the challenges associated with trajectory tracking. The system is represented by flat outputs

which allows for the robot to be controlled without solving any differential equations.
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CHAPTER 3: SYSTEM MODELING
3.1 Introduction

To better understand the system, mathematical models of the cooperative robotic system
and individual member robots must be derived. Therefore, this chapter presents the
kinematic and dynamic models of a two-wheeled robot that make up the robotic system. A
kinematic model is a mathematical description of the motion of a robot without any
consideration of the applied forces causing it. This model deals with the geometric
relationships in the system. Conversely, the dynamics model defines the mathematical
correlation between the applied forces/torques and the robot’s resulting motion. These
models will allow for more effective control system designs and paves way for the flatness

characterisation of the mobile robotic system.

The mobile robot used in the cooperative system is a differential drive wheeled robot, that
is, it is made up of two drive wheels attached on one axis, and each wheel is able to be
independently driven forward or backward. Also, the robot is non-holonomic, which
basically means it has constraints that cause a reduction in the local mobility of the robot.

Finally, the model of the cooperative multi-robotic system will be derived and explored.

3.2 Modelling of a Wheeled Mobile Robot

Figure 6 represents a schematic diagram of a differentially driven wheeled mobile robot.
The robot has two separately actuated wheels that have a radius » and are secured on a
common horizontal axis of length 2b. The robot is driven by the difference in velocity

between the two driving wheels.
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Figure 6: Differentially driven wheeled mobile robot (DDWMR)

Furthermore, there are three main situations that can occur with differentially driven
wheeled mobile robots (Figure 7). Firstly, the robot will rotate about its vertical axis when
the two wheels propelled at equal speed and in the same direction (contraclockwise or
clockwise). Additionally, the robot will maintain a linear trajectory when the two wheels
are driven at equal speed but in opposing direction. Furthermore, the robot is able to turn
when the wheels drive at unequal speeds but in either the same or opposing
direction. Lastly, the robot will turn 90° when one wheel rotates and the other is stationary.
It is by this mechanism that the robot is able to change its direction. That is, individual
wheel motions sum up to result in the overall movement of the robot and hence no

additional steering motion is required.
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Figure 7: The driving mechanism of a Differentially driven wheeled mobile robot [66]

3.2.1 Kinematic Model of a Wheeled Mobile Robot

Tzafestas in [67] defines robot kinematics as a study involving the configuration of robots
in their workspaces, the relationships between their geometric parameters, and the
constraints imposed on their movements. The robot configuration is represented by its
position and heading orientation g= /x y ] T is expressed in cartesian co-ordinate system

of inertial frame. The symbols in Figure 6 are summarised in Table 2.
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Table 2: The symbols and parameters of the DDMR

Symbols Description

b the length between a driven wheel and the

centre of the robot chassis

d Distance between cartesian coordinates (x, )

and the centre of mass (CM)

r the wheel radius

T and Ty the input left and right driving motor torques

that provide the robot motion

CM the centre of mass

The separation distance between the cartesian coordinates (x, y) and the centre of mass

(CM) is d. In the kinematic model, the system inputs are the wheel velocities &, and 6,

where » and / represent quantities of right and left wheels respectively. All the robot

parameters are assumed to be the same for all robots in the multirobotic system. Table 3

below summarises the physical parameters of mobiles as well as the design parameters.

Table 3: Physical parameters of the nonholonomic differential drive mobiles robot

Parameter Description Symbol Value Unit
Robot mass about its CM m, 11 kg
Total equivalent moment of inertia I, 04136  kgm?
Half of distance in between the two b 0.1 m
driving wheels

Distance between point of (x,y) and d 0.04 m
Centre of mass

Radius the of driven wheel r 0.025 m
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The robot is nonholonomic, thus its wheels impose constraints on its motion. This study

assumes that there is no side sliding of the wheels (there is no velocity component for the

contact point perpendicular to the plane where the wheels drive).

This is expressed as:

xsinf —ycos8 =0

Or it can be expressed as follows in matrix form:

A(q) = [sin@,—cos8,0]

Generally, the motion of the robot is defined by the equations:

5c=vcost9—vysin0

y=vsint + v, cosb

Where:
v is the forward(longitudinal) velocity
vy is the linear (lateral) velocity

w 1s the angular velocity

(1)

(2)

3)
(4)

)

However, due to the wheel constrains shown in equation (1), vy, is zero and therefore the

motion equations are simplified to:

X =vcosf
y=vsinf
0=w
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These can be written in matrix form as:

cosf O
sme 0][] OO )

X

a=1y|=

Equation (9) is the kinematic model formulation of a differential drive mobile robot.
Where q =[x, y, 0]T is the state vector and v = [v, ®]T is the control input

vector.

S(q) is the null space of the non-holonomic constraint A(q). That is:
A(q).S(q@) =0 (10)

Furthermore, the equivalent wheel inputs are then given by:

AR AL a

3.2.2 Dynamic Model of a Wheeled Mobile Robot

To obtain the dynamic equations of the mobile robot, the Euler-Lagrange dynamic equation
of motion for a non-holonomic differential drive mobile robot is used. However, viscous

and friction forces will be ignored. The dynamic model is therefore given as:

M(q)G +V(q,9)q = E(@)t — AT (q)A (12)

If the mobile robot has n degree-of-freedom (DOF) and it is subjected to p inputs and m

constraints, then:

q(t) € R™1 is the generalised coordinates, M(q) € R™™" is the symmetric positive-
definite inertia matrix, V' (q, q) € R™" is the centripetal and Coriolis force matrix, E(q) €
R™ P is the actuation matrix, T € RP*! is the input vector, A(g) € R™*" is the kinematic

constraint matrix associated with the nonholonomic constraint equation, and A € R™*! is
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the vector of constraint forces. The input driving motor torques 1 and 1 provide the robot

motion hence the position of the robot (output) changes.

The dynamic equation of motion (12) can be written as [68]:

my 0 —dmgsin 0| rx 0 0 —dmybcosO|[x
0 mg dmocos® [1¥|+ |0 0 —dmfsing ||V
—dmgysin® dmgycos d*mg + IO ] 0 0 0 0
cosf cos@O sin @
=1 smH smH [ - —cosH A (13)

Where mg and I are respectlvely the mass and moment of inertia of the WMR about its
centre of mass.

Equation (12) is then converted to unconstrained form. This is achieved by eliminating A
by multiplying both sides by S(q)" and taking v(t) = [v,w]” as the minimal projected
coordinate. Recall from equation (10) in the kinematic section, S(q) is the null space of the

nonholonomic constraint A(q). Thus equation (12) becomes:

S™M(q)d +S™V(q,q)q = STE(q)t (14)

M(@)i +V(q,d)q = E(q)t (15)
From the Forward kinematics of the robot

q=>Sv (16)
£ =Sv+5D (17)

Substituting (16) and (17) into (14)

STM(SV + $7) + STV(SV) = STEt
STMSv + ST(MS + VST) = STEt
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M(q)v +V(q,v) = E(q)t (18)

This can also be written as:

dmo 1 1 1 TT‘
PR [ Y et B et [ 4 9
The state space reduced model can be found by solving for g and v

= S(@v(t)

v=-M"YqV(qv)+M ' (QE(qr (20)

Equation (20) is a state-space representation of the robot and define its nonlinear control

characteristics. Therefore, Equation (20) can be rewritten as:
x=f(x)+g()u (21)

By choosing the following state variables:

Xy =X
X2 =Yy
X3 =20
X4 =7V
X5 =W (22)

Where x =[*X1 X2 X3 X4 x5]T=[x y 6 v ]’ is the state vector and

u=[uw U] =[7r T]T is the control input vector.

The first order differentiation of equation (22) is given as:
X, =X =vcos0 = x,cosx;3

X, =y=vsinf = x,sinxz
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X3=0=w=xg

Xy =V =dO?—

Rmy (Tr4T) = dx52 - Rmy (ug +uy)
. ) 1 - b 1 b
Xs=w = pEr— [—dmovG — E(Tr — Tl)] = m[—dmox4x5 — E(u1 — uz)] (23)

Thus, the system can now be written in the form shown in equation (21). Finally, the

dynamics of the differential drive robot in State space is:

o [ | _ 0 0 _
A Bt e 3]
i sin x; Xy 0 0 u
x =|x3]|= 0 00 0 1 X3 ‘|‘l 1 L ul] 24)
| (000 0 0 dxsily | Rf T Th [M2
' —dmyxs X -b b
xS _O O 0 dzmo‘l'lo O - > —dzmo'l'lo dzmo‘l'lo—

3.3 Modelling the Cooperative System

The dynamics and the kinematic models of the robot that make up the cooperative system
have been shown in the two previous sections. The cooperative robotic system is made up
of robots which are similar (physical parameters and dynamics) to each other, thus the
system is said to be homogenous. In this study, the leader-follower approach is used (Figure
8). Leader-follower approaches are designed such that one robot, designated the leader,
follows a predetermined trajectory and the following robots maintain a constant specified
orientation and distance away from the leader. This is known as the distance-orientation
control. Ultimately, the major objective of the study is to create a controller to maintain
cooperative system formation until the goal destination is reached. However, in this section

the type of formation modeled is the leader-follower formation.
Let the leader and a follower robot be denoted as Rj and R, respectively. In this study, the

subscript "j" and "i" denotes leader and follower, respectively. Thus, the states and the

inputs of the leader and a follower are then represented as:
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%] cos6; O

N P N j

qgj =|Yi|=|sing; 0 wj] (25)
6, 0o 1
%] [cos 0; 0],

gi=|vi|=|sin6; 0|[,] (26)
6, o 1

[ Robot j ]

[ Roboti]

Figure 8: Leader-follower formation [69]

Moreover, in order for the robots to be in a formation, it is a requirement that followers
keep a constant distance and separation bearing angle to the leader. The separation distance

is then denoted as /¢ and the separation bearing angle is ¢’¢. These are defined as:

rrel = \/(xj —x)"+ (= »)’

q)ref =1 — arctanZ(yi —VjXi — xj) — 6 27

In order to maintain the desired /¥ and ¢"¢ a reference robot for the follower should exist

(Figure 9) and it is given by [70,71]:
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Xrer) [ = U cos(¢™ +6,)
Qres = ’y ref | = |y; — "/ sin(¢™ + 6)) (28)
eref ei
vt
Yi
Yref
R e B i et St .‘

R S My ———

X Href X

Figure 9: Leader- reference - follower robotic formation

It is necessary for the follower robot’s velocity to match the reference velocity in order to
maintain accurate separation distances and bearing angles, otherwise, formation will not be
achieved. Calculated by differentiating equation 28, equation 29 represents the reference

follower velocity and it is given by:

Qref = |Vres v — lrefcos(wef +6))6; (29)

xref] X + 1" sin (¢7¢ + 6,)0;
ref

i
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Finding the second derivative of equation 28 yield the reference acceleration. For the
follower robot to successfully maintain formation, the reference acceleration should be

maintained. The acceleration equation of the reference robot is given by:

jéref x] + lref [91 Sl.n((]bref + 91) + 9i2COS(¢ref + 01)]

Gref = jjref = |3, — 177 [6; cos(¢™ + 6;) — éizsin(qb”"f + 6] (30)
Href 01

3.4 Conclusion

The kinematic and dynamic models used in the cooperative system have been described in
this chapter. The purpose of these models is to better understand the behaviour of the robot
in the formation. This can then be used to design an appropriate controller and tune its
performance. Most importantly, the models allow the simulation of robots and their
flatness characterisation. The type of a mobile robot chosen for this research is the
differentially driven wheeled mobile robot which are nonholonomic. Furthermore, the
cooperative system was modelled, and the leader-follower approach was chosen. The
leader-follower formations reduce the computational load of the system by only generating
reference trajectories for the leader. Also, the system is simplified because the trajectories
of followers are defined by the leader only and the control laws of the followers generate
the system’s stability. In the next chapter, a differential flatness analysis of the robots will

be done, and controllers will then be designed.
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CHAPTER 4: FLATNESS CHARACTERIZATION, TRAJECTORY
GENERATION AND CONTROL DESIGN

4.1 Introduction

In this chapter, the differential flatness characterisation of the robots in the cooperative
system is presented. Firstly, a brief overview of the concept of differential flatness theory
is presented. Then, using the theory, the desired trajectories of the leader robot will be
generated. To track these desired trajectories, a controller is needed. The purpose of the
controller is to eliminate the error which is the difference between the anticipated and actual
position of the robot, thus aid in the accurate tracking of the desired trajectories. Flatness
theory will be used again to design a control to help the robot track its trajectories. Finally,
a formation model will be designed, as well as a controller to help the team robots to stay

in the predefined formation.

4.2 Flatness Characterisation of the Differentially Driven Mobile Robot

Differential flatness has become a significant concept in the field of control systems. In this
section, a brief introduction to differential flatness theory is presented and the differential
flatness characterisation of a differentially driven mobile robot will follow.

4.2.1 Brief Introduction to Differential Flatness Theory

The Differential Flatness theory states [38]:

For a non-linear system

x = f(x,u) (31)
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Where x is the state vector in n dimensions (xéR™), u is the control input vector in m

dimensions (ueR™) and m is less than or equal to n (m < n).

The system is differently flat provided there exists an output y of the same dimensions as
the control input such that y is locally a function of x, # and a finite number of successive

derivatives of the component of u. That is:
(V1 e ee e Vi) = R(x, u, 1, 0. o u®) (32)

Conversely, x and u should be able to be expressed as functions of y up to a finite number

of its successive derivative, that is:

x=a(,y,V ... Yy, u=B8, 9,7 ... y (1) (33)

If x and u are then substituted in the non-linear system equation, it gets identically satisfied:

a = f(a,p) (34)

Thus, ‘y’ is a complete parametrisation of the trajectories of the system, and hence ‘y’ is

what is called a flat output [38].
4.2.1 Flatness Analysis of a Differential Drive robot

The flatness analysis of the kinematic model of the Differential drive mobile robot is
presented below. Equation (9) in chapter 3 clearly shows that the model has two control
inputs in which g = [x, y, 6]7 is the state vectorand v = [V, @]T is the control input
vector. In their book [55], Sira-Ramirez and Agrawal stated that the number of flat outputs
should be equal to the number of control inputs. Therefore, two flat outputs have been

selected, x and y. Thus:
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_[F] ¥
F= [Fz] =] (35)
When the flat outputs are differentiated with respect to time we get:

P=[E]=Fl=e o)

To establish a diffeomorphism between the initial states and flat outputs as well as their
derivatives, input prolongation is used [68,72]. This is done because in equation (36) the
mapping between the robot’s inputs to flat outputs is singular. Therefore, through a change
of variables the system is transformed into an input-output linearised form. Thus, v is

extended as a state.

X =vcosf

y=vsinf

vV=1u

0=w (37)

Where u is the new input for the new extended system. Therefore, the new state vector
becomes [x, ¥y, 6, v]T and the control input vector becomes [, w]7. To linearize the

system a second derivative of the system is derived as:
s |F _[56']_ cosf —vsinO[u
F= lel B2 [sinH v cos 0 ] [w] (38)

That is, F is linear with respect to the new input i and w if and only if v is not equal to
zero. From the theory of differential flatness, it can be recalled that for a system to be
considered flat, all the state variables ought to be written in terms of the flat outputs and

their derivatives.

x=F1
y=F
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F,
0 =atan2|—=
Fy
= ’Flz +F22

v =
_ . EF +FEF
U= = ——
fF12+F22
BB —F
w=0=—"3"2 (39)
Fi +F

Furthermore, the flat outputs and their derivatives can completely be expressed in terms of

all the state variable and their derivatives:

F,=x

F,=y
F,=x%=vcosf
F,=y=vsin6

F, =ticos® —vwsin6

F, = tisin® —vw cos 6 (40)

Equations (38) and (39) show a diffeomorphic relationship which proves that there exists a
one-to-one mapping between the mobile robot’s state space and the flat output space. This
makes it possible to obtain full-state controllability in flat output space and thus trivialising

motion planning and control problem as seen in this study.

4.3 Trajectory Generation
This section presents a polynomial-based trajectory planning that satisfies a specific set of
terminal conditions at a time interval of t € [ty T]. The terminal conditions of the states

are given as:

x(to), y(to), 8(to), v(ty), u(ty), w(to)
41
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x(T),y(1), 6(T), v(T), u(T), w(T) (41)

Also, the corresponding terminal conditions in flat output space are given as:

Fy(to), Fy (t0), Fy (to), Fy(to), F2 (t0), Fy (to)
Fy(T), By (T), 1 (T), Fy(T), Fy (T), Fy (T) (42)

With consideration of the terminal conditions, trajectories of the flat outputs can be

constructed. Since there are six terminal conditions, a fifth-order polynomial is used[73]:

Fl(t) S a5t5 + a4t4 + a3t3 + aztz + alt + ao

F,(t) = bst® + byt* + b3t3 + byt? + byt + b, (43)

With consideration of the limits of the robot, the terminal conditions are set and used to

determine the coefficients ax and by where k =1, ... ,5].

Using fifth-degree polynomial together with terminal conditions shown in Table 4, the
desired trajectories can then be derived. The destination should be reached in fifteen
seconds, thus t=15 seconds. The initial time ¢,=0s and final time 7=15s. The robot is driven

from rest-to-rest positions.

Table 4: Desired Terminal Conditions

State Initial Final
condition condition
x(m) 0.0 1.5
y(m) 0.0 0.5
0(rad) 0.0 0.0
v(m/s) 0.0 0.0
o(rad/s) 0.0 0.0
u(m/s?) 0.0 0.0

42

© Central University of Technology, Free State



: Central University of
Technology, Free State

Fl(t) - a5t5 +a4t4+a3t3 +a2t2 +a1t+a0 tE[O T]

Fl(t) S 5a5t4 + 4a4t3 + 3a3t2 + zazt + al

F () = 20ast® + 12a,t? + 6ast + 2a, (44)
For the initial time t =0

F1(0) = a,

F1(0) = a4

F1(0) = 2a, (45)

For the final timet="T

Fi(T) = asT® + a,T* + asT? + a,T? + a,T + a,

Fi(T) = 5asT* + 4a,T> + 3a3T? + 2a,T + a;

F.(T) = 20asT? + 12a,T? + 6a5T + 2a, (46)
Using matrices, the coefficients can be obtained

FO g O 0 0

0 171957

Fl(T) T5 T4- T3 T2 T 11194

O _| o 0 0 0 1 0flas 47
F,(T) 5T* 4T3 3T%? 2T 1 0]|a

FL(0) 0 0 0 2 0 0|4

. | 3 2 dLagd
E(T). 20T° 12T 6T 2 0 O0dlao
from (47) above, the corresponding leader’s desired trajectories were calculated as:
F,%(t) = 0.00001185t5 — 0.0004444t* 4+ 0.004444t3
F,%(t) = 0.000003951t5 — 0.0001481t* 4+ 0.001481¢3 (48)

By differentiating these expressions, the velocity can be obtained, and differentiating them
twice yields the acceleration. The trajectories were generated on MATLAB software and
the results are shown in Figures (10-12). Also, appendix 1 shows the Simulink diagrams of

the leader robot with a flatness controller.
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F1(t) Trajectory

F1{)m

Time (seconds)

F2(t) Trajectory

F,m

Time (seconds)

Figure 10: Flat Outputs Trajectories

F1_dot(t) Trajectory

F2_dot(t) Trajectory

F1 dot () m/s
deot {t)ym/is

Time (seconds)

Figure 11: Velocity trajectories for the flat outputs
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F1_dot_dof(t) Trajectory
T T

Fdot dot (t) mis”

Time (seconds)

F2_dot_dot(t) Trajectory
0.015[ ! ! B

0.01

0.005

Fdot dot (t) m/s”
o

-0.005

0015 i 1

Time (seconds)

Figure 12: Accelerations trajectories for the flat outputs

4.4 Flatness-Based Controller Design

Having constructed the desired trajectories, the next step is the development of a flatness-

based controller to facilitate an accurate tracking of the desired trajectories. Given that:

Fi(t) and Fa(t) are the actual flat output trajectories, and also F1%(t) and F2(t) are the desired

flat output trajectories, then error is defined as:
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e, = Ff — F, (49)
e, =F!—F, (50)
Let [?l = gz then the feedback control laws to these new inputs are presented as:

2
81 = F + p1é; + poey (51)
8, = F& + préy + poey (52)

Where p1, po, P1, Po are the control gains. Next the error dynamics of the system in flat
output space is determined.

Therefore, the error dynamics is defined as:

0=2¢é; +pié+poes (55)
0 =&+ pié; + poe; (56)

The gains of the flat controller are designed by trial and error. If the control laws gains are
correctly chosen, that can ensure exponential stability of the system [74]. Therefore, the

control gains were chosen to be:

Pox = 2, Pix =1, P1y = 6, Poy =9

Furthermore, the effectiveness of this controller was tested. The open-loop response, which
is the response of WMR without a controller, was compared with the response of the robot
with the flatness-based controller. Simulations were performed on MATLAB and the

following results were obtained:
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Desired and Actual x-coordinate frajectory Deaired and Actual y-coordinate trajectories
14F . ; 3
1.6 x_desired J_desired
x_actual \actual
14F — 12F B
12F b 4k 1
1k 1
08 1
Eosr B ———— B
x o6l ]
06 ,
0.4 1
0.4F —
02k 1 02 1
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Figure 13: Flat output Trajectory tracking open-loop response

Desired and Actual y-coordinate trajectories with flatness controller
T T

Desired and Actual x-coordinate trajectories with flatness controller y_desired
T T /.
1.6 ———x_desired | | 051 y_actual
x_actual

0.4 -

7 0.3 B
| B
>

0.2 -

) 0.1 B

4 0 q

0 5 10 15 0 5 10 15
Time (seconds) Time (seconds)

Figure 14: Flat output Trajectory tracking response with flatness-based controller

In Figure 13, although the desired final terminal condition of the x-coordinate is 1.5m, the
actual value was found to be 0.78m. Also, instead of the desired 0.5m, the final y-coordinate
value reached by the WMR was 1.25m. This is evident that without a controller, the robot
fails to track the desired trajectories. However, in Figure 14, the flatness-based control
performance is good, and the desired trajectories are reached. Thus, the robot can accurately

track the desired trajectories.
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4.5 Leader-Follower Formation Control

As mentioned in the previous sections, this study focuses on the leader-follower formation.

This means that the purpose of the study is to design a controller that will aid the follower

to follow the leader while keeping a specified distance and bearing (1", /) from the

leader. The formation is made up of three similar nonholonomic wheeled mobile

differential drive robots. One of the robots is a leader and the other two are followers. The

aim of a controller is to find values of translational and angular velocities such that the

separation and bearing angle error is zero.

obtained as:

€y Xref — Xi
[ey = |Yrer — Vi
€o Href —6;

Also, the velocity error is given by:

éx xref - xi
éy = ).’ref_}.Ii

€ Href - 0;

And the tracking algorithm is defined as:

ex cosO; sin@; 0][Yres
[ey] = [—sin 0; cosB; 0O||Yrer
€9 0 0 1 Href

The error of the follower robot is therefore

(57)
(58)
— x;
— Vi (59)
—0;

4.5.1 Flatness-based Formation Controller

With consideration of the terminal conditions in Table 5, desired trajectories of the flat

outputs trajectories of the followers can be

constructed. It is important to note that in the
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leader-follower approach, only the leader is involved in trajectory generation, the rest of

the members just follow the leader. To find the reference trajectories of the followers,
equation (28) is used in flat output space. (F, 1 sz 1) are the flat outputs for the first

follower while (F U 2, sz 2) the second follower’s flat outputs. For the first follower:

f1
B e _ | — 1" cos(p" + 6;4) (60)
Ffl Fz _ lreflsin((prefl + 91’1)

2 ref
And for the second follower:

f2

H ver | [Fr = 17 2cos (972 + 61,) 1)
Ffz Fz _ lrefzsin(¢ref2 + 91’2)

2 ref

These desired Flat output trajectories are shown in figure 15 and will be used as reference

for the controller.
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F1 Reference Trajectories

x_actual_leader
x_ref_follower1
x_ref_follower2

E
e
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F2 Reference Trajectories
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—y_actual_leader
y_ref_follower1
y_ref_follower2
E
o
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Figure 15: F1 and F2 XY Formation Reference Trajectories

Having constructed the desired trajectories, the next step is to define the error.

1 _ pf1 f1
e/ = F rer —
1_pfl f1
e,/1 = F ver ~
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fZ_FfZ Ffz

1 'ref 1
2 _ pf2 f2
f F2 ref - FZ (62)

Table 5: Desired Terminal Conditions for followers

Robot Initial Final Initial Final Distance Bearing
condition condition condition condition from leader from leader
(F1) m (F1) m (F2) m (F2) m (d)m (¢™) rad

Leader 0 1.5 0 0.5 - -

Follower 1  -0.49 1 -0.11 0.33 0.52 0.2276

Follower2  -1.03 0.5 -0.22 0.17 1.054 0.2109

then the feedback control laws to the new inputs can then be defined as

8,/° = Flfsref +pifEe S + pofoe s (63)
8,7 = B* 4+ 576 + e (64)

Where ﬁlf 5 ﬁof S, p17S, po’* are control the gains and subscript s = [1,2] specifies the robot.

Next the error dynamics of the system in flat output space is determined.

.o fs fS _ ..fS .. T fS
Fl ref_51 - F1 ref_Fl_e1
P“‘Zfsref N 62f$ = szsref B FZ = éZfS (65)

Therefore, the error dynamics is defined as:
0= é1fs + P1fsé1fs +poSef*

0 = ézfs + ﬁlfsézfs + ﬁofsezfs (66)
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4.5.2 PID Formation Controller

Tests were conducted to compare the flatness-based controller design with the conventional
PID controller. The PID controllers produces control signals that has a part that is
proportional to the tracking error, a part that is the integration of the error and a part that is

the error’s derivative. Thus, the equation of PID controller is as follow:
u(t) = kye(t) + k; [, e(t)dt + kg %e(t) (67)

Where u(t) and e(t) are the control signal and error signal respectively, while ky, ki and kq

represent the of the proportional, integral, and derivative coefficients, respectively.

The coefficients were chosen by means of manual tuning. The PID controller is used in
order to minimise the position error. Equation of the PID controlled formation is presented

in [68] as:
t d
Vi = V; [kpxex(t) + kix fO ex(t)dt + kg it ex(t)]

t d
w; = kpyey(t) + kyy, [ e, (O)dt + kg, — & (0 (68)

4.6 Conclusion

In this chapter, the concept of differential flatness theory was introduced. A differential
flatness analysis of a differentially driven nonholonomic wheeled mobile robot was
conducted, and the flat outputs were chosen. Next, differential flatness theory was used to
generate feasible trajectories with consideration of the desired terminal conditions. To track
these trajectories a differential flatness-based controller was designed. To test the

effectiveness of the controller a simulation software was used, and results were recorded.
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From the results it was seen that the robot successfully tracked its desired trajectories. Focus
was thereafter given to the cooperative system modeling and control. A leader-follower
approach was used. To maintain the formation, two controllers were designed, which is the
PID and the flatness-based controller. The next chapter will present the simulation result of

test done to compare the effectiveness of this controllers.
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CHAPTER 5: SIMULATION TESTS, RESULTS AND DISCUSSION
5.1 Introduction

The objective of this chapter is to assess the efficiency of the developed controller model
presented in the previous chapter. That is, the simulation results that illustrate the follower
robot's ability to follow its leader accurately are presented. The MATLAB/Simulink
simulation software is used to demonstrate the trajectory tracking abilities as well as
formation maintenance of the robots. Two main cases are studied and that is, the ability of
the robots to maintain their formation in open-loop or a closed-loop control system. An
open-loop control system is defined as control system in which the output of the system
does not have any effect on its input, that is the system acts completely based on the input.
The open loop control system has no feedback to determine if the desired output has been
achieved. Appendix 2 shows the Simulink diagrams of the open-loop control cooperative
system model. Alternatively, in a closed-loop control system the output of the system is fed
back to the input of the system to adjust the input such that the desired output is attained
and maintained. PID and the flatness-based controller are the two closed-loop controllers
used in this study. The performance of the robots is compared when a PID controller is
used versus flatness controller. Appendices 3 and 4 show the Simulink diagrams of the

cooperative system with flatness and PID controllers respectively.
5.2 Simulation results

As mentioned in the previous section, the MATLAB/Simulink simulation software is used
to demonstrate the effectiveness of the formation controllers. The flat output trajectories
have been calculated in the previous chapter. It was also seen that the leader robot was able
to successfully track its reference trajectories when the flatness-based controller was
incorporated (Figure 14). Therefore, the simulations below only demonstrate the ability of

the followers to track their reference flat output trajectories which are essentially the x-y
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coordinates. The other focus of this section will be to study the ability of the followers to

maintain a predefined distance and bearing to the leader robot.
5.2.1 Effect of open-loop control on the formation

First, the response of the follower without any feedback control system is examined. Both

follower 1 and follower 2 will be observed on their ability to follow their reference flat

output trajectories, Flf ! and sz !, for follower 1 and, Flf ? and sz ? for follower 2. These
reference trajectories ensure the maintenance of the desired distance and bearing
(I7¢f, p"e), to the leader. The desired flat output trajectories have been shown in Figure
(15) and the initial and desired final conditions are shown in Table 5 in the previous chapter.

Note that there are no disturbances added to the system. Firstly, the response of the first
follower to correctly track the desired trajectories of the first flat output (Flf 1) and the

second flat output (sz 1) is studied. Figure 16 shows the results obtained.
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Figure 16: First follower’s open loop response: F1 and F: trajectory tracking

Recall that the reference trajectories were calculated such that at every instant of time,

distance and bearing (I"/, ¢"¢/) between follower and leader are constant. Thus, failing to

track trajectories means failing to maintain formation. As seen in Figure 16, follower 1

failed to track the desired trajectories, thus formation was not kept, as evident in Figures

17 and 18.
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Figure 17: Separation Distance I"¢f Open-Loop Response of Follower1
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Figure 18: Separation Bearing ¢"*/ Open-Loop Response of Followerl

Likewise, the open-loop response of the second follower robot is shown in Figure 19. Just

like the first follower, the second follower failed to track the reference trajectories.
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Figure 19: Second follower’s open loop response: F1 and F: trajectory tracking

Figures 20 and 21 therefore show errors in the separation distance and bearing from the
leader. The error is significant as a result the cooperative system failed to stay in formation.
From these simulations it is evident that there is a need for a controller to compensate for

the open-loop insufficiency.
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Figure 20: Separation Distance "¢/ Open-Loop Response of Follower2

60

© Central University of Technology, Free State



O

Central University of
Technology, Free State

Follower2 Bearing angle

phi2_ref
0.9 phi2_actual |
0.81
—~07F
-
o
L 0.6
(=]
c
©
Eost .
£
1]
<
e
0.4 B
0.31 B
0.2F B
| |
0 5 10 15
Time (seconds)
Error bearing between Follower2 and Leader
T T
ok ]
0.1 B
02 B
)
©
£ -03r
§
13
204
[
05
06
07 .
L L

Time (seconds)

Figure 21: Separation Bearing ¢"*/ Open-Loop Response of Follower2

5.2.2 Effect of closed-loop control on the formation

5.2.2.1 PID Formation Controller Results

A PID controller is used to better the formation accuracy of the open loop control. The
gains that were obtained by using a PID tuner application on Simulink. The tuner
automatically calculates PID parameters that stabilise the system robustly. Thus, for the

first follower the gains are:
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kpxl = 5.028, kixl = 0.197, kdxl = _0.217, kpyl = 10, kiyl = 0.2, kdyl =1

The Figure 22 shows xy-trajectory response when a PID controller is used on follower 1.

Follower 1 PID controller response- F1
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Figure 22: First follower’s PID controller response: F1 and F: trajectory tracking

Figure 22 validates that the PID controller has significantly improved on the tracking ability
of the robot. On the first trajectory it successfully tracks the trajectory F; until towards the
end at about 14 seconds where it starts shooting and shaking and thus fails to reach the

desired terminal condition of F;.
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Figure 23: Separation Distance "/ PID Response of Follower1

On the second trajectory also, the robot starts off with an error but later at around 2 seconds
its able to correctly track the trajectory. However, at around 7 seconds it starts drifting away

from the reference trajectory thus also fails to reach the desired terminal condition of F».

Figures 23 and 24 demonstrate the ability of the robot to stay in formation. It can be seen
that the robot was not able to maintain a perfectly constant separation distance. However,

the error graph shows that the error is significantly small ranging from -0.02m to 0.035m.
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Similarly, the separation bearing was also not perfectly constant, with error ranging from -

0.15 rad to 0.05rad.
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Figure 24: Separation bearing @™/ PID Response of Followerl

Likewise, a PID controller was used on the second follower robot. The gains on PID were:

K

x2 = 6.064, kipy = 0.169, kayy = —0.256, Kpyp = 9.84, kiyy = 0.24, kg =

1.04
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These were also obtained by using a PID tuner application on Simulink. The xy-trajectory
response is presented in Figure 25. Here, also a major improvement to the tracking ability

of the robot is be seen.

Follower 2 PIDcontroller response- F1

x_ref_follower2
06 x_actual_follower2

0.4

0.2

E -0.2
-04
-06

-08

-12E L I 3
0 5 10 15

Follower 2 PID response- F2
T T

0.2 y_ref_follower2 4
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Figure 25: Second follower’s PID controller response: F1 and F: trajectory tracking

As seen in Figure 25 above, the robot tracks very close to the reference trajectories but is
unable to track on the reference trajectory, thus fails to reach the desired terminal condition.
Figure 26 shows the ability of the robot to maintain formation. Like the first follower, this
robot was not able to maintain a perfectly constant separation distance. However, the error

graph shows that the errors are significantly small ranging from -0.035m to 0.028m. Also,
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the separation bearing was also not perfectly constant, with error ranging from -0.06rad to
0.05rad
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Figure 26 :Separation Distance "/ and bearing ¢"®/ PID Response of Follower2

Finally, according to these simulation results it is evident that the PID controller gives
reasonably good results.. Therefore, this shows that formation control is still in need of
improvement. Also, another factor that contributes to errors might be due to inaccurate

tuning caused by computational approximations.
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5.2.2.2 Flatness-based Formation Controller

A flatness controller is used to reduce or eliminate the PID controller errors. For the first
follower robot, control gains are chosen to be:

Po =3, p1 =2, p1 =5, po =8
Also, for the second follower robot, control gains are chosen to be:

plo =2 p1=1 /71=6’ 5’0=9

This are chosen by trial and error. Figure 27 below shows the tracking response of the first
follower robot with a flatness-based controller.

Follower 1 Flatness-based controller response- F1
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Figure 27: Flatness- Based Trajectory Tracking Response of the First Follower Robot
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It can be seen that the the tracking ability of the robot has improved and the reference final
coordinates are successfully reached. Figures 28 and 29 show the distance and bearing
errors respectively. It can be seen that the error converges to zero and thus a constant

distance and bearing is maintained.
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Figure 28: Flatness- Based Distance Maintenance Response of the First Follower Robot
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Figure 29: Flatness- Based Bearing Maintenance Response of the First Follower Robot

Like the first follower, Figure 30 shows the second robot’s tracking response with a
flatness-based controller. The second follower successfully follows its reference trajectory
and thus maintaining a constant bearing and distance between the leader and itself. In the
case of the second follower, the distance and bearing errors have successfully been reduced

to zero (Figure 31), thus formation has successfully been maintained.
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Figure 30: Flatness- Based Trajectory Tracking Response of the Second Follower Robot
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Figure 31: Flatness- Based Distance and Bearing Maintenance Response of the First Follower Robot

5.2.3 An analysis of flatness- and PID-based formation controllers

A comparison was made on trajectory tracking abilities between the widely used PID

controller and the flatness-based controller. The below results were obtained:
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F1 Comparison between PID and Flatness-based controller
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Figure 32: Trajectory Tracking Response of the Follower Robots- PID versus Flatness-based Controller

The flatness has successfully improved the trajectory tracking of the formation system
(Figure 32). The follower robots are able to track the leader while maintaining a specified
distance and bearing. Additionally, it can be seen that the use of a flatness controller has
decreased the distance and bearing error to zero (Figure 33). It can be seen however that
the robot oscillate a little before reaching a steady state of zero. This might be caused by
computational errors and approximation of parameters. However, the robotic formation is

maintaned successfully.
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Figure 33: Distance and Bearing Maintenance Response of the First Follower Robots- PID versus Flatness-based

Controller

Table 6 analyses the performance differences between the two controllers for follower 1.

Table 6: Error differences between PID and Flatness-based controller

Controller Distance from leader Bearing from leader
Error range(m) Error range(rad)

PID -0.02 to 0.035 -0.15 t0 0.05

Flatness-based 0.018t0 0 0.1t0 0
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It is readily apparent that the error of the PID has a wider range than of the flatness
controller. From Figure 33 it is seen that the error of the PID controller never settles at zero,
while for the flatness controller the error converges to zero at 0 seconds for both the distance
and bearing respectively in follower 2. This means that the classical PID controller is more
prone to oscillations and vibrations than the flatness-based controller. Also, when trying to
tune the PID further so as to get more accurate control, it became saturated, but the gains
of the flat controller were increased easily without any saturation. However, it can be seen
that the PID error is small, meaning it can still be used for formation control and produce

reasonably correct results.

5.3 Results Discussion

Simulation results of the effectiveness of the flatness-based formation controller were
illustrated in the previous section. Firstly, results were compared between an open-loop
response and a closed loop response of the trajectory tracking ability of a multirobot system.
Figure 16 illustrates the response graph for the open-loop system. In open loop there is no
output feedback signal to the input to ensure that the output maintains a desired value. As seen
in figures16 to 19, both followers failed to track their reference trajectories. This is because
without any feedback the system cannot correct any errors, thus the followers remain out of
track. Thus, the open-loop control system becomes insufficient. It is for this reason that a
closed-loop controller is therefore necessary to compensate for the open-loop inadequacy.
Figures 22 to 26 show how the PID controller has improved the ability of the robot to follow
their reference trajectories. Figure 22 and 25 shows that both followers closely track their
reference trajectories on for a few first seconds until the graph shows the followers slightly
drifting away from the reference trajectory. This output instability is due to inaccurate tuning
caused by computational approximations. However, the overall performance of the PID is great
improvement to that of the open-loop control. Another feedback controller that was used in the
study for trajectory tracking was the flatness-based controller. Figures 27 to 31 evidently shows
that flatness-based controller has significantly improved the tracking ability of the two
followers. The followers are now able to track the reference trajectory and thus maintaining a
constant bearing and distance with the leader. The distance and bearing errors have successfully

been reduced to zero (Figure29 and 31), thus formation has successfully been maintained. It is
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seen however in figure 29 that the error takes some time before converging to zero, this might
be due to approximation of parameters and calculation errors. When comparing the two
feedback controllers, table 6 shows that the flatness controller has the least error, thus formation
is better maintained. Finally there this is enough evidence to prove that the flatness-based

controller improves coordination of the cooperative robotic system.

5.4 Conclusion

In this chapter, the simulation result of tests done to confirm the effectiveness of the
Flatness and PID controller were presented. Firstly, the robotic system was tested to see if
it could maintain formation when no controller is used. It was evident that for the robots to
maintain a formation, a controller is essential. Therefore, the PID and the Flatness
controller were tested, and the simulation results recorded. Both controllers proved to be
effective in maintaining the robotic formation. A comparison was made between these two
controllers. It can be seen that the Flatness controller greatly reduces the tracking error of
the cooperative system, whereas the PID has slightly higher errors for both the separation
distance and orientation to the leader. This is due to the fact that when the gains of the PID
are changed passed some values the PID gets saturated. Conversely, the Flatness controller

can be tuned without any concern of saturation.
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CHAPTER 6: CONCLUSION AND FUTURE STUDIES
6.1 Introduction

In the previous chapters, the concept of differential flatness was examined and how it could
be used to trivialise the challenge posed by controlling cooperative robotic formation. A
mathematical model of the robot was developed, and a differential flatness analysis was
made to confirm the flatness properties of the robots involved in the formation. A
differential flatness-based controller was then designed to control the multi-robot systems,
and tests were conducted on a simulation software to test its effectiveness. This chapter

provides the final conclusion of this study, along with recommendations for future research
6.2 Initial objective and Research Findings

The purpose of this project was to improve coordination control of a model based
cooperative multiple mobile robotic system using differential flatness theory. A kinematic
and dynamic model of cooperative multiple mobile robotic system was determined, and a
differential flatness characterisation of robots involved in the cooperative system was
conducted. It was found that a robot can be represented by a chosen set of variables known
as a flat output, which are equal to the number of the system’s control inputs. These flat
outputs can represent the whole robot because all the robot states and inputs can be
determined from these outputs without integration. This reduces the computational cost
when designing a controller especially in a cooperative system with many robot- members.
Furthermore, the robots in this study are nonholonomic and thus had motion constraints. It
was found that when using flat outputs, motion constraints have no impact on the robot
formation. This is because the constraint is embedded in a semi-algebraic set that is

adaptive to the differential flatness parametrisation.
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6.3 Conclusions

In this study, a differential flatness characterisation of a nonholonomic differentially driven
wheeled mobile robot was conducted. This enabled the linearisation of the system to a
stable linear equivalent system. Also, the whole system is represented by a reduced number
of variables and thus the robot calculation task is significantly reduced especially when
dealing with multiple robots that can otherwise entail solving large robotic model
differential equations. Furthermore, in flat output space a simple polynomial-based

trajectory planning can be used, that is simplifying the trajectory generation problem.

Using the kinematic and dynamic models of the robot, the study conducted a differential
flatness characterisation of the robots in the cooperative system. This enabled the
exploitation of the flatness properties. An effective controller was designed based on the
flatness properties. Trajectory generation was also simplified in flat output space and the
flatness controller was used to effectively track them. To maintain the cooperative
formation, the controller was used to maintain a constant separation distance and bearing
angle between the leader and followers. Thus, the study successfully used differential
flatness theory to improve coordination control of a model based cooperative multiple
mobile robotic system. The key findings of the research were that a differential flatness
characterisation enabled the linearisation of the system. Also, representation of the whole
system by fewer variables significantly reduced the multi-robotic model for easier
calculations. Also, in flat output space the trajectory generation problem is simplified. This
is because in flat output space simple polynomial-based trajectory planning can be used,

thus, trajectories are solved without integrating robot model differential equations.

Finally, through the research findings this study concluded that the differential flatness
theory can be utilised in order to effectively control the formation of cooperative behaviour
among multiple robots. Thus, it is concluded that by using differentially flat outputs,
trajectory generation problem is reduced to an algebra problem thus trivialising it. Also, the

trajectory generation problem is trivialised by the fact that parameters can be easily
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estimated when using differential flatness without affecting the stability of the formation.
Also, when a set of feasible reference trajectories is found using flatness, the constraints of
the system are satisfied automatically. Additionally, the computational time for designing
a controller that controls multiple robots is significantly reduced because all the robot
variables are represented by smaller set of variables (flat outputs). Finally, it is concluded
from this study and its findings that differential flatness theory significantly improves

coordination control of cooperative multiple mobile robotic systems.
6.4 Recommendations for future work

Having completed this project successfully, there are several promising areas for further
study. In this study, it was assumed that no external disturbances are added to the system.
For further study the effects of flatness trajectory planning can be tested in mobile
systems under friction, or with modelling errors, unreliable estimates, having to avoid
obstacles and where there is additional perturbations. Also, the effect of the trajectory
execution time and tuning parameters selection on trajectory generation can be further

explored.
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APPENDICES

7.1 MATLAB/SIMULINK Simulation Diagrams

7.1.1 Appendix 1: Single robot flatness control in SIMULINK
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7.1.2 Appendix 2: Cooperative robotic System open-loop control in SIMULINK
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7.1.3 Appendix 3:
SIMULINK
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7.1.4 Appendix 4: Cooperative robotic System with PID
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